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Constraint Graphs

Machine = graph,
red & blue edges

Presenter
Presentation Notes
Figure drawn by Bob Hearn.  See http://erikdemaine.org/papers/GPC/



Constraint Graphs

Machine state
= orientation

constraint graph

Presenter
Presentation Notes
Figure drawn by Bob Hearn.  See http://erikdemaine.org/papers/GPC/



Constraint Logic

= 1

= 2

Rule: at least 2 units
incoming at a vertex

1 1

2

Move: reverse an edge, preserving Rule
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Nondeterministic Constraint Logic 
(NCL) can you reverse this edge?

PSPACE-complete
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AND vertex

1 1
1 1

2

T T

TF

F FTT

not your usual
AND gate!

inputs

output

Rule: at least 2 units
incoming at a vertex
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SPLIT vertex

1 1
1

2

F F

FT

T TF

outputs

input

Rule: at least 2 units
incoming at a vertex
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OR vertex

Rule: at least 2 units
incoming at a vertex

2 2
2 2

2

T T

TF

F FTT

not your usual
OR gate!

inputs

output

T
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CHOICE vertex
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Wiring Vertices Together

AND

OR

1

2

AND wants red
OR wants blue
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Red-Blue Conversion

assume an even number of conversions
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Red-Blue Conversion

assume an even number of conversions
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CNF
Formula
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Wire Terminators

unconstrained
blue terminator

unconstrained
red terminator

forced-inward
blue terminator
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CNF
Formula
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Constraint Graph
Satisfaction is
NP-complete
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Nondeterministic Constraint Logic 
(NCL) can you reverse this edge?

PSPACE-complete
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Quantified Boolean Formulas
(QBF/QSAT)

𝑥𝑥 𝑥𝑥 𝑦𝑦 𝑦𝑦 𝑤𝑤 𝑤𝑤 𝑧𝑧 𝑧𝑧
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Quantifiers

existential

universal
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Latch

A

Blockedun
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Figures drawn by Erik Demaine, based on Figure 5.6 of http://erikdemaine.org/papers/GPC/



Existential Quantifier
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Universal Quantifier
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Quantified Boolean Formulas
(QBF/QSAT)

𝑥𝑥 𝑥𝑥 𝑦𝑦 𝑦𝑦 𝑤𝑤 𝑤𝑤 𝑧𝑧 𝑧𝑧
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Crossover Gadget
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Vertex with 4 Red Edges
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Grid Constraint Graphs:
Straights & Turns filler

straight turn OR



OR from
Protected OR
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Ma’s Puzzle

L’Ane Rouge 

Sam Loyd’s 15 Puzzle

Dad’s Puzzle (1926)

Martin
Gardner’s
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Images from Martin Gardner’s 6th Book of Mathematical Diversion from Scientific American



Sliding-Block
Puzzles

1926
83 moves
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Sliding-Block Puzzles
[Hearn & Demaine 2002] PSPACE-complete
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Sliding-Block Puzzles
[Hearn & Demaine 2002] PSPACE-complete
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Sliding Tokens
(Reconfiguration Independent Set)
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Rush Hour is PSPACE-complete
[Flake & Baum 2002; Hearn & Demaine 2002]

AND Protected OR
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Figure 9.24 of http://erikdemaine.org/papers/GPC/See http://erikdemaine.org/papers/NCL_TCS/ & http://www.sciencedirect.com/science/article/pii/S0304397501001736



Rush Hour is PSPACE-complete
[Flake & Baum 2002; Hearn & Demaine 2002]
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Figure 9.24 of http://erikdemaine.org/papers/GPC/See http://erikdemaine.org/papers/NCL_TCS/ & http://www.sciencedirect.com/science/article/pii/S0304397501001736



Rush
Hour

2 ANDs

2 protected 
ORs

[Tromp & 
Cilibrasi 2008]
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Open: 𝟏𝟏 × 𝟏𝟏 Rush Hour
[Tromp & Cilibrasi 2008]

• P or PSPACE-complete or …?
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[Tromp & Cilibrasi 2008]
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Triangular Rush Hour
[Hearn & Demaine 2009]

PSPACE-complete
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Figures 9.25 & 9.26 of http://erikdemaine.org/papers/GPC/



Hinged Dissection

[Dudeney
1902]
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Hinged Dissection Universality
[Abbott, Abel, Charlton, Demaine, Demaine, Kominers 2008] 

Polygons of equal area have a hinged dissection 
that folds continuously without self-intersection
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“Hinged alphabet”
Erik & Martin Demaine

2003
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Hinged Dissection Motion
[Hearn & Demaine 2009]

PSPACE-complete
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Figure 9.28 of http://erikdemaine.org/papers/GPC/



Pushing 𝟏𝟏 × 𝟏𝟏 Blocks Complexity
Name Push Fixed Slide Goal Complexity Reference
Push-𝑘𝑘 𝑘𝑘 ≥ 1 no min path NP-hard D, D, O’Rourke 2000
Push-∗ ∞ no min path NP-hard Hoffmann 2000
PushPush-𝑘𝑘 𝑘𝑘 ≥ 1 no max path PSPACE-complete D, Hoffmann, Holzer

2004
PushPush-∗ ∞ no max path NP-hard Hoffmann 2000
Push-1F 1 yes min path NP-hard DDO 2000
Push-𝑘𝑘F 𝑘𝑘 ≥ 2 yes min path PSPACE-complete D, Hearn, Hoffmann 

2002
Push-∗F ∞ yes min path PSPACE-complete Bremner, O’Rourke, 

Shermer 1994
Push-𝑘𝑘X 𝑘𝑘 ≥ 1 no min simple 

path
NP-complete D, Hoffmann 2001

Push-∗X ∞ no min simple 
path

NP-complete Hoffmann 2000

Sokoban 1 yes min storage PSPACE-complete Culberson 1998
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Sokoban
[Thinking Rabit, Hiroyuki Imabayashi, 1982]
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Slide from Lecture 4.  Images from http://www.games4brains.de/sokoban_history.htm



Sokoban is PSPACE-complete
[Culberson 1998; Hearn & Demaine 2002]

parity

turn

tunnelwire
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Figure 9.19 of http://erikdemaine.org/papers/GPC/



Push-2F
[Demaine, Hearn, Hoffmann 2002]
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Rolling Block Mazes

Presenter
Presentation Notes
Figure 2 of http://dx.doi.org/10.1007/978-3-642-30347-0_22 based on puzzle from http://www.puzzlebeast.com/rollingblock/



Rolling Block Mazes PSPACE-complete
[Holzer & Jakobi 2012]

AND OR

effectively 
immovable 
1 × 1 × 2

blocks
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Figure 3 of http://dx.doi.org/10.1007/978-3-642-30347-0_22



Rolling Block Mazes PSPACE-complete
[Holzer & Jakobi 2012]

AND OR

rightward edge shiftleftward edge

effectively 
immovable 
1 × 1 × 2

blocks
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Figures 3 & 4 of http://dx.doi.org/10.1007/978-3-642-30347-0_22



Plank Puzzles
[Andrea Gilbert; ThinkFun]
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Plank Puzzles
[Hearn 2004]
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Plank Puzzles
[Hearn 2004]
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Figure 9.17 & 9.18 of http://erikdemaine.org/papers/GPC/



Dynamic Map Labeling
[Buchin & Gerrits 2013]
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Figure 2 of http://dx.doi.org/10.1007/978-3-642-45030-3_25



Partial Searchlight
Scheduling
[Viglietta 2013]
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http://www.cccg.ca/proceedings/2013/papers/paper_2.pdf & http://giovanniviglietta.com/slides/partial2.pdf
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