Massachusetts Institute of Technology Handout 19 6.042J/18.062J: Mathematics for Computer Science March 7 2000 Professors David Karger and Nancy Lynch

Practice Quiz 1

Problem 1 (6 points) Consider the following proposition.

∀x∀y (x < y → ∃z (x < z ∧ z < y)) (a) (2 points) Prove or disprove this proposition, assuming that the universe is the set of integers.

(b) (4 points) Write the negation of this proposition. Your solution may not use the ¬ symbol, but may use any of the relations =, <, >, ≤, or ≥.

Problem 2 (10 points) Define the matrix

M = [ 0 1 1 1 ] . Let M^n denote the product of n copies of the matrix M. Use ordinary induction to prove that for all n ≥ 1, the upper right entry of M^n is F_n, the n-th Fibonacci number. State your inductive hypothesis clearly.

For reference, the standard formula for the product of 2 × 2 matrices is given below. [ a b c d ] · [ e f g h ] = [ ae + bg af + bh ce + dg cf + dh ] 1g Recall that F_0 = 0, F_1 = 1, F_2 = 1, F_3 = 2, . . . .

Problem 3 (12 points) The vertices of a directed graph can be partitioned into stronglyconnected components. Two vertices u and v belong to the same strongly connected component if there is a path from u to v and a path from v to u. A strongly connected component may consist of a single vertex.

Math Moose has noticed a strange phenomenon. He starts with a directed graph and partitions the vertices into strongly-connected components. He then removes all edges that connect two vertices in the same strongly-connected component. The resulting graph always seems to be acyclic.

An example is worked out in the figure below. The original directed graph is shown on the left. The vertices a, b, and c form one strongly-connected component. The single vertex d forms a second strongly-connected component. Math Moose removes the edges a → b, b → c, and c → a, since these edges connect vertices in the same strongly-connected component. The resulting graph is shown on the right. Note that this graph is acyclic.

Use proof by contradiction to show that for every directed graph, application of Math Moose’s procedure gives a directed acyclic graph.

Problem 4 (12 points) One of the three monks working on the famed Towers of Hanoi project recently rubbed his pained back and burst out, “Yo! What are we doing? This is for chumps! Let’s punt!” But before wandering off to start up fast food joints, they must evenly divide the monastery’s collection of prayer beads.

Initially, monk A has 5 beads, monk B has 3 beads, and monk C has 4 beads. The monastic order has strict rules regarding the exchange of prayer beads. Only the following transactions are allowed.

1. Monk B may give a bead to monk A at any time.

2. If C has an odd number of beads, then monk A may give a bead to monk B.

3. If C has an even number of beads or monk A has at least two more beads then monk B, then monk C may give or take a bead from either monk A or monk B.

(a) (3 points) Model the situation with a state machine. Define the set of states,the set of start states, and the set of transitions.

(b) (3 points) Prove that the monks can reach the state where monk A has 0 beads, monk B has 9 beads, and monk C has 3 beads by describing a sequence of steps leading to this state.

(c) (6 points) Prove that the monks can not reach the state where every monk has 4 beads by using the Invariant Theorem.

Problem 5 Use induction to prove our proposition, P(n),

1^3 + 2^3 + . . . + n^3 = ( n(n + 1) 2 )_2

whenever n is a natural number.

Problem 6 Prove the set identity ((A − B) ∪ (B − A))^c = (A^c ∪ B) ∩ (A ∪ B^c)

Problem 7 A full binary tree is either

• A leaf node with no subtrees • A non-leaf node with a left and a right subtree, each of which is a full binary tree.

(a) Draw all full binary trees with 5 or fewer nodes.

(b) Prove that for any full binary tree, the number of non-leaf nodes is exactly one less than the number of leaves.

Problem 8 Use the following tables to describe the properties of the various relations and functions. Write yes or no in each box. Don’t give proofs (it’d be too hard to squeeze them into the boxes). Pay careful attention to the specified domains and ranges.

(a) The following relations:

• R = {(a, b) ∈ (N − {0})^2 | a divides b} • S = {(X, Y ) ∈ (2N − {∅})^2 | X ∩ Y ≠ ∅} • T = {(x, y) ∈ R × R | x + y = 0} (Recall that antisymmetric means that a ∼ b and b ∼ a imply a = b). relation reflexive symmetric antisymmetric transitive function R : a | b S : X ∩ Y ≠ ∅ T : x + y = 0

(b) The following functions:

• f : N → N, f(x) = 5x. • g : R^+ → N, g(x) = ⌊x⌋. • h : R → R^+ , h(x) = e^x.

Give an inverse if one exists (under the given domain and range). function injective surjective inverse f(x) = 5x g(x) = ⌊x⌋ h(x) = e^x Problem 9 Consider the following algorithm, which takes natural numbers a and b, with b > 0, and returns an ordered pair of natural numbers. Algorithm Div(a, b)

if (a < b)

return (0, a) else (q, r) ←Div(a − b, b) return (q + 1, r)

(a) Prove Div terminates in at most a + 1 steps.

(b) Prove that Div returns the quotient and remainder of a on division by b.

Problem 10 David is located at position (1, 0) on the two-dimensional (Z × Z) x-y plane. His house is located at the origin. David wants to go home. But it is windy, and each time David takes a one-unit step east or west, he also gets blown a one-unit step north or south (he can pick which). y

x

(a) On the grid above, mark with X’s all the points that David can reach in one step. Mark with O’s the points that David can reach in two steps. (The axes labeled x and y intersect at David’s house.)

(b) Give an informal explanation for why David can never get home.

(c) Describe a state machine that represents David’s motion, and list its transitions.

(d) Prove that David can never get home.

Problem 11 Let F be a function from A to B and let G = F �^1 be its inverse relation (G is a relation from B to A, but not necessarily a function). Prove that G ∘ F is an equivalence relation on A.

Problem 12 Consider the following algorithm that takes an array (list) A[1 . . . n] of numbers such that A[1] < A[2] < · · · < A[n], and a number q, and is supposed to find q if it is present in the list. Find(A, n, q) i ← 1 j ← n + 1 While (j − i > 1)

choose some k with i < k < j if A[k] ≤ q i ← k else j ← k Return i

(a) prove this function terminates

(b) Now suppose that q = A[r] for some r. State an invariant of the while loop relating i, j, and r. The invariant should be “obviously provable by induction” but you need not prove it.

(c) Assuming the invariant, prove that Find returns r.