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Lecture Date

1 2/1
2 2/3
3 2/8
4 2/10
5 2/15
6 o
8 2/24
9 3/1
10 /3

Course Calendar

Description

Course Introduction
Cameras and Lenses

Image Filtering

Image
Representations:
Pyramids

Image Statistics

Texture

Color

Guest Lecture:
Context in vision

Guest Lecture:
Medical Imaging

Multiview Geometry

Local Features

Readings
Req: FP 1.1, 2.1,
el fek ) gl el

Req: FP7.1-7.6

Req: FP 7.7, 9.2

Req: FP 9.1, 9.3,
9.4
Req: FP 6.1-6.4

Req:
Mikolajezyk and
Schmid; FP 10
Req: Shi and
Tomasi;, Lowe

Assignments Materials

FPSo out

PSo due

PS1 out

PS1 due

FPS2 out
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Motivation for camera calibration:

relating image measurements to positions out in the world

Frames from video data Tracked feature points

Inferred 3-d shape of building






Translation and rotation

’ ite B B A
Let’s write P:AR P

as a single matrix equation:

(B, (===
B, - R -
B,| |- - _

1)



Homogenous coordinates

 Add an extra  Motivation
coordinate and use an — Possible to write the
equivalence relation action of a perspective
. for 3D camera as a matrix

— equivalence relation
k*(X,Y,Z,T) Is the
same as
(X,Y,Z,T)



Homogenous/non-homogenous
transformations for a 3-d point

* From non-homogenous to homogenous
coordinates: add 1 as the 4t coordinate, ie

X

Y
z

1
* From homogenous to hon-homogenous
coordinates: divide 1% 3 coordinates by the

4 e x i
v 1
z T Y
T zZ

z




Homogenous/non-homogenous
transformations for a 2-d point

* From non-homogenous to homogenous
coordinates: add 1 as the 3" coordinate, ie

WAt

Y7

* From homogenous to hon-homogenous
coordinates: divide 1% 2 coordinates by the

31, ie i
[ﬂ%i@




Translation and rotation, written In
each set of coordinates

Non-homogeneous c%ordinat%s y »
P="R “P+°0,
Homogeneous coordinates

'p=C P

where

(=




Perspective projection, In
homogenous coordinates

\
x) (10 o of¥
 Turn previous vyi=lo 1 0 o0 r
expression into HC’s ; Z
, | 2) oo y 0
— HC’s for 3D point are \ 7/ f N1
(X,Y,Z,T)
— HC’s for point in ()
Image are (U,V,W) X Y
Y |—> f;[ j
, Y
.

HC Non-HC



The projection matrix for orthographic
projection, in homogenous coordinates

(X))
Y
Y4

1)

(UY (1 0 0 O
V=0 1 0 0
(1) o 0 0 1,

/X\

{1

Yy
HC Non-HC




Camera calibration

Use the camera to tell you things about the
world:

— Relationship between coordinates in the world
and coordinates in the image: geometric
camera calibration.

— (Relationship between intensities in the world
and intensities in the Image: photometric
camera calibration, not covered In this course,
see 6.801 or text)



Intrinsic parameters: from idealized
world coordinates to pixel values

-‘H
i
Forsyth&Ponce _ /" Physical
retina

Perspective projection U= f —



Intrinsic parameters

Pinhole

=
i_'_.,-—"'
=
p—

u
ﬁﬁ/F“ Physical
retina

But “pixels” are In
some arbitrary spatial
units

<
1
K

<
|

Q
N N | =



Intrinsic parameters

i’in}mlc
wﬂ Co
C

hysica

\J :—;Iim:: |
_ X
Maybe pixels are not U=0o —
square Z

v=ﬂ£
z



Intrinsic parameters

Pinhole

=
i_'_.,-—"'
=
p—

u
“/\ Ph;ﬁ cal
retina
X

We don’t know the u=ao—+1u,
origin of our camera z

pixel coordinates
V= ,B +vo




Intrinsic parameters

e
#-.—-"'
-
p—

“/\ Physical

retina

May be skew between

camera pixel axes

u

X

=0£——0(CO

ﬂ Y.

Sin@) z

]
Pinhole

t(0) 2 +u,

Z



Intrinsic parameters

Cy
T,
“/“‘“ Physical
retina

Using homogenous coordinates,
(1)

we can write this as:

or.

v

p

1)

.

04

0

U :af—acot(Q)XJruo

z z

V= 'B Yy
sin(@) z

—acot(@) u, o

p
sin(@)
0 1 0

(& o)

Vo

\

J

(x)

1,

~!



Extrinsic parameters: translation
and rotation of camera frame

CPZV,fR WP-I—COW Non-homogeneous
coordinates

= » Homogeneous
C C .
Pl l- R - [0,| P coordinates




Combining extrinsic and Intrinsic
calibration parameters

I | ~\ - Intrinsic
p == (K o) P
z
(Y (= = 17T )
Cp C C D
Pl = yR —| [0 | Extrinsic
- - —|[]

S
||

S
||

Forsyth&Ponce



Other ways to write the same equation

pixel coordinates

world coordinates

I R
p=—MP
Z
( C my-P
A A U=——
1 . W, m, - P
vi==|. m, < .
z W m., - P
\1) \ mg ), - V= 2 =
\1) - m3-P

Z 1S In the camera coordinate system, but we ¢an

solve for that, since ¢_"s"¥ | leading to:
z



Calibration target

The Opt1-CAL Calibration Target Image

http://www.kinetic.bc.ca/CompVision/opti-CAL.html



Camera calibration

From before, we had these equations m, - P
relating image positions,

u,v, to points at 3-d positions P (in =
: _ m, - P

homogeneous coordinates): V= =
m3 * P

So for each feature point, 1, we have:

(m, —u.m,)-

0
0

J‘m N“Ul

(m, —v.m,)-



Camera calibration

Stack all these measurements of i1=1...n points

(m, _uim3)°13i =0
(m, —v,m) P; =0
Into a big matrix:

n

/PlT o7
0’ PlT
PnT...OT...
0" P’

— ”11)1T )

T
-v,H

0)

\/



invector formp & ¢ 4R ° SR
o" BT —vwpP" ™) |0 Camera calibration
m, |=| :
Pl 0" —uP |\ m) |
0’ PnT _VnPnT 0
My,
Showing all the elements: My,
M3
Bo By B 10000 -wh -uwh -wh -u ) *| (0
0 00 0 £, h, h, 1 —wA, -vwh, —-whA, —-v m,, O

p. P, P 10000 -upP, -uP, -uP, -u, || |0

n- nx n-—ny n - nz n

My,
M,
M3




ljlx 1)1)/ 1)12 1 O O O 0 o ulj)lx - M1P1 y
O O O 0 Plx Pl y Plz 1 - V1Plx - le

1y

P, P, £, 10000 -upP -up

n" nx n* ny

coo0o0o0®Pr P, P 1 -vP -vP

Q

- ull)lz
- V1Plz

—u, b,
_VI’ZPI’IZ

—Uu

n

_vn

|

Camera calibration

m=0

We want to solve for the unit vector m (the stacked one)

that minimizes ‘Qm‘z

The minimum eigenvector of the matrix QTQ gives us that

(see Forsyth&Ponce, 3.1)



Camera calibration

Once you have the M matrix, can recover the
Intrinsic and extrinsic parameters as in
Forsyth&Ponce, sect. 3.2.2.

ar{ —ocotdr] 4+ ugr; afy —acotfty + ugt,
B b
M = —r1 + vord g T Vol
Y sinf 2 & sinf - v

7
I I



Image filtering

e Reading:
— Chapter 7, F&P



Take 6.341, discrete-time signal
processing

 |f you want to process pixels, you need to
understand signal processing well, so

— Take 6.341

e Fantastic set of teachers:
— Al Oppenheim
— Greg Wornell
— Jae Lim

e Web page: http://web.mit.edu/6.341/mww/



What Is image filtering?

* Modify the pixels in an image based on
some function of a local neighborhood of

the pixels.

10

5

3

A

5

1

1

1

7

Local image data

Some function
—

7

Modified image data



|_inear functions

o Simplest: linear filtering.

— Replace each pixel by a linear combination of
Its neighbors.

e The prescription for the linear combination
Is called the “convolution kernel”.

101 5 |3 0/01]0
41511 0/0.90 7
111 |7 0/1 10.5

Local image data kernel Modified image data



Convolution

f[m,n]=]®g=Z[[m—k,n—l]g[k,l]



Linear filtering (warm-up slide)

coefficient
SR
(@)

Pixel offset

original



Linear filtering (warm-up slide)

I=

Q

= 1.0

D

(@)

(@)
[T T 1 | 1T 1T 1
] 0

o Pixel offset
original Filtered

(no change)



Linear filtering

coefficient

0
Pixel offset

original



shift

1.0

coefficient

0
Pixel offset

original shifted




original

Linear filtering

coefficient

Pixel offset



Blurring

coefficient

0.3
|

|
|
0

Pixel offset

original Blurred (filter
applied in both
dimensions).



Blur examples

Impulse

coefficient

original Pixel offset filtered



Blur examples

8 5 2.4

o

Impulse =
8 03 1]

——— ! T! ||||| | T T 11
original Pixelooffset filtered
8 5 8

edge 4 = A

@ 0.3

original Pixel offset filtered



Linear filtering (warm-up slide)

2.0

1.0

original



Linear filtering (no change)

2.0

1.0

Original Filtered
(no change)



original

Linear filtering

2.0




(remember blurring)

coefficient

0.3
|

|
|
0

Pixel offset

original Blurred (filter
applied in both
dimensions).



Sharpening

2.0

Sharpened

original .
original



Sharpening example

1.7
. 11.2
8 5 8
2
5
S
I [T I I 11 H I I
-0.25
.. -0.3
original Sharpened

(differences are
accentuated; constant
areas are left untouched).



Sharpening

before after



Oriented filters



Gabor filters at different
scales and spatial frequencies

top row shows anti-symmetric
(or odd) filters, bottom row the
symmetric (or even) filters.



Linear image transformations

 In analyzing images, it’s often useful to
make a change of basis.

transformed image
' = [Jf — Vectorized image

Fourier transform, or
Wavelet transform, or
Steerable pyramid transform



Self-inverting transforms

Same basis functions are used for the inverse transform

f=U"'F

—

=U"F

|

U transpose and complex conjugate



An example of such a transform:
the Fourier transform

discrete domain
Forward transform

Flm, n] = MZlNZl Ik, l]e—m'(Mw)

Inverse transform

1 M-1N-1 -(k_”u'_”}
M N

flk,!] =M—N;§F[m,n]e



To get some sense of what
basis elements look like, we
plot a basis element --- or
rather, its real part ---

as a function of x,y for some
fixed u, v. We get a function
that is constant when (ux+vy)
Is constant. The magnitude of
the vector (u, v) gives a
frequency, and its direction
gives an orientation. The
function is a sinusoid with
this frequency along the
direction, and constant
perpendicular to the
direction.

\Y

e—m’(ux +vy)

* u

vl (ux+vy)










Phase and Magnitude

Fourier transform of a real
function is complex
— difficult to plot, visualize

— Instead, we can think of the
phase and magnitude of the
transform

Phase is the phase of the
complex transform

Magnitude is the
magnitude of the complex
transform

e Curious fact

— all natural images have
about the same magnitude
transform

— hence, phase seems to
matter, but magnitude
largely doesn’t

e Demonstration

— Take two pictures, swap the
phase transforms, compute
the inverse - what does the
result look like?






This is the
magnitude
transform
of the
cheetah pic




R e

This is the
phase
transform
of the
cheetah pic

et
AR

2y

i by

3

o ::I.Z:?‘ﬁ_‘;: A







This is the
magnitude
transform
of the zebra

pic
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Reconstruction
with zebra "
phase, cheetah |
magnitude
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Reconstruction
with cheetah
phase, zebra
magnitude




Example image synthesis with
fourier basis.

e 16 Images



#1: Ranae [0, 1]
Dims [256, 256]
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#2' Range [0.000109, 0.0267]
Dims [256, 256]
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18

#2: Range [4.79e-007, 0.503]

#1: Range [0, 1]

Dims [256, 256]

Dims [256, 256]



50

#1: Range [0, 1] #2: Range [3.9e-006, 1.7]
Dirms [256, 256] Dirns [256, 256]



82

82

#1: Range [0, 1] #2: Range [3.85e-007, 2.21]
Dims [256, 256] Dims [256, 256]



136

#1: Range [0, 1] #2: Range [B8.25e-006, 3.43]
Dims [256, 256] Dims [256, 256]



282

#1. Range [0, 1] #2. FRange [1.39e-005, 5.88]
Dims [256, 256] Cims [256, 256]



538

#1: Range [0, 1] #2: Range [6.17e-006, 8.4]
Dims [256, 256] Dims [256, 256]



#1: Range [0, 1] #2: Range [9.99e-005, 115]
Dims [256, 256] Dims [256, 256]



#1: Range [0, 1] #2: Range [8.7e-005, 19]
Dims [256, 256] Dims [256, 256]



#1: Range [0, 1] #2: Range [0.000556, 37.7]
Dirns [256, 25A] Dirms [256, 256



#1: Ranoe [0, 1] #2 Range [0.00032, 64.4]
Dims [256, 256] Dims [256, 256]



153606

15366

#2: Range [0.000231, 91.1]

#1: Range [0, 1]

Dims [2596, 256]

Dims [2596, 256]



#1: Range [0, 1] #2: Range [0.00109, 146]
Dims [256, 256] Dims [256, 256]



49190

i= J..,._..- = _ e '\c'—P
B ."’1 i {tl "-"f i
,-,.-f;_.l_r._-- Tt :

PR o

b=

e A

LI

i

Pt
-
.—- h""l S '.

#1: Range [0, 1] #2: Range [0.00758, 284]
Dims [256, 256] Dimns (256, 256]




65536.

65536.

#1: Range [0.5, 1.9] #2: Fange [4.43e-015, 255]
Dims [256, 256] Dims [256, 256]



Fourier transform magnitude




Masking out the fundamental and
harmonics from periodic pillars




Name as many functions as you
can that retain that same
functional form In the transform
domain



Forsyth&Ponce

Linear Filters  Cha

TABLE 7.1 A variety of functions of two dimensions and their Fourier transforms. This tabl
be used in two directions (with appropriate substitutions for u. v and x, y) because the Fo
transform of the Fourier transform of a function is the function. Observant readers may su

that the results on infinite sums of § functions contradict the linearity of Fourier transforms. B}
careful inspection of limits, it is possible to show that they do not (see, e.g., Bracewell, 1955)
Observant readers may also have noted that an expression for F(%) can be obtained by

combining two lines of this table.

Function

Fourier transform

glx, )

.x oy
[ glx, y)e et dx dy
— 0

fr Flglx, ), ) dudv
61 |

Fg(x, yNu, v)

3(x, y) |
%(,ﬂ:, V) uF (), v)
0.55(x +a.y) +055(x —a,y) cos 2mau
e—:r(.u?'-a-_\'g} e—,'rwl-l vt
box, (x, ¥) sinu sInu
i v
ey F(f)(w/a, v/b)
ab
Ei—oc Z?‘):—oca(‘x _i'}} T J) Z:i_.qc E?i—x\a(u "I.T..-'—_”
(f #%g)(x,¥) F(IF(g)(u,v)

flx—a,y—-b

(,_—.izmauﬂ;r!]F(f)

f(xcosf) — ysing, xsinf + ycos6)

F(f)(ucosd — vsind, usiné + vcost) ';




Discrete-time, continuous frequency Fourier transform

Many sequences can be represented by a Fourier integral of the form
1 ’T o
x[ﬂ] = 2—};\/:1“- X(Ej )E; dCU, {2133)
where
- DC' i
X(EIW) == Z I[H]E_}w’!_ (2134)
Oppenheim,
Schafer and
Buck,

Discrete-time
signal processing,
Prentice Hall,
1999



Discrete-time, continuous frequency Fourier transform pairs

TABLE2.3 FOURIER TRANSFORM PAIRS

Sequence Fourier Transform
1. 3[n] 1
2. 8[n —np) e~ Jwng
oo
3.1 (=00 < n < o) Z 2rd(w + 2 k)
h=—00

1

4, a"uln] (la| <1)

1—age /e
1 - [aa]
k=—00
1
b. 1)a —_— oo
(n+1)a"uln] (lal <1) 0 —ae7o)?

risinwy(n + 1 1

Juln] (1 < 1)

$in wp 1 —2r cos wpe™i® + rle—itw
Oppenheim, g Sinwen X(el) = {1, ol < .
Schafer and wn - 0, we <ol <m
Buck’ 9. x[n] = { {1} 0<n = M sin[af(M—!— l)ﬁje—fwﬂfﬁ
Discrete-time | otfierwise e
signal processing, 10. efwon i 278(e — w0+ 27K)
Prentice Hall, =
1999 11. cos(wqn + ¢) ' Z [re/?8(w — wo + 27k} + me ?8(w + wo + 2mK)]

k=—0o




Bracewell’s pictorial dictionary of Fourier

ﬁl AL transform- palrs \/V

o5 -~ 05
AN
# \, Wi}
7\ we b
il '
\ -
A\ - 4
\, # -
— - T
¥

::::::

ictorial dictionary of Fourier transforms

2TM0{2s)

T H\ T byt AN A

:::::::::::::::::

Bracewell, The Fourier Transform and its Applications, McGraw Hill 1978



Why Is the Fourier domain
particularly useful?

e |t tells us the effect of linear convolutions.



Fourier transform of convolution

Consider a (circular) convolution of g and h

f=g®h



Fourier transform of convolution
f=g®h

Take DFT of both sides

F[m,n]= DFT(g ® h)



Fourier transform of convolution

f=gQh
F[m,n]zDFT(g@h)

Write the DFT and convolution explicitly

F[m,n]le 12‘g[u k,v—I]h|k, l]e (% %j

k.l

2

I
o

u=0 v



Fourier transform of convolution

f=gQh
Flm,n]= DFT(g@h)

Flm,n]= YYYg[u kvl e

=0 v=0 £,/

Move the exponent in

M-1N-1 (% o

M Njh[k /]



Fourier transform of convolution

f=gQh
Flm,n]= DFT(g@h)

Flm,n]= YYYg[u kvl e

v=0 £k,

Ml

"2

Change variables in the sum
M—k-1N—I-1 ((k+ﬂ) (Hiﬂnj

= > > Y gluvle

u=—rk v=—1 k1

2
H

Zg[u k,v—Ile (M Njh[k,l]

k.l

OM

hlk, 1]



Fourier transform of convolution

f=gQh
F[m,n]zDFT(g@h)

M_lN_l (um Vl’lj

Flmn]=3 S glu—k,v—1Jhk,0e M ¥
=SS glu-k, v e

v )”)
Mo N I ]



Fourier transform of convolution

f=gQh
Flm,n]= DFT(g@h)

Flmn)= Y33 glu—kv—1lilk, e

u=0 v=0 £,/

M-1N-1

Zg[u kv—Ile £M+Njh[k,l]

i N +0)n
> Y eluvle SRRy

Perform the other DFT (circular boundary conditions)

= G[m,n]H[m,n]



Analysis of our simple filters



Analysis of our simple filters

H

efficien

CcO

Z i
8 .O H

. 0
original Pixel offset Filtered

(no change)

Flm, n] = MZlNzl Ik, l]e_m(M+Nj

10 constant

-1 _10

I_I_I_I—l_l_l_l_l
0



Analysis of our simple filters

- =
b | £
| S
— pixel offset
original shifted
M-1N-1 ("m '”j
Flm,n]= ZZf[k 51]6
=0 /=0 Constant
5 magnitude,
i L0 Jinearly shifted
ey — y shifte
=€ e Phase



Analysis of our simple filters

I
v E -
D
_ B
Pixel offset
original blurred
M-1N-1 (km '”)
Flm,n]= ZZf[k l]e
k=0 [=0 Low-pass

filter
= 1 1+2 cos(@j N
3 M VA



Analysis of our simple filters
2.0

. = (.33
rrrr|rrri ’—'—'—l—!—l—'—'—‘
0 0

original sharpened

M-1N-1 (@ '”)

Flm,n]= Zf[k l]e

k=0 [

=2~ ;(H 2003(7;7;)] MZB

high-pass filter

I_I_I_I—l_l_l_l_l
0



Sampling and aliasing



, -

Sampling in 1D takes a continuous function and replaces it with a
vector of values, consisting of the function’s values at a set of
sample points. We’ll assume that these sample points are on a
regular grid, and can place one at each integer for convenience.




M >
Sampling in 2D does the same thing, only in 2D. We’ll assume that

these sample points are on a regular grid, and can place one at each
integer point for convenience.
A




A continuous model for a
sampled function

* We want to be able to
approximate integrals

sensibly
e |Leadsto
— the delta fugc:tion| N~ . .
ample V)= V)o(x—1,y—
_ model on right ple,s (f(x,1)) Z;,Ol_;of(x y)o(x—i,y—j)

SIS



The Fourier transform of a
sampled signal

F(sampleys(f(x)=H /(5.0 S 3 oG-y 1)
= F(f(x,y))**F(i i O(x ~ i,y—j)j

= i i Flu—i,v—7j)

[=—00 j=—00



Fourier
Transform Magnitude
Signal —_— 3 Spectrum

. SN,

Sample Copy and
shift
Y
Sampled Fourner :
Signal Transform Magnitude
3 "5|1u.,lrum
Cut out by
multiplication
with box filter
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Aliasing

e Can’t shrink an image by taking every second
pixel
 |f we do, characteristic errors appear

— In the next few slides

— Typically, small phenomena look bigger; fast
phenomena can look slower

— Common phenomenon
» Wagon wheels rolling the wrong way in movies

» Checkerboards misrepresented in ray tracing
o Striped shirts look funny on colour television



Resample the
checkerboard by taking
one sample at each circle.
In the case of the top left
board, new representation
IS reasonable.

Top right also yields a
reasonable representation.
Bottom left is all black
(dubious) and bottom
right has checks that are
too big.




Constructing a pyramid by
taking every second pixel
leads to layers that badly
misrepresent the top layer




Smoothing as low-pass filtering

* The message of the FT is o A filter whose FT Is a

that high frequencies lead box is bad, because the
to trouble with sampling. filter kernel has
« Solution: suppress high infinite support
frequencies before _
sampling e Common solution: use
— multiply the FT of the a Gaussian
signal with something — multiplying FT by
that suppresses high Gaussian Is equivalent
frequencies to convolving image
— or convolve with a low-pass with Gaussian.

filter



Sampling without smoothing. Top row shows the images,

sampled at every second pixel to get the next; bottom row
shows the magnitude spectrum of these images.
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Sampling with smoothing. Top row shows the images. We

get the next image by smoothing the image with a Gaussian with sigma 1 pixel,
then sampling at every second pixel to get the next; bottom row

shows the magnitude spectrum of these images.
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Sampling with smoothing. Top row shows the images. We

get the next image by smoothing the image with a Gaussian with sigma 1.4 pixels,
then sampling at every second pixel to get the next; bottom row

shows the magnitude spectrum of these images.
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t problem

Analyze crossed

gratings...
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Thought problem

Analyze crossed
gratings...
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F(C)

Lowpass(F(A)**F(B))
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What Is a good representation for
Image analysis?
 Fourier transform domain tells you “what”

(textural properties), but not “where”.

* Pixel domain representation tells you
“where” (pixel location), but not “what”.

« \Want an image representation that gives
you a local description of Image events—

what Is happening where.



Image pyramids



The Gaussian pyramid

Smooth with gaussians, because

— @ gausslan*gaussian=another gaussian
Synthesis

— smooth and sample
Analysis

— take the top image

Gaussians are low pass filters, so repn Is
redundant
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The Laplacian Pyramid

o Synthesis

— preserve difference between upsampled
Gaussian pyramid level and Gaussian pyramid
level

— band pass filter - each level represents spatial
frequencies (largely) unrepresented at other
levels

o Analysis
— reconstruct Gaussian pyramid, take top layer
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First component of
layer 1

Layer |

Layer 2

Layer 3 Layer 3

Laplacian Pyramid Oriented Pyramid



Oriented pyramids

 Laplacian pyramid is orientation
Independent

« Apply an oriented filter to determine
orientations at each layer

— by clever filter design, we can simplify
synthesis

— this represents image information at a particular
scale and orientation



Filter Kernels

Coarsest sc:aleu

i
»

Image

Finest scale

Reprinted from “Shiftable MultiScale Transforms,” by Simoncelli et al., IEEE Transactions
on Information Theory, 1992, copyright 1992, IEEE
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