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Massachusetts Institute of Technology
6.042J/18.062J, Spring ’17: Mathematics for Computer Science May 25
Prof. Albert R Meyer revised Friday 26th May, 2017, 11:00

Final Examination
Your name:

� This exam is closed book except for two 2-sided cribsheets. Total time is 180 minutes.

� Write your solutions in the space provided. If you need more space, write on the back of the sheet
containing the problem.

� In answering the following questions, you may use without proof any of the results from class or text.

DO NOT WRITE BELOW THIS LINE

Problem Points Grade Grader

1 8

2 4

3 5

4 7

5 8

6 10

7 8

8 10

9 8

10 8

11 10

12 8

13 6

Total 100

2017, Albert R Meyer. This work is available under the terms of the Creative Commons Attribution-ShareAlike 3.0
license.
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Short-Answer Questions
The following questions are short-answer. The graders will not read explanations, so do not

spend time including them.

Problem 1 (Simple Graphs & Trees) (8 points).
Let C41 be the graph with vertices f0; 1; : : : ; 40g and edges h0—1i ; h1—2i ; : : : ; h39—40i ; h40—0i, and let
K41 be the complete graph on the same set of 41 vertices.

You may answer the following questions with formulas involving exponents, binomial coefficients, and
factorials.
(a) How many edges are there in K41?

(b) How many isomorphisms are there from K41 to K41?

(c) How many isomorphisms are there from C41 to C41?

(d) What is the chromatic number �.K41/?

(e) What is the chromatic number �.C41/?

(f) How many edges are there in a spanning tree of K41?

(g) How many spanning trees does C41 have?

(h) How many length-10 paths are there in K41? Reminder: A length-10 path has 11 vertices.
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Problem 2 (Quantifiers) (4 points). (a) A predicate R on the nonnegative integers is true infinitely often
(i.o.) when R.n/ is true for infinitely many n 2 N.

We can express the fact that R is true i.o. with a formula of the form:

Q1 Q2: R.n/;

where Q1;Q2 are quantifiers from among

8n; 9n; 8n � n0; 9n � n0;

8n0; 9n0; 8n0 � n; 9n0 � n;

and n; n0 range over nonnegative integers.

Identify the proper quantifers:

Q1

Q2

(b) A predicate S on the nonnegative integers is true almost everywhere (a.e.) when S.n/ is false for only
finitely many n 2 N.

We can express the fact that S is true a.e. with a formula of the form

Q3 Q4: S.n/;

where Q3;Q4 are quantifiers from those above:

8n; 9n; 8n � n0; 9n � n0;

8n0; 9n0; 8n0 � n; 9n0 � n:

Identify the proper quantifers:

Q3

Q4

Problem 3 (Logical Injections) (5 points). (a)
LetR W D ! D be a binary relation on a setD. Let x; y be variables ranging overD. Circle the expressions
below whose meaning is that R is an injective relation Œ� 1 in�. Remember that R.x/ WWD fy j x R yg, and
R is not necessarily a function or a total relation.

(i) x ¤ y IMPLIES R.x/ ¤ R.y/

(ii) R.x/ \R.y/ ¤ ; IMPLIES x D y

(iii) R�1.R.x// � fxg
(iv) R�1.R.x// � fxg

(b) Give an example of a set S such that there is no total injective relation from S to the real interval Œ0; 1�.
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Problem 4 (Number Theory) (7 points).

Parts (a) to (g) offer a collection of number theoretic assertions. Most of the assertions require some
side-conditions to be correct. A selection of possible side-conditions (1)–(8) are listed below.

Next to each of assertions, write True if the assertion is correct as stated. Write False if none of the
side-conditions ensure that the assertion is correct. Otherwise, write the number of a side-condition that
ensures the assertion will be true; to get full credit your side-condition should not imply any other correct
side-condition. For example, you would only get part credit for choosing gcd.a; b/ > 2 as a side-condition
if only gcd.a; b/ > 1 was needed.

Assume all variables have appropriate integer values—for example, in the context of Zk , numbers are in
Œ0::k/ and k > 1.

.i/: NOT.a divides b/ .ii/: gcd.a; b/ D 1 .iii/: gcd.a; b/ > 1

.iv/: gcd.a; b/ > 2 .v/: gcd.a; b/ D 1 D gcd.a; c/

.vi/: a is prime .vii/: b is prime .viii/: a; b both prime

(a) If a D b .Zn/, then p.a/ D p.b/ .Zn/,
for any polynomial p.x/ with integer coefficients.

(b) If a j bc, then a j c.

(c) gcd.1C a; 1C b/ D 1C gcd.a; b/.

(d) No integer linear combination of a2 and b2 equals one.

(e) No integer linear combination of a2 and b2 equals two.

(f) If m D n .Zab/, then m D n .Zb/.

(g) ab D a .Zb/.
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Problem 5 (Counting) (8 points).
Formulas (1)–(8) below are the answers to questions (a)–(g) below, in no particular order. Enter the number
of the correct solution in the box below each question.

.1/:
nŠ

.n �m/Š
.2/:

 
nCm

m

!
.3/: .n �m/Š .4/: mn

.5/:

 
n � 1Cm

m

!
.6/:

 
n � 1Cm

n

!
.7/: 2mn .8/: nm

(a) How many solutions over the nonnegative integers are there to the inequality

x1 C x2 C � � � C xn � m ‹

(b) How many lengthmwords can be formed from an n-letter alphabet, if no letter is used more than once?

(c) How many length m words can be formed from an n-letter alphabet, if letters can be reused?

(d) How many binary relations are there from set of size m to set of size n?

(e) How many ways are there to place a total of m distinguishable balls into n distinguishable urns, with
some urns possibly empty or with several balls?

(f) How many ways are there to put a total of m distinguishable balls into n distinguishable urns with at
most one ball in each urn?

(g) How many ways are there to place a total of m indistinguishable balls into n distinguishable urns, with
some urns possibly empty or with several balls?
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Proof and Concept Questions

Problem 6 (Structural Induction) (10 points).
The Arithmetic Trig Functions (Atrig’s) are the set of functions of one real variable defined recursively as
follows:

Base cases:

� The identity function id.x/ WWD x is an Atrig,

� any constant function is an Atrig,

� the sine function is an Atrig,

Constructor cases:
If f; g are Atrig’s, then so are

1. f C g

2. f � g

3. the composition f ı g.

Prove by structural induction on this definition that if f .x/ is an Atrig, then so is f 0 WWD df=dx.
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Problem 7 (Probable Satisfiability) (8 points).
A literal is a propositional variable P or its negation P , where as usual “P ” abbreviates “NOT.P /.” A
3-clause is an OR of three literals from three different variables. For example,

P1 OR P2 OR P3

is a 3-clause, but P1 OR P1 OR P2 is not because P1 appears twice. A 3-CNF is a formula that is an AND of
3-clauses. For example,

.P1 OR P2 OR P3/ AND .P1 OR P3 OR P4/ AND .P2 OR P3 OR P4/

is a 3-CNF.
Suppose that G is a 3-CNF with seven 3-clauses. Assign true/false values to the variables in G indepen-

dently and with equal probability.

(a) What is the probability that the nth clause is true?

(b) What is the expected number of true 3-clauses in G?

(c) Use the fact that the answer to part (b) is greater than six to conclude G must be satisfiable.
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Problem 8 (Connectivity, Induction) (10 points).
MIT Information Services & Technology (IS&T) wants to assemble a cluster of n computers using wires
and hubs. Each computer must have exactly one wire attached to it, while each hub can have up to five wires
attached. There must be a path of wires between every pair of computers in the cluster.

Prove by induction that d.n � 2/=3e hubs are sufficient for IS&T to assemble the cluster of n computers.
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Problem 9 (Conditional Probability) (8 points).
There are two decks of cards, the red deck and the blue deck. They differ slightly in a way that makes
drawing the eight of hearts slightly more likely from the red deck than from the blue deck.

One of the decks is randomly chosen and hidden in a box. You reach in the box and randomly pick a card
that turns out to be the eight of hearts. You believe intuitively that this makes the red deck more likely to be
in the box than the blue deck.

Your intuitive judgment about the red deck can be formalized and verified using some inequalities between
probabilities and conditional probabilities involving the events

R WWD Red deck is in the box;

B WWD Blue deck is in the box;

E WWD Eight of hearts is picked from the deck in the box:

(a) State an inequality between probabilities and/or conditional probabilities that formalizes the assertion,
“picking the eight of hearts from the red deck is more likely than from the blue deck.”

(b) State a similar inequality that formalizes the assertion “picking the eight of hearts from the deck in the
box makes the red deck more likely to be in the box than the blue deck.”

(c) Assuming that initially each deck is equally likely to be the one in the box, prove that the inequality of
part (a) implies the inequality of part (b).

(CONTINUED ON NEXT PAGE)
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(d) Suppose you couldn’t be sure that the red deck and blue deck initially were equally likely to be in the
box. Could you still conclude that picking the eight of hearts from the deck in the box makes the red deck
more likely to be in the box than the blue deck? Briefly explain.
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Problem 10 (Expectation, Sums) (8 points).
Short-term Capital Management (STCM) wants you to invest in a fund with the following rules: you invest
one million dollars in their Forward Looking Internet Package (FLIP). Each year, the money in your FLIP
account will double or halve with equal probability, and each year STCM will pay you a dividend equal to
10% of the money in your account.

(a) What is the expected number of dollars in your account at the end of k years? Write a simple formula
in terms of k.

Hint: $1,000,000 is in the account the end of year zero. Let Xi be 2 or 1=2 depending on what happens
to your money at the end of the i th year. So the amount of money in the account at the end of year one is
X1 � $1; 000; 000 and the dividend paid is .1=10/X1 � $1; 000; 000.

(b) Give a closed form numerical expression for the expected total number of dollars in dividend payments
you will receive by the end of the 10th year. You do need to evaluate your expression.

(c) Adam Smith does his own analysis of your account. He lets Yi D 1 if the money doubles at the end of
year i and Yi D �1 otherwise. Then the money in your account after year k is

1062Y12Y2 � � � 2Yk D 1062Y1CY2C���CYk :

But ExŒYi � D 0, so

2ExŒY1CY2C���CYk� D 2ExŒY1�CExŒY2�C���CExŒYk� D 2k�0 D 20 D 1:

In other words, the expected amount of money in your account forever remains the same as your original
investment.

What is wrong with Adam Smith’s analysis?
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Problem 11 (Chebyshev Bound) (10 points).
There is a herd of cows whose average body temperature turns out to be 100 degrees. Our thermometer
produces such sensitive readings that no two cows have exactly the same body temperature. The herd is
stricken by an outbreak of wacky cow disease, which will eventually kill any cow whose body temperature
differs from the average by 10 degrees or more.

It turns out that the collection-variance of all the body temperatures is 20, where the collection-variance
CVar.A/ of set A of numbers is

CVar.A/ WWD
P
a2A.a � �/

2

jAj
;

where � is the average value of the numbers in A.1

(a) Apply the Chebyshev bound to the temperature T of a random cow to show that at most 20% of the
cows will be killed by this disease outbreak.

The conclusion of part (a) about a certain fraction of the herd was derived by bounding the deviation of
a random variable. We can justify this approach by explaining how to define a suitable probability space in
which, the temperature T of a cow is a random variable.
(b) Carefully specify the probability space on which T is defined: what are the outcomes? what are their

probabilities?

(c) Explain why for this probability space, the fraction of cows with any given cow property P is the same
as PrŒP �.

(CONTINUED ON NEXT PAGE)

1In other words, CVar.A/ is A’s average square deviation from its mean.
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(d) Show that VarŒT � equals the collection variance of the temperatures in the herd.
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Problem 12 (Random Walk, Expectation) (8 points).

A	  
C	  

B	  

The figure above shows a 3-vertex random walk graph (with the edge probabilities ommited for readabil-
ity). For X; Y 2 fA;B;C g, let pXY denote the probability of the edge hX!Y i.

Let a be the expected length of a random walk that starts at vertex A and reaches vertex C for the first
time. Likewise, let b be the expected length of a random walk that starts at B and reaches C for the first
time. Write a system of linear equations that can be solved to yield simple expressions for a and b in terms
of pXY ’s for X; Y 2 fA;B;C g. You do not need to solve for a or b.

a D

b D
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Problem 13 (Sampling & Confidence) (6 points).
On May 23, 2017, the MIT fabrication facility produced a large batch of silicon wafers. To estimate the
fraction d of defective wafers in this batch, we will randomly and independently choose a small sample of
n0 wafers from the batch. Then we will test the wafers in the sample for defects, and will estimate that d is
approximately the same as the fraction of defective wafers in the sample.

We want to calculate a small n0 such that the fraction of defective wafers in the sample will be within
0.006 of the actual fraction d with 97% confidence. The following theorem about the binomial random
variable Bn;p provides a good way to calculate n0:

Theorem (Binomial Deviation).

Pr
� ˇ̌̌̌
Bn;p

n
� p

ˇ̌̌̌
� �

�
� f .�; n/

where

f .�; n/ D o

�
1

�2�n

�
:

Suppose you have a program for evaluating the function f . Briefly explain how to use the Binomial
Deviation Theorem to find n0, explicitly indicating which values should be plugged into what formulas.
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