®
Complexity of Games & Puzzles

0 players 1 player 2 players team,
(simulation) (puzzle) (game) imperfect info


Presenter
Presentation Notes
Slide from Lecture 1.  http://erikdemaine.org/papers/GPC/


o _ G%:mes, Puzzles, |
. . &Computation
Constraint Logic ——
[Hearn & Demaine 2009} PR
—r— Bk
_J-«*E‘ 7 L__l : | 3‘
sz PR L0 vl S ) P9 oy e
§ —»—1 _-(-. {\11 : slow win Ci? | %# _v
S | A e P | N A
N PSPACE | PSPACE EXPTIME Undecidable
+ \,L/ e ’4—‘, ) + R .-__,E;;;{#Whtewn ol
NEXPTIME
0 players 1 player 2 players team,
(simulation) (puzzle) (game) imperfect info



Presenter
Presentation Notes
Slide from Lecture 1.  http://erikdemaine.org/papers/GPC/


w

Y

\%
N

\

,/‘//;:
X

Pounded 2CL( |
o

v x v,,

7

is PSPACE
complete


Presenter
Presentation Notes
Figures 6.1 & 6.2 of http://erikdemaine.org/papers/GPC/


Bounded 2CL is
PSPACE-complete

R

(a) CHOICE

XY

(b) AND ) FANOUT

Crossover

input 1

A % free edge

(d) OR (e) VARIABLE

protected OR

output

Input 2


Presenter
Presentation Notes
Slides from Lecture 18.  Figures 5.3 & 6.2 & 10.12 of http://erikdemaine.org/papers/GPC/


Amazons
[Walter Zamkauskas 1988]



Presenter
Presentation Notes
Images from http://en.wikipedia.org/wiki/Game_of_the_Amazons licensed under BSD license by en:User:Cburnett


Amazons

[Walter Zamkauskas 1988]



Presenter
Presentation Notes
Images from http://en.wikipedia.org/wiki/Game_of_the_Amazons licensed under BSD license by en:User:Cburnett


Amazons

roomn

[Hearn 2005]

victory

shift

turn &
one way

variable


Presenter
Presentation Notes
Figures 10.2 & 10.3 of http://erikdemaine.org/papers/GPC/


Amazons is PSPACE- complete
[Hearn 2005]

AND OR &
CHOICE



Presenter
Presentation Notes
Figures 10.2 & 10.3 of http://erikdemaine.org/papers/GPC/




Presenter
Presentation Notes
https://secure.flickr.com/photos/44124343473@N01/20836931 licenced under CC-BY


Konane is PSPACE-complete
|Hearn 2005]

OR &
variable

furn



Presenter
Presentation Notes
Figures 10.6 & 10.7 of http://erikdemaine.org/papers/GPC/


Konane is PSPACE-complete
|[Hearn 2005]

. output 2

AND, SPLIT,
shift

b output 1

input 2

input 1 — output 1
before
input 2 — output 2

. input 1


Presenter
Presentation Notes
Figure 10.6 of http://erikdemaine.org/papers/GPC/


Cross Purposes
|[Michael Albert 2004]

OO



Presenter
Presentation Notes
Figure 10.8 of http://erikdemaine.org/papers/GPC/




Presenter
Presentation Notes
Figure 10.8 of http://erikdemaine.org/papers/GPC/


Cross Purposes is PSPACE-complete
|[Hearn 2005}

%
T

%
e
Be'e

" ¢

e
() ‘.

PYED,

LOO0m

protected OR
CHOICE


Presenter
Presentation Notes
Figure 10.11 of http://erikdemaine.org/papers/GPC/


Cross Purposes is PSPACE-complete
|[Hearn 2005}

output 2 -, shift output 1

input 1 — output 1
before
input 2 — output 2

AND, SPLIT,

SO0

+ OO0


Presenter
Presentation Notes
Figure 10.10 of http://erikdemaine.org/papers/GPC/


o _ G%:mes, Puzzles, |
. . &Computation
Constraint Logic ——
[Hearn & Demaine 2009} PR
—r— Bk
_J-«*E‘ 7 L__l : | 3‘
sz PR L0 vl S ) P9 oy e
§ —»—1 _-(-. {\11 : slow win Ci? | %# _v
S | A e P | N A
N PSPACE | PSPACE EXPTIME Undecidable
+ \,L/ e ’4—‘, ) + R .-__,E;;;{#Whtewn ol
NEXPTIME
0 players 1 player 2 players team,
(simulation) (puzzle) (game) imperfect info



Presenter
Presentation Notes
Slide from Lecture 1.  http://erikdemaine.org/papers/GPC/




Presenter
Presentation Notes
http://dx.doi.org/10.1137/0208013


BLOCK is
EXPTIME-
complete

|Stockmeyer &
Chandra 1979]



Presenter
Presentation Notes
http://dx.doi.org/10.1137/0208013


BLOCK is
EXPTIME-
complete

|Stockmeyer &
Chandra 1979]



Presenter
Presentation Notes
http://dx.doi.org/10.1137/0208013


Checkers is EXPTIME-complete = -

-
]
)

-
L

° (a)

|[Robson 1981} e e e,

ol 11108 T o 5550
- i c ver
» - o
White boolean controllers . 5 - JEERE=
A ST

|
|
|

ES

Al
=
E
1
ol

reduction W 5 ] T i

t LN I f T e . .

fioinl “ A

2 ST o -0 _
/ 74 ST v MB[D ° A
=~ \'\\ MBI i o
J////// ENEEENNN RSN RN NC A
/ ol | Tk B y
/ :
b, ]
%
; Forks Forks White delay
K
Bl true exits false exits
G atiac zon NONENEEEN NN E 5 el
I N n °
. G
White ol H 1
attack am ] T o
zones MB[D ~ .
White Black . 1 AL
attack defen L
paths aths = *L} s
CZ L] L]
. . 2
T . HONE T 2
sl | Jor 111 . . .
- . . 2 . . . BEO . 2 A =
2 C BERE o 2] o |2 BROE
T __:_2:__2""- 2.- )
e e B L B .
ik 12 ':? 11 e 8 o
o EEEE 2] | ',E C
s g
f t f t I B - O A _ET .
1 .__ - - Ld g o
1} 2 2 2 . g
- i M- N s 5 o [ LLT LT - E CO]OI‘ Chan e
\ Black boolean controllers e g



Presenter
Presentation Notes
http://dx.doi.org/10.1137/0213018


Checkers is EXPTIME-complete

a
a ]
4 5
al [al Ja] [a] [o] [a] (o] e[ [a] e[ o] [e] ]a]
] = T [ B a o
ol 5 - - -
al 11 NN i T e ok o
B O .- - (] (']
o o |o o/ |o] |o o
L i P
o o] _|o 1 ]a] o
o o BECEEEEEERE
z - N el 1] 14
m S B S - o M o 1 o
o o o T o]
= _ |0
= o W IO L= I | 10
o [ ] o| |o o |o| |o o
o » o
CENENEEEE EEEEEENED ol |0
[
ol [o] [e] [a] o] |o o] [a] [a] [o] [o] o
(=
| ] a
o
] [ ]
=] a
_ ] [}
|
|
pre— _.
\ i o| |o
z |
O R |
% R
- al s
1



Presenter
Presentation Notes
http://dx.doi.org/10.1137/0213018


®
Chess is EXPTIME-complete

. - TO Czj- CLAUSES
raeénkKke 1cnienstcelin Pl woocomwe  We-iow
w B | 4 Y y y
. | T
‘ : |
I r ]
W CLOCK-CHANNEL ES § 3 -
TO Cg;-CLAUSES g r i 3 | j
IN B-LOSE - T - v t a ! D ‘
t . A g g 8 : | :
wB d w B CEE
_ x E3 z - L
o WHITE PAWN {
* BLACK PAWN S HH :
o WHITE BISHOP q] y-CONTROL BQ
» BLACK BISHOP ; . [
W BOOLEAN J I T
CONTROLLER (WBC) S ] ;
.‘i Iy y
d TO Cy; - CLAUSES B CLOCK-CHANNEL
i, IN W-LOSE
[A SWITCHES
s8] \\ Q
B BOOLEAN B CLOCK - CHANNEL
CONTROLLER (BBC)

£ —=
o -—

CLOCK DELAY- LINE
OF LENGTH wr-3

B RAPID CLOCK
(RC)- CHANNEL

B CLOCK - CHANNEL

B CLOCK -CHANNEL

g '/DELM' in
¥
@

I

x i

TO Gy -CLAUSES

IN W-LOSE B NORMAL CLOCK
{NC}- CHANNEL

: B CLOCK-CHANNEL

reduction from G5


Presenter
Presentation Notes
http://dx.doi.org/10.1016/0097-3165(81)90016-9


oco ooce oeo D000 0CeOOCOO0
oOAD ceoc 0C0COOe000CO Cees® O8C 9860 =
s0 e ep e {Leederso0oe> OO0 8 O8O0 @ @0
eo e 6o COOeM00CE®O00 Oesoe OBO ee8o0 0 l —
(a) {b) Doe RSO0 OOE0OO0OC®COOCEOO
o o CevenececesDe e o>
Figute 1 00000 CCCe0000O0C80OCO
COeeCSe00
{ad o F °
(b} l
\l/ Fignre 4
ceo 0C0CO0000DQ
0060 000G GOBOGO
coeeQ Jr © e0CO0OOBDO
coe0AC O ®0 . O e0Ce®DOVC
—S0edrA00 C®e00000000CDO 0O ©¢0e 0000
cCc00@0 cCeoee o oOeeceao
oeo ceeceseve o COOE0O00OB®0O0O0
N oArL00005008 0 -8 efecj ceE el almost surrounded
CeeeeesOCe O COCOGAN®OO00Q | i
Figure 5. DOCCEEECCCRO® O ceseo Black group with one eye
[ ] - C »
g::;;;ogogoozcg °°g°° Connection paths start at
080080 O8G0 O®D only two gaps in White's
DCCeO0OS000OE#SCEOCDT Figure 7 surrounding wall
é-e.oon’eoorj-‘ooo;\'ooocé " .
0CCOCC(CO00O0OBDOO0000 Black choice forks
CeeOe 8o o 8 rrgan T
CeOe e B
ce00000
o\io/o crossovers
COO0QCO®O00Q0O0 Figure 6.
Oeee O8O0 €890
ce € 080 @ #C
cCeo8s OG0 €00C
COE0OO®00000G
s0eCecORIBOeS
COOGEOO0OD®ODDO
coeeCeeO00 -
LI T S White choice fork
co0c00O0 oice lorks
Figure 8
Crossovers
and joins
*—K;—J
K2 KOs
K

Figure 2.


Presenter
Presentation Notes
J. M. Robson. The complexity of Go. In Proceedings of the IFIP 9th World Computer Congress on Information Processing, pages 413–417, 1983.


~ 2CL is EXPTIME-complete

formula = formula
false true
B S P F

d variable D

fast win . )
==
slower win q B
I variable A

variable

-

fast win :

p

—y

slower win

: fast win

slower win

P fast win
slow win

slower win


Presenter
Presentation Notes
Figure 6.3 of http://erikdemaine.org/papers/GPC/


2CL is EXPTIME-complete

LN A

) White AND (b) White OR ) Black AND
A L
(d) Multiplayer AND 1 ) Multiplayer AND 2 ) Black-White

path
equalizer x


Presenter
Presentation Notes
Figures 6.4 & 6.5 of http://erikdemaine.org/papers/GPC/


Crossover Gadget



Presenter
Presentation Notes
Slides from Lecture 17.  Figures 2.4 & 5.8 of http://erikdemaine.org/papers/GPC/


®
No-Repeat Games

No-repest rule: [Robson — mFcs 198Y)
se i ever repeat a past game configuration
= G~ Gy G5 becoma EXPSPACE-'CGMPQ@JLQ
os do Chess & Checkers
*M’- is Go with superko Cmo-\re,(eoﬂg )
ExPSPACE- CW'QQJLQ? (os in UWSAA C wa)

Coditionad no-vepegt vde:  [Robson —mrcs 198Y]
— 4wo special Vaviables x & y

- ﬁose n‘ eNey fef'ecﬁ a post gome conti umﬁon
L at mesT 1 of x y have C«L\Qny since
> Gy becsmes aEXPHME‘-CGme@fe



Presenter
Presentation Notes
Page from Lecture 19 notes


'S
Private-Information Games

Priado- imation. games:  (Rerf-JCSS 1984]
You Cam $ee some put net oll of oppahe,d s slae
> G5, I9DNF, Gy DWF become QEXPTIME- cmpfe'[‘a
G version of Peek with holl of

wihm‘iy theS vi‘siLaQe 1(0 eacL- ?Qa(jer

Blind gomes: (Rerf- JCsS 1984]
proayex 1's entire s'l'orle s (n?cMem ﬁrm. p,aayerQ
= G DNF becomes E)(PSPHCE-CmpfeTl‘e.
G version of Peek above



Presenter
Presentation Notes
Page from Lecture 19 notes


Private &

Blind Peek
[Reif 1984]

player 1
—9
s g - player 0
partia
barrier
——il

player 1

' Rl . I
&
(e
L .
&
full — player 0
barrier e
——F
—a



Presenter
Presentation Notes
http://dx.doi.org/10.1016/0022-0000(84)90034-5


	Complexity of Games & Puzzles
	Constraint Logic�[Hearn & Demaine 2009]
	Bounded 2CL�is PSPACE-�complete
	Bounded 2CL is PSPACE-complete
	Amazons�[Walter Zamkauskas 1988]
	Amazons�[Walter Zamkauskas 1988]
	Amazons�[Hearn 2005]
	Amazons is PSPACE-complete�[Hearn 2005]
	Konane  [Hawaii <1778]�
	Konane is PSPACE-complete�[Hearn 2005]
	Konane is PSPACE-complete�[Hearn 2005]
	Cross Purposes�[Michael Albert 2004]
	Cross Purposes is PSPACE-complete�[Hearn 2005]
	Cross Purposes is PSPACE-complete�[Hearn 2005]
	Cross Purposes is PSPACE-complete�[Hearn 2005]
	Constraint Logic�[Hearn & Demaine 2009]
	Peek�[Stockmeyer & Chandra 1979]
	BLOCK is EXPTIME-complete
	BLOCK is EXPTIME-complete
	Checkers is EXPTIME-complete�[Robson 1981]
	Checkers is EXPTIME-complete�[Robson 1981]
	Chess is EXPTIME-complete�[Fraenkel & Lichtenstein 1981]
	Go is EXPTIME-�hard  [Robson 1982]
	2CL is EXPTIME-complete�
	2CL is EXPTIME-complete
	Crossover Gadget
	No-Repeat Games
	Private-Information Games
	Private & Blind Peek�[Reif 1984]

