
Packing Squares into a Square is
Strongly NP-complete

[Leung, Tam, Wong, Young, Chin 1990]
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Edge-Unfolding
Polyhedra

[Biedl, Demaine,
Demaine, Lubiw,
Overmars, O’Rourke,
Robbins, Whitesides 1998]

[Bern, Demaine,
Demaine, Eppstein,

Kuo, Mantler,
Snoeyink 1998]
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Ununfoldable polyhedral:
(left) Figure 22.4 of GFALOP.  See also http://erikdemaine.org/papers/CCCG98b/
(right) Figure 22.17 from GFALOP. See also http://erikdemaine.org/papers/Ununfoldable/



Edge-Unfolding 
Orthogonal Polyhedra is 

Strongly NP-Complete
[Abel & Demaine 2011]
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Figure 6 of http://erikdemaine.org/papers/UnfoldingComplexity_CCCG2011/



Edge-Unfolding 
Orthogonal Polyhedra is 

Strongly NP-Complete
[Abel & Demaine 2011]
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Edge-Unfolding 
Orthogonal Polyhedra is 

Strongly NP-Complete
[Abel & Demaine 2011]
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Figures 1 & 3 & 5 of http://erikdemaine.org/papers/UnfoldingComplexity_CCCG2011/



Edge-Unfolding 
Orthogonal Polyhedra is 

Strongly NP-Complete
[Abel & Demaine 2011]

(3 of 10 cases)
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Figures 1 & 2 of http://erikdemaine.org/papers/UnfoldingComplexity_CCCG2011/



Snake Cube
(Cubra)

Open:
History?
(c. 1990?)
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Figure 1 of http://erikdemaine.org/papers/HamPath_JIP/
See also http://www.jaapsch.net/puzzles/snakecube.htm



Snake Cube is NP-complete
[Abel, Demaine, Demaine, Eisenstat, Lynch, Schardl 2012]

• Reduction from 3-Partition
8 𝑎𝑎𝑖𝑖

target
shape

huge

𝒂𝒂𝒊𝒊 gadget:
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Figure 4 of http://erikdemaine.org/papers/HamPath_JIP/



Snake Cube is NP-complete
[Abel, Demaine, Demaine, Eisenstat, Lynch, Schardl 2012]

• Zigzag is universal
 2 × 2 × 2 refinement

makes any
Hamiltonian shape
 4 × 4 × 4 refinement

makes any shape
• Parity issue: Path 

alternates cell parity 
each step

• Claim: Can start and 
end at any faces of 
cells of opposite parity

adjacent

opposite
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Figure 6 of http://erikdemaine.org/papers/HamPath_JIP/



Snake Cube is NP-complete
[Abel, Demaine, Demaine, Eisenstat, Lynch, Schardl 2012]

• Reduce target box → target shape

• Reduce target cube → target box
• ⇒ NP-hard to fold snake cube into target cube
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Figures 4 & 5 of http://erikdemaine.org/papers/HamPath_JIP/



Disk
packing

Robert Lang

Viet Elser’s
disk packing puzzle
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𝑎𝑎𝑖𝑖 + 𝑎𝑎𝑖𝑖
+ 𝑎𝑎𝑘𝑘 ≤ 𝑡𝑡Disk packing is NP-hard

[Demaine, Fekete, Lang 2010]
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Figures 10, 11, 2 of http://erikdemaine.org/papers/DiskPacking_Origami5/ (covered under MIT Faculty Open-Access Policy)



𝑎𝑎𝑖𝑖
𝑎𝑎𝑗𝑗

𝑎𝑎𝑘𝑘

𝑎𝑎𝑖𝑖 + 𝑎𝑎𝑖𝑖
+ 𝑎𝑎𝑘𝑘 ≤ 𝑡𝑡Disk packing is NP-hard

[Demaine, Fekete, Lang 2010]
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Figures 10, 11, 2 of http://erikdemaine.org/papers/DiskPacking_Origami5/ (covered under MIT Faculty Open-Access Policy)



Clickomania / Same Game
[Schuessler ~2000?]

• Move = Remove any 
connected group of size > 1

Goal: Remove 
everything



Clickomania Complexity
[Biedl, Demaine, Demaine, Fleischer, Jacobsen, Munro 2000]

• Polynomial for one
row/column via CFG

• NP-hard for
 2 columns & 5 colors
 5 columns & 3 colors

• Open:
 2 rows
 2 colors

3-partition 3SAT
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Figures 1 & 2 of http://erikdemaine.org/papers/ClickomaniaGameTheory2000/



𝑛𝑛

inverse 
of below
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[Biedl, 
Demaine, 
Demaine, 
Fleischer, 
Jacobsen, 

Munro 2000]

…
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Based on Figure 1 of http://erikdemaine.org/papers/ClickomaniaGameTheory2000/
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Presentation Notes
Play Tetris here: http://tetris.com/play-tetris-flash/



MIT Green Bldg.
April 2012
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Initial Board

⁄𝑛𝑛 3 buckets
(one per sum)

≈ 𝑡𝑡 notches
(target sum)

T lock

bane

(it is possible to
actually get here)

[Breukelaar, Demaine, 
Hohenberger, Hoogeboom, 
Kosters, Liben-Nowell 2003]
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http://erikdemaine.org/papers/Tetris_IJCGA/ (see https://liacs.leidenuniv.nl/~kosterswa/tetris/ for how to reach this board configuration from the initial state)



Piece Sequence   [Breukelaar, Demaine, 
Hohenberger, Hoogeboom, Kosters, Liben-Nowell 2003]

• For each input 𝑎𝑎𝑖𝑖:

(𝑎𝑎𝑖𝑖 reps)
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http://erikdemaine.org/papers/Tetris_IJCGA/



Failure to Launch  [Breukelaar, Demaine, 
Hohenberger, Hoogeboom, Kosters, Liben-Nowell 2003]

“unprimed” 
buckets
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http://erikdemaine.org/papers/Tetris_IJCGA/



Forced Moves
[Breukelaar, Demaine, 
Hohenberger, Hoogeboom, 
Kosters, Liben-Nowell 2003]

Presenter
Presentation Notes
http://erikdemaine.org/papers/Tetris_IJCGA/



Finale
Pieces
[Breukelaar, 
Demaine, 
Hohenberger, 
Hoogeboom, 
Kosters, 
Liben-Nowell
2003]
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http://erikdemaine.org/papers/Tetris_IJCGA/



Finale
Pieces
[Breukelaar, 
Demaine, 
Hohenberger, 
Hoogeboom, 
Kosters, 
Liben-Nowell
2003]
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http://erikdemaine.org/papers/Tetris_IJCGA/



Finale
Pieces
[Breukelaar, 
Demaine, 
Hohenberger, 
Hoogeboom, 
Kosters, 
Liben-Nowell
2003]
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http://erikdemaine.org/papers/Tetris_IJCGA/



Finale
Pieces
[Breukelaar, 
Demaine, 
Hohenberger, 
Hoogeboom, 
Kosters, 
Liben-Nowell
2003]
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http://erikdemaine.org/papers/Tetris_IJCGA/



Finale
Pieces
[Breukelaar, 
Demaine, 
Hohenberger, 
Hoogeboom, 
Kosters, 
Liben-Nowell
2003]
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Finale
Pieces
[Breukelaar, 
Demaine, 
Hohenberger, 
Hoogeboom, 
Kosters, 
Liben-Nowell
2003]
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http://erikdemaine.org/papers/Tetris_IJCGA/



Hardness of 
Approximation 
[Breukelaar, Demaine, 
Hohenberger, Hoogeboom, 
Kosters, Liben-Nowell 2003]
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http://erikdemaine.org/papers/Tetris_IJCGA/



• Complexity of Tetris with
 Initially empty board?
 𝑂𝑂(1) columns?
 𝑂𝑂(1) rows?
 Restricted piece sets (e.g.   )?
 No last-minute slides?

• Is two-player Tetris PSPACE-complete?
• What can we say about online (regular) Tetris?

3-partitionTetris Open Problems
[Breukelaar, Demaine, Hohenberger, 
Hoogeboom, Kosters, Liben-Nowell 2003]
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http://erikdemaine.org/papers/Tetris_IJCGA/



1-planar Graph    [Ringel 1985]

[David Eppstein]

• Each edge has at most one crossing
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See https://en.wikipedia.org/wiki/1-planar_graph
Image in public domain: http://commons.wikimedia.org/wiki/File:3-crossing_Heawood_graph.svg




1-planarity is
NP-complete

[Grigoriev & Bodlaender 2007]
𝐾𝐾6

uncrossable edge

double wheel
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Figures 2 & 3 of http://dx.doi.org/10.1007/s00453-007-0010-x



1-planarity is
NP-complete

𝐾𝐾6

𝐴𝐴 = {2, 3, 3, 3, 4, 5}

[Grigoriev & Bodlaender 2007]
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Figures 2 & 4 of http://dx.doi.org/10.1007/s00453-007-0010-x



GeoLoop &
Ivan’s Hinge

[Jan Essebaggers & 
Ivan Moscovich

1993]

[Kenneth Stevens 1993]
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https://www.cs.purdue.edu/homes/gnf/book3.html
https://www.cs.purdue.edu/homes/gnf/book3/Booknews3/GeoLoop.html
http://www.fatbraintoys.com/toy_companies/fat_brain_toy_co/ivans_hinge.cfm



GeoLoop & Ivan’s Hinge
[Abel, Demaine, Demaine,
Horiyama, Uehara 2014] NP-complete

universal & 
polynomial
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http://erikdemaine.org/papers/PianoHinged_IEICE/



Carpenter’s Ruler

[Hopcroft, Joseph, Whitesides 1985]
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Presentation Notes
Carpenter’s Ruler image is in public domain: https://commons.wikimedia.org/wiki/File:CarpentersRule.png
Figure 2.5 from GFALOP [http://gfalop.org/]
Proof originally from this paper: http://dx.doi.org/10.1137/0214025



(Simple) Map Folding
[Arkin, Bender, Demaine, Demaine, Mitchell, Sethia, Skiena 2000]

Presenter
Presentation Notes
Figure 14.4 from GFALOP [http://gfalop.org/]
Based on this paper: http://erikdemaine.org/papers/MapFolding/



[Arkin, 
Bender, 

Demaine, 
Demaine, 
Mitchell, 

Sethia, 
Skiena
2000]
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Figure 14.5 of GFALOP [http://gfalop.org]
Based on this paper: http://erikdemaine.org/papers/MapFolding/



[Arkin, 
Bender, 

Demaine, 
Demaine, 
Mitchell, 

Sethia, 
Skiena
2000]
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Figures 14.5 & 14.6 of GFALOP [http://gfalop.org]
Based on this paper: http://erikdemaine.org/papers/MapFolding/


	Packing Squares into a Square is�Strongly NP-complete
	Edge-Unfolding�Polyhedra
	Slide Number 3
	Slide Number 4
	Slide Number 5
	Slide Number 6
	Snake Cube�(Cubra)
	Snake Cube is NP-complete�[Abel, Demaine, Demaine, Eisenstat, Lynch, Schardl 2012]
	Snake Cube is NP-complete�[Abel, Demaine, Demaine, Eisenstat, Lynch, Schardl 2012]
	Snake Cube is NP-complete�[Abel, Demaine, Demaine, Eisenstat, Lynch, Schardl 2012]
	Disk�packing
	Disk packing is NP-hard�[Demaine, Fekete, Lang 2010]
	Disk packing is NP-hard�[Demaine, Fekete, Lang 2010]
	Clickomania / Same Game�[Schuessler ~2000?]
	Clickomania Complexity�[Biedl, Demaine, Demaine, Fleischer, Jacobsen, Munro 2000]
	Slide Number 16
	Slide Number 17
	Slide Number 18
	Slide Number 19
	Slide Number 20
	Initial Board
	Piece Sequence   [Breukelaar, Demaine, Hohenberger, Hoogeboom, Kosters, Liben-Nowell 2003]
	Failure to Launch  [Breukelaar, Demaine, Hohenberger, Hoogeboom, Kosters, Liben-Nowell 2003]
	Forced Moves� [Breukelaar, Demaine, Hohenberger, Hoogeboom, Kosters, Liben-Nowell 2003]
	Finale�Pieces�[Breukelaar, Demaine, Hohenberger, Hoogeboom, Kosters, Liben-Nowell 2003]
	Slide Number 26
	Finale�Pieces�[Breukelaar, Demaine, Hohenberger, Hoogeboom, Kosters, Liben-Nowell 2003]
	Finale�Pieces�[Breukelaar, Demaine, Hohenberger, Hoogeboom, Kosters, Liben-Nowell 2003]
	Finale�Pieces�[Breukelaar, Demaine, Hohenberger, Hoogeboom, Kosters, Liben-Nowell 2003]
	Finale�Pieces�[Breukelaar, Demaine, Hohenberger, Hoogeboom, Kosters, Liben-Nowell 2003]
	Hardness of Approximation [Breukelaar, Demaine, Hohenberger, Hoogeboom, Kosters, Liben-Nowell 2003]
	Tetris Open Problems�[Breukelaar, Demaine, Hohenberger, Hoogeboom, Kosters, Liben-Nowell 2003]
	1-planar Graph    [Ringel 1985]
	1-planarity is�NP-complete
	1-planarity is�NP-complete
	GeoLoop &�Ivan’s Hinge
	GeoLoop & Ivan’s Hinge�[Abel, Demaine, Demaine,�Horiyama, Uehara 2014]
	Slide Number 38
	(Simple) Map Folding�[Arkin, Bender, Demaine, Demaine, Mitchell, Sethia, Skiena 2000]
	Slide Number 40
	Slide Number 41

