b. The (axis-aligned) ellipse equation expands into six terms
0 = cx21 + dx22 − 2acx1 − 2bdx2 + (a2 c + b2 d − 1)

corresponding to weights w = (2ac, 2bd, c, d, 0) and intercept a2 + b2 − r 2 . This shows
that an elliptical boundary is linear in this feature space, allowing linear separability.
fact,Solutions
the four features x1 , x2 , x21 , x22 suffice for any axis-aligned ellipse.
RecitationIn12

1.

18.17 The examples map from [x1 , x2 ] to [x1 , x1 , x2 ] coordinates as follows:
[−1, −1] (negative) maps to [−1, +1]
[−1, +1] (positive) maps to [−1, −1]
[+1, −1] (positive) maps to [+1, −1]
[+1, +1] (negative) maps to [+1, +1]
Thus, the positive examples have x1 x2 = − 1 and the negative examples have x1 x2 = + 1.
The maximum margin separator is the line x1 x2 = 0, with a margin of 1. The separator
corresponds to the x1 = 0 and x2 = 0 axes in the original space—this can be thought of as the
limit of a hyperbolic separator with two branches.
18.18
18.19 XOR (in fact any Boolean function) is easiest to construct using step-function units.
Because XOR is not linearly separable, we will need a hidden layer. It turns out that just one
hidden node suffices. To design the network, we can think of the XOR function as OR with
the AND case (both inputs on) ruled out. Thus the hidden layer computes AND, while the
output layer computes OR but weights the output of the hidden node negatively. The network
shown in Figure S18.2 does the trick.

W = 0.3

W = 0.3

t = 0.5 W =− 0.6

t = 0.2

W = 0.3
W = 0.3

Figure S18.2

A network of step-function neurons that computes the XOR function.

18.20 According to Rojas (1996), the number of linearly separable Boolean functions with
n inputs is

n  n
X
2 −1
sn = 2
i
i=0

For n ≥ 2 we have

 n

2 −1
2(n + 1)(2n )n
(2n − 1)!
2
≤
≤ 2n
sn ≤ 2(n + 1)
= 2(n + 1) ·
n
n!(2 − n − 1)!
n!
n
so the fraction of representable functions vanishes as n increases.
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2. Perceptron (20 points)
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Data points are: Negative: (-1, -1) (2, 1) (2, -1) Positive: (-2, 1) (-1, 1)
Recall that the perceptron algorithm uses the extended form of the data points in which a 1 is
added as the 0th component.
1. Assume that the initial value of the weight vector for the perceptron is [0, 0, 1], that the data
points are examined in the order given above and that the rate (step size) is 1.0. Give the
weight vector after one iteration of the algorithm (one pass through all the data points):
Only point x2 = (2, 1) is misclassified. Using the extended form x!2 = (1, 2, 1), we have
[0, 0, 1] ∗ x!2 = +1
We update the weight vector using the extended form (times y2 = −1):
w ← w + y2 x!2
and we get the new weight vector
w = [−1, −2, 0]
2. Draw the separator corresponding to the weights after this iteration on the graph at the top
of the page.
3. Would the algorithm stop after this iteration or keep going? Explain.
1
No. The new weight vector misclassifies the negative point (-1, -1), whose margin will be +1.
4. If we add a positive point at (1,-1) to the other points and retrain the perceptron, what would
the perceptron algorithm do? Explain.
The data is no longer linearly separable and so the perceptron would loop forever.
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