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Gambler’'s Ruin
Probability of Winning
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Gambler's Ruin

*Place $1 bets until going
broke or hitting target

* What is Pr[hit target]?
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random steps with "up” bias?
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EEEE Gambling: Fair Case ng Gambling: Fair Case

Suppose we're playing a fair game: . :
Prlwin bet] < 1/2 For fair game in general
Pr[hit $200] starting Pr'[hi’r $T] _ ﬂ
with $100? |1/2 T
PrLhit $600] starting :
-
with $5007 [5/6 What about an unfair game:
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EEEE Gambling: Slightly Unfair EEE US Roulette
: . What is Pr[hit $500 + 100] starting
Be’rUnSg rbolt?lilfr‘rlg with $500? (5/6 when fair)
<1/ 37,000

What is Pr[reach $1M + 100] starting
with $1M?  (* 1 when fair)

<1/ 37,000
Prlwin bet] = 18/38 = 9/19 < 1/2 no matter how many $ at start!
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Py Gambler’s Ruin
Parameters
p i:= Pr[win $1 bet]
n ::= initial capital
T = gambler’'s target
What is Pr[hit target]?
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Condition on 1s' bet

w,::= Pr[hit $T from $n]
Priw,| win 1s* bet] = w,,,
Priw,| lose 15* bet] = w, ,

Wn: Wn+1°p + Wn-1°q
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O+ [=[] .
A Linear Recurrence

Whe = (l/p)wn B (q/p)wn-l
wo = O (Gambler is broke)
w+ = 1 (Gambler at target)

Solve as usual and get:
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Linear Recurr
Twist: we
r,n —1 don’'t know w;
w —= -W

1
" r—1

forru=q/p 21l
But w; = 1, so can solve for w;. Then
r"—1
Wn = =
r—1
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Winning when Biased Against
r"—1 r"

W = < —

"ot -1
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Suppose p < q,sor = q/p > 1.
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:B Winning when Biased Against

W, < (l/r.)in’rended profit
n

w, bound does not depend on nl

1/r < 1, so w, is exponentially
decreasing in intended profit!
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EEEE Profit $100 in US Roulette

p=18/38 q=20/38 1/r=9/10

Prlprofit $100] < (9/10)00
< 1/37,648
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i@ Profit $200 in US Roulette

p=18/38 q=20/38 1/r=9/10

Pr[profit $200] < (9/10)20%0
< (1/37 648)
< 1/70,000,000
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What About the Fair Case?
r"—1
= (r:=q/p=1)
SR L |
Uh oh, dividing by O.
Use I'Hopital's Rule

d(r”—l)/dr': nrn-1 _ n
~l4(rT-1)/dr TrT T

W

lim
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15 _.otherwise Gambler is ruined

Claim:

Pr[ruin] = 1 - Pr[win]
so if we know one, we know
the other.
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%2 _.otherwise Gambler is ruined

EHEm -

because Pr[play forever] =0
with any stake
Prlends in < T bets] > ¢
SO
Pr[> kT bets] < (1-g)X
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