gﬁ Mathematics for Computer Science Congr'uence mod n
MIT 6.0423/18.0627F Def: a E b (mOd n)
Congruences: iff n|(a-b)
arithmetic (mod n) example: 30 = 12 (mod 9)
since
9 divides (30 - 12)
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& Congruence mod n "% Remainder Lemma
example: a=b (mod n)
66666663 = 788253 (mod 10) iFf
P
6 6\6%2{2/ - rem(a,n) = rem(b,n)
'_! example: 30 = 12 (mod 9)
-_ /882 Led since
XXXXXXX0 rem(30,9) = 3 = rem(12,9)
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% Remainder Lemma §§E proof: (<)
a = b (mod n) a=qn+ry,
iff b = g + My,
r'en;t()a n) = . r'en:(bn) if rem's are =, then
abbreviate:
i a-b=(q,-q,)n so n|(a-b)
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B proof: (=) i proof: (only if)
G:qan+ra,n |"|<n
= + P, e LN g
b =qpn + 1y, nl (@900 + (. n-rb )
conversely, , i S
n|(a-b) means nl-"so n|-
IMPLIES I = Iy,
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Remainder Lemma

a = b (mod n)
iff
rem(a,n) = rem(b,n)
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:®  Corollaries
symmetric
a = b (mod n) implies
b = a (mod n)
transitive
a=bd&b=c(modn)
implies a = ¢ (mod n)
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Remainder arithmetic
Corollary:
a = rem(a,n) (mod n)
pf: 0<r,,< n,so
Fan= rem(ry ,,n)
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28y  Congruence mod n
If a = b (mod n), then
a+c = b+c (mod n)
pf: n | (a - b) implies
h | ((a+c) = (b+c))
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i#  Congruence mod n

Ifa=b (modn), then
a-c = b-c (mod n)
pf: n | (a-b) implies
n| (a-b)c, and so
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:®  Congruence mod n

Cor: If a =a (mod n),
then replacing a by a
in any arithmetic
formula gives an

= (mod n) formula
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:#;  Congruence mod n

Corollary:
If a =b (modn) &
¢ = d (mod n),

thena-c = b-d (mod n)
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Congruence mod n

So arithmetic (mod n)
a lot like ordinary

® .
arithmetic
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Remainder arithmetic
important: congruence &

a = rem(a,n) (mod n)
keeps (mod n) arithmetic

in the remainder range
[0.n)
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:% Remainder arithmetic
example: 287° = ? (mod 4)

287° = 3 since ryg74=3
— ((32)2)2-3
= (12)2-3 since rg 4 =1
= 3 (mod 4)
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