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6.034 Notes: Section 8.1

Sideg11 _ Conjunctive Normal Form
A sentence written in conjunctive normal form looks like ((A or B or not C) and (B or D) and (not A)
and (B or C)). ¢ Conjunctive normal form (CNF) formulas:

(AVBV-COANBVDIAAABVC)

@ 6.034 - Spring 03 = 1
. . Slide8.1.2
Conjunctive Normal Form Its outermost structure is a conjunction. It's a conjunction of multiple units. These units are called
nel
* Conjunctive normal form (CNF) formulas: clauses
(AVvBv-C)ABVDYAA)ABVO)
e (AvBv-() is aclause
Slide8.1.3 . )
A clause is the disjunction of many things. The units that make up a clause are called literals. Conjunctive Normal Form

¢ Conjunctive normal form (CNF) formulas:

AVvBv-CO)ABVDYAA)ABVCO)
e (AvBv-() is a clause, which is a disjunction
of literals
e A, B, and - C are literals

@ 6.034 - Spring 03 = 3
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Slide8.1.4
Conjunctive Normal Form And aliteral is either avariable or the negation of avariable.
* Conjunctive normal form (CNF) formulas:
(AvBVv-C)ABVD)AAABVCO)
e (AvBv-() is a clause, which is a disjunction
of literals
e A, B, and - C are literals, each of which is a
variable or the negation of a variable.
Slide8.1.5 . "
So you get an expression where the negations are pushed in as tightly as possible, then you have ors, then Conjunctive Normal Form

you have ands. Thisis like saying that every assignment has to meet each of a set of requirements. Y ou
can think of each clause as a requirement. So somehow, the first clause has to be satisfied, and it has
different ways that it can be satisfied, and the second one has to be satisfied, and the third one has to be

e Conjunctive normal form (CNF) formulas:

satisfied, and so on. (AVvBv—=C)ABVDYAA)A(BVCO)
e (AvBv-C() is a clause, which is a disjunction
of literals

e A, B, and - C are literals, each of which is a
variable or the negation of a variable.

® Each clause is a requirement that must be
satisfied and can be satisfied in multiple ways

@ 6.034 - Spring 03 + §

Slide 8.1.6
Conjunctive Normal Form Y ou can take any sentence in propositional logic and write it in conjunctive normal form.

e Conjunctive normal form (CNF) formulas:

(AVvBV-CO)ABVD)AA)ABVCO)
e (AvBv—-(C) is a clause, which is a disjunction
of literals
e A, B, and - C are literals, each of which is a
variable or the negation of a variable.
¢ Each clause is a requirement that must be
satisfied and can be satisfied in multiple ways

¢ Every sentence in propositional logic can be
written in CNF

@ 6.034 - Spring 03 = 6

Side8.1.7
Here's the procedure for converting sentences to conjunctive normal form. Converting to CNF

@ 6.034 - Spring 03 = 7
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Converting to CNF

1. Eliminate arrows using definitions

@ 6.034 - Spring 03 » 8

Slide8.1.9

The next step isto drive in negation. We do it using DeMorgan's Laws. Y ou might have seenthemin a
digital logic class. Not (phi or psi) is equivalent to (not phi and not psi). And, Not (phi and psi) is
equivalent to (not phi or not psi). So if you have a negation on the outside, you can push it in and change

the connective from and to or, or from or to and.

Converting to CNF
1. Eliminate arrows using definitions
2. Drive in negations using De Morgan’s Laws

~(gve)=—pAr-p
~ApAp)=—pVv-p
3. Distribute or over and

AvBAC)=(AVvB)A(AVC)

@ 6.034 - Spring 03 » 10

Slide8.1.11

One problem with conjunctive normal formisthat, although you can convert any sentence to conjunctive
normal form, you might do it at the price of an exponential increase in the size of the expression.
Because if you have A and B and C OR D and E and F, you end up making the cross- product of all of

those things.

For now, we'll think about satisfiability problems, which are generally fairly efficiently converted into

CNF.

Slide8.1.8
Thefirst step is to eliminate single and double arrows using their definitions.

Converting to CNF
1. Eliminate arrows using definitions
2. Drive in negations using De Morgan’s Laws

~($vo)=—gAn-p
(g r@)=—gv g

@ 6.034 - Spring 03 = 9

Slide 8.1.10

The third step isto distribute or over and. That is, if we have (A or (B and C)) we can rewriteit as (A or
B) and (A or C). You can prove to yourself, using the method of truth tables, that the distribution rule
(and DeMorgan's laws) are valid.

Converting to CNF
1. Eliminate arrows using definitions
2. Drive in negations using De Morgan’s Laws

—(gve)=—pAr-p
(¢ np)=—¢v-p
3. Distribute or over and

AVBAC)=(AvB)A(AVC)

4. Every sentence can be converted to CNF, but it
may grow exponentially in size

@ 6.034 - Spring 03 = 11
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Slide8.1.12
CNF Conversion Example Here's an example of converting a sentence to CNF.
(AvB) > (C > D)
Slide 8.1.13 n
First we get rid of both arrows, using the rule that says"A implies B" is equivalent to "not A or B". CNF Conversion Example
(AvB)—>(C—>D)
1. Eliminate arrows
—(AvB)v(-CvD)
. Slide8.1.14
CNF Conversion Example Then we drive in the negation using deMorgan's law.
(AvB)—>(C > D)
1. Eliminate arrows
—(AvB)v(=CvD)
2. Drive in negations
“AA—-B)v(=CvD)
@ 6.034 - Spring 03 » 14
Slide 8.1.15 ]
Finally, we distribute or over and to get the final CNF expression. CNF Conversion Example
(AvB)—>(C > D)

1. Eliminate arrows
—(AvB)v(=CvD)
2. Drive in negations

AA—-B)yv(=CvD)

3. Distribute
“Av-CvDYAEBv—-CvD)

@ 6.034 - Spring 03 = 15
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6.034 Notes: Section 8.2

Slide8.2.1 P as .
ropositional Resolution
We have talked alittle bit about proof, with the idea that you write down some axioms -- statements P

that you're given -- and then you try to derive something from them. And we've al had practice doing
that in high school geometry and we've talked allittle bit about natural deduction. So what we're going
to talk about now is resolution. Which is the way that pretty much every modern automated theorem-
prover isimplemented. It seems to be the best way for computers to think about proving things.

Slide8.2.2
Propositional Resolution So here's the resolution inference rule, in the propositional case. It says that if you know "alphaor beta’,
; . and you know "not beta or gamma', then you're allowed to conclude "alpha or gamma''.
* Resolution rule:
‘:BVVBY Remember from when we looked at inference rules before that these Greek |etters are meta-variables.
B — They can stand for big chunks of propositional logic, as long as the parts match up in the right way. So if
you know something of the form "alpha or beta’, and you also know that "not beta or gamma', then you
can conclude "aphaor gamma'".
Slide8.2.3 . }
It turns out that this one ruleis al you need to prove anything in propositional logic. At least, to prove Propositional Resolution
that a set of sentencesis not satisfiable. So, let's see how thisis going to work. There's a proof strategy « Resolution rule:
called resolution refutation, with three steps. It goeslike this. @V p '
Bvy
aVy

« Resolution refutation:

@ 6.034- Spring 03 » 3
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Propositional Resolution

* Resolution rule:
aVvp
-Bvy
aVvy
« Resolution refutation:
« Convert all sentences to CNF

@ 6.034 - Spring 03 » 4

Slide8.2.5

Then, you negate the desired conclusion -- so you have to say what you're trying to prove, but what we're
going to do is essentially a proof by contradiction. You've all seen the strategy of proof by contradiction
(or, if we're being fancy and Latin, reductio ad absurdum). Y ou assert that the thing that you're trying to

v
proveisfalse, and then you try to derive a contradiction. That's what we're going to do. So you negate jﬁ VBV
the desired conclusion and convert that to CNF. And you add each of these clauses as a premise of your “avy

proof, aswell.

Propositional Resolution

* Resolution rule:
aVvp
-Bvy
aVvy
* Resolution refutation:
» Convert all sentences to CNF
* Negate the desired conclusion (converted to CNF)
« Apply resolution rule until either
- Derive false (a contradiction)
- Can't apply any more

6.034 - Spring 03 = 6

Slide8.2.7

What if you can't apply the resolution rule anymore? Is there anything in particular that you can
conclude? In fact, you can conclude that the thing that you were trying to prove can't be proved. So
resolution refutation for propositional logic is a complete proof procedure. If the thing that you're trying
to proveis, in fact, entailed by the things that you've assumed, then you can prove it using resolution
refutation. It's guaranteed that you'll always either prove false, or run out of possible steps. It's complete, vy
because it always generates an answer. Furthermore, the process is sound: the answer is always correct.

Slide8.2.4
First, you convert al of your sentences to conjunctive normal form. Y ou already know how to do this!
Then, you write each clause down as a premise or given in your proof.

Propositional Resolution

¢ Resolution rule:

* Resolution refutation:
» Convert all sentences to CNF
* Negate the desired conclusion (converted to CNF)

@ 6.034 - Spring 03 + §

Slide8.2.6

Now we apply the resolution rule until one of two things happens. We might derive "false", which means
that the conclusion did, in fact, follow from the things that we had assumed. If you assert that the
negation of the thing that you're interested in is true, and then you prove for awhile and you manage to
prove false, then you've succeeded in a proof by contradiction of the thing that you were trying to prove
in the first place. Or, we might find ourselves in a situation where we can't apply the resolution rule any
more, but we still haven't managed to derive false.

Propositional Resolution

* Resolution rule:
aVvp
Bvy

* Resolution refutation:
e Convert all sentences to CNF
* Negate the desired conclusion (converted to CNF)
* Apply resolution rule until either
- Derive false (a contradiction)
- Can't apply any more
« Resolution refutation is sound and complete
« If we derive a contradiction, then the conclusion follows
from the axioms
o If we can't apply any more, then the conclusion cannot be
proved from the axioms.

@ 6.034 - Spring 03 = 7
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Slide8.2.8
Propositional Resolution Example So let'sjust do aproof. Let's say I'm given "Por Q", "Pimplies R" and "Q impliesR". | would like to
T conclude R from these three axioms. I'll use the word "axiom" just to mean things that are given to me
Step | Formula Derivation .
Prove R right at the moment.
1|PvQ
2|P—=R
3]1Q—=R
@ 6.034 - Spring 03 » 8
Slide8.2.9 . g
We start by converting this first sentence into conjunctive normal form. We don't actually have to do Propositional Resolution Example
anything. It's already in the right form. Step |Formula | Derivation
Prove R 1 |pvq Given
1|PvQ
2|P—=R
3]Q—=R
@ 6.034 - Spring 03 « 9
. . Slide 8.2.10
Propositional Resolution Example Now, "Pimplies R" turnsinto "not P or R".
Step | Formula Derivation
Prove R 1 PvQ Given
tjpve 2 -PVvR Given
2|P—=R
3]1Q—=R
@ 6.034 - Spring 03 = 10
Slide8.2.11 .- .
Similarly, "Q implies R" turnsinto "not Q or R" Propositional Resolution Example
Step | Formula Derivation
Prove R 1 PvQ Given
tjPva 2 -PVvR Given
2|PR 3 -QVR Given
3|]Q—=R
@ 6.034 - Spring 03 = 11
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Propositional Resolution Example
Step | Formula Derivation
Prove R 1 |pva Given
1/PvQ 2 |-PvR |Given
2|P=R 3 -QVvR |Given
3lQR 4 -R Negateq
conclusion
@ 6.034 - Spring 03 » 12
Slide 8.2.13

WEe'll draw ablue linejust to divide the assumptions from the proof steps. And now, we look for
opportunities to apply the resolution rule. You can do it in any order you like (though some orders of Step |Formula | Derivation

application will result in much shorter proofs than others).

Propositional Resolution Example
Step | Formula Derivation
Prove R 1 PVQ Given
1|PvQ 2 -PVR Given
2/P 3R 3 -QVvVR Given
3lQ=R 4 - R Negateq
conclusion
5 QVR 1,2
@ 6.034 - Spring 03 = 14
Sliide 8.2.15

And we can take lines 2 and 4, resolve away R, and get "not P."

Slide8.2.12

Now we want to add one more thing to our list of given statements. What's it going to be? Not R. Right?
We're going to assert the negation of the thing we're trying to prove. We'd like to prove that R follows
from these things. But what we're going to do instead is say not R, and now we're trying to prove false.
And if we manage to prove false, then we will have a proof that R is entailed by the assumptions.

Propositional Resolution Example
Prove R 1 |pvq Given
1|PvQ 2 |-PvR |Given
2|P—=R 3 -QVR Given
3lQoR 4 - R Negated
conclusion
@ 6.034 - Spring 03 = 13

Side8.2.14
We can apply resolution to lines 1 and 2, and get "Q or R" by resolving away P.

Propositional Resolution Example

Step | Formula Derivation

Prove R 1 PVQ Given

1|PvQ 2 |-PvR |Given

2|P—R 3 -QvVvR Given

3a-r B IR P
5 |QVvR 1,2
6 |-P 2,4

@ 6.034 - Spring 03 15
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Slide8.2.16
Propositional Resolution Example Similarly, we can take lines 3 and 4, resolve away R, and get "not Q".
Step | Formula Derivation
Prove R 1 |pvq Given
1|PvQ 2 |-PVR |Given
2|P=>R 3 -QVvR Given
3lQor 4 =R Negateq
conclusion
5 |QVR 1,2
6 |-P 2,4
7 -Q 3,4
@ 6.034 - Spring 03 » 16
Slide8.2.17 - g
By resolving away Q inlines5and 7, we get R. Propositional Resolution Example
Step | Formula Derivation
Prove R 1 |pvq Given
1{PvQ 2 |-PVR |Given
2|P—=R 3 -QVR Given
3lQoRr 4 - R Negateq
conclusion
5 |QVR 1,2
6 |-P 2,4
7 -Q 3,4
8 R 5,7
@ 6.034 - Spring 03 « 17
. . Slide8.2.18
Propositional Resolution Example And finally, resolving away R in lines 4 and 8, we get the empty clause, which is false. Well often draw
Step | Formula | Derivation thislittle black box to indicate that we've reached the desired contradiction.
Prove R 1 PvQ Given
1|PvQ 2 -PvR Given
SlP=R 3 -QVvR Given
—* 4 - R Negated
3/Q R conclusion
5 |QVR 1,2
6 |-P 2,4
7 -Q 3,4
8 |R 5,7
9 |- 4,8
@ 6.034 - Spring 03 = 18
Slide8.2.19 .- .
How did I do this last resolution? Let's see how the resolution rule is applied to lines 4 and 8. The way to Propositional Resolution Example
look at it isthat Risrealy "false or R, and that "not R" isreally "not R or false". (Of course, the order Step | Formula Barivaiion
?f the dlquncfls |S|rrelt_:,vant, because disjunction is commutative). So, now we resolve away R, getting Prove R 1 PvQ Given
false or false", whichisfalse. -
1|PvQ 2 -PVR Given
2P R 3 - QvR |Given
3lQoR 4 - R Negatet_j
conclusion
5 |QVR 1,2
6 |-P 2,4
false vR
7 -Q 3,4
- R v false
false v false 8 R 57
9 . 4,8
@ 6.034 - Spring 03 = 19
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Slide8.2.20
Propositional Resolution Example One of these steps is unnecessary. Which one? Line 6. It's a perfectly good proof step, but it doesn't
Step |Formula | Derivation contribute to the final conclusion, so we could have omitted it.
Prove R 1 PvQ Given
1|PvQ 2 -PvR Given
slpor 3 -QVvR Given
—* 4 -R Negated
3]Q=R conclusion
5 |QVR 1,2
6 |-P 2,4
7 |-Q 3,4
false v R P R 5.7
- R v false ° . 4,8
false v false
@ 6.034 - Spring 03 » 20
Slide8.2.21
Here's aquestion. Does"P and not P" entail Z? The Power of False
It does, and it's easy to prove using resolution refutation.
P 9 Prove Z Step | Formula Derivation
1P
2|-P
@ 6.034 - Spring 03 » 21
Slide 8.2.22
The Power of False We start by writing down the assumptions and the negation of the conclusion.
Prove Z Step | Formula Derivation
1P 1 P Given
2|-P 2 = B Given
3 -Z Negated
conclusion
@ 6.034 - Spring 03 » 22
Slide8.2.23
Then, we can resolve avay Pin lines 1 and 2, getting a contradiction right avay. The Power of False
Prove Z Step | Formula Derivation
1|P 1 P Given
olap 2 |-P Given
3 -Z Negated
conclusion
4 . 1,2
@ 6.034 - Spring 03 = 23
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Slide8.2.24
The Power of False Because we can prove Z from "P and not P" using a sound proof procedure, then "P and not P* entails Z.
Prove Z Step | Formula Derivation
1|P 1 P Given
5l-p 2 =2 P Given
3 -~Z Negated
conclusion
4 . 1,2
Note that (P A = P) — Z is valid
@ 6.034 - Spring 03 # 24
Slide8.2.25
So, we see, again, that any conclusion follows from a contradiction. Thisis the property that can make The Power of False
logical systems quite brittle; they're not robust in the face of noise. This problem has been recently
addressed in Al by amove to probabilistic reasoning methods. Unfortunately, they're out of the scope of Prove Z —
. Step | Formula Derivation
this course.
1|P 1 P Given
5l-p 2 - P Given
3 -Z Negated
conclusion
4 . 1,2
Note that (P A = P) — Z is valid
Any conclusion follows from a contradiction - and so
strict logic systems are very brittle.
@ 6.034 - Spring 03 « 25
Slide 8.2.26
Example Problem Here's an example problem. Stop and do the conversion into CNF before you go to the next slide.
Convert to CNF
Prove R
1[(P-Q)—Q
2 |(P=>P)=R
3|(R=>S)—~(5—Q)
@ 6.034 - Spring 03 = 26
Slide 8.2.27
So, thefirst formulaturnsinto "P or Q". Example Problem
Convert to CNF
P R
D TR
1 p 3 | v
T P Evaiteve
il e (PvQ)
3|[(R—>S)—~(S—>Q)
@ 6.034 - Spring 03 = 27
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Slide8.2.28
Example Problem The second turnsinto (“P or R" and "not P or R"). We probably should have simplified it into "False or
Convert to CNF R" at the second step, which reduces just to R. But we'll leaveit asis, for now.
Prove R R (;(ﬁ 5 ‘é)Q) ‘éQ
G ° AV
A el « (PYQA(-QVQ)
2 |[(P»P)5R . (PvQ)
3[(R=S)=-(S=Q)
e —(=PvP)VR
e (PA-P)VR
e (PVR)A(=PVR)
Slide 8.2.29
Finally, the last formula requires us to do a big expansion, but one of the termsiis true and can be left out. Example Problem
So, weget "(Ror S) and (R or not Q) and (not Sor not Q)". Convert to CNF
Prove R R (;(_‘ 5 ‘é)Q) ‘éQ
1] o A=Q)v
e P Gvantave
il s s (PvQ)
3 |(R=>S)—~(5-Q)
e ~(-PvP)VvR
e (PA-P)VR
e (PVR)A(=PVR)
e (=RVS)V-(-SvQ)
e (RA=S)v(SA-Q)
e (RVS)A(=SVS)A(RV-Q)A (S v-Q)
e (RVS)A(RV-Q)A (-S v-Q)
. Slide 8.2.30
Resolution Proof Example Now we can almost start the proof. We copy each of the clauses over here, and we add the negation of
1 PvQ the query. Please stop and do this proof yourself before going on.
Prove R 7 PVvR
1 (P>Q) —Q 3 -PVvR
2[(P5P) SR ¢ [RvVS
5 Rv-Q
(R—S)
—+-(5-Q) 6 -Sv-Q
7 - R Neg
@ 6.034 - Spring 03 = 30
Slide 8.2.31 ]
Here's asample proof. It's one of awhole lot of possible proofs. Resolution Proof Example
1 PvQ
Prove R 2 PvR
1{(P5Q) =0Q 2 |mFvR
4 RvS
2[(P—>P) >R 5 Rv-0Q
(R—S) 6 -Sv-Q
—--(5-Q) 7 R Neg
8 S 4,7
9 -Q 6,8
10 p 1,9
11 |Rr 3,10
12 . 7,11
@ 6.034 - Spring 03 31
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Slide 8.2.32
Proof Strategies In choosing among all the possible proof steps that you can do at any point, there are two rules of thumb
that are really important.

Slide 8.2.33
The unit preference rule says that if you can involve a clause that has only oneliteral iniit, that's usually a Proof Strategies
good idea. It's good because you get back a shorter clause. And the shorter a clauseis, the closer itisto . . . .
false.  Unit preference: prefer a resolution step involving a
unit clause (clause with one literal).
® Produces a shorter clause - which is good since
we are trying to produce a zero-length clause,
that is, a contradiction.
; Slide8.2.34
Proof Strategies The set-of-support rule says you should involve the thing that you're trying to prove. It might be that you

. . . . . can derive conclusions al day long about the solutions to chess games and stuff from the axioms, but
* Unit preference: prefer a resolution step involving a once you're trying to prove something about what way to run, it doesn't matter. So, to direct your

unit clause (clause with one Iiteral?. _ _ "thought" processes toward deriving a contradiction, you should always involve a clause that came from
» Produces a shorter clause — which is good since the negated goal, or that was produced by the set of support rule. Adhering to the set-of-support rule will
we are trying to produce a zero-length clause, still make the resolution refutation process sound and complete.

that is, a contradiction.

* Set of support: Choose a resolution involving the
negated goal or any clause derived from the
negated goal.

e We're trying to produce a contradiction that
follows from the negated goal, so these are
“relevant” clauses.

o If a contradiction exists, one can find one using
the set-of-support strategy.

@ 6.034 - Spring 03 = 34
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Slide8.3.1

We are going to use resolution refutation to do proofsin first-order logic. It's afair amount trickier than
in propositional logic, though, because now we have variables to contend with.

®

First-Order Resolution

6.034 - Spring 03 « 1

V X. P(x) = Q(x)
P(A)

—

®

First-Order Resolution

uppercase letters:
constants

lowercase letters:
variables

6.034 - Spring 03+ 2

Slide8.3.2

ableto conclude Q(A).

Slide8.3.3

Thisisactualy Aristotle's original syllogism: From "All men are mortal" and "Socratesis a man”,

conclude "Socratesisamortal".

Let'stry to get some intuition through an example. Imagine you knew "for all x, P of x implies Q of x.
And let's say you also knew P(A). What would you be able to conclude? Q(A), right? Y ou ought to be

Q)

First-Order Resolution

V X. P(x) = Q(x)
P(A)
Q(A)

uppercase letters:

Syllogism: constants

All men are mortal .

Socrmtes lowercase letters:
ocrates is a man variables

Socrates is mortal

6.034 - Spring 03+ 3

Y X. P(x) — Q(x)
P(A)
Q(A)

Y x. = P(x) v Q(x)
P(A)
Q(A)

First-Order Resolution

uppercase letters:

Syllogism: constants

All men are mortal .

Socratos i lowercase letters:
ocrates is a man variables

Socrates is mortal

Equivalent by
definition of
implication

6.034 - Spring 03+ 4

Slide8.3.4

implication.
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Slide8.3.5

Next, we could substitute the constant A in for the variable x in the universally quantified sentence. By
the semantics of universal quantification, that's allowed. A universally quantified statement has to be true
of every object in the universe, including whatever object is denoted by the constant symbol A. And

now, we can apply the propositional resolution rule.

The hard part is figuring out how to instantiate the variables in the universal statements. In this problem,
it was clear that A was the relevant individual. But it not necessarily clear at al how to do that

automatically.

®

First-Order Resolution

V X. P(x) = Q(x)
P(A)
Q(A)

V x. = P(x) v Q(x)
P(A)
Q(A)

- P(A) v Q(A)
P(A)
Q(A)

- uppercase letters:
Syllogism: constants

All men are mortal
Socrates is a man

Socrates is mortal

lowercase letters:
variables

Two new things:

Equivalent by
definition of
implication

e converting FOL to
clausal form

e resolution with
variable substitution

Substitute A for
X, still true

then

Propositional
resolution

6.034 - Spring 03+ 6

Slide8.3.7

Clausal form (which is also sometimes called "prenex normal form™) islike CNF in its outer structure (a
conjunction of disjunctions, or an "and" of "ors"). But it has no quantifiers. Here's an example

conversion.

Converting to Clausal Form

6.034 - Spring 03+ 8

First-Order Resolution

¥ x. P(x) = Q(x) Syllogism: Hppercase |etters:
P(A) All men are mortal

] lowercase letters:
Socrates is a man
Q(A)

20crates 1s a man variables
Socrates is mortal

V X. = P(x) v Q(x
00 v Q) Equivalent by

P(A) definition of
Q(A) implication
Substitute A for
- P(A) v Q(A) x, still true
P(A) then

Q(A) Propositional
@ resolution

6.034 - Spring 03 e 5

Slide 8.3.6
Now, we have to do two jobs before we can see how to do first-order resolution.

The first isto figure out how to convert from sentences with the whole rich structure of quantifiersinto a
form that lets us use resolution. We'll need to convert to clausal form, which isakind of generalization
of CNF to first-order logic.

The second is to automatically determine which variables to substitute in for which other ones when
we're performing first-order resolution. This processis called unification.

We'll do clausal form next, then unification, and finally put it all together.

Clausal Form

e like CNF in outer structure
* no quantifiers

vx. 3y. P(x) - R(x,y)

—-P(x) vR(x,F(x))

@ 6.034 - Spring 03+ 7

Slide 8.3.8

WEell go through a step-by-step procedure for systematically converting any sentence in first-order logic
into clausal form.
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Slide8.3.9

Thefirst step you guys know very well isto eliminate arrows. Y ou aready know how to do that. You
convert an equivalence into two implications. And anywhere you see alpharight arrow beta, you just
change it into not alpha or beta

Converting to Clausal Form

1. Eliminate arrows
ao = (a—>PHAB—>a)
a—>pf=>-avp

6.034 - Spring 03+ 9

9)

Slide 8.3.10
The next thing you do isdrivein negation. Y ou aready basically know how to do that. We have
deMorgan's laws to deal with conjunction and disjunction, and we can eliminate double negations.

Converting to Clausal Form

1. Eliminate arrows
aof=(a—> AL )
a—> fo-avp

2. Drive in negation
~(av P = -an-p

~anp) = -av-p
D
-VX. ¢ = 3IX. —a

Asakind of extension of deMorgan's laws, we also have that not (for all X, alpha) turnsinto exists x
such that not alpha. And that not (exists x such that alpha) turnsinto for all x, not alpha. The reason
these are extensions of deMorgan's laws, in asense, isthat a universal quantifier can be seen abstractly
as a conjunction over al possible assignments of x, and an existential as adisjunction.

—dX. a = VX ~«

6.034 - Spring 03 » 10
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Slide8.3.11

The next step isto rename variables apart. The idea here is that every quantifier in your sentence should
be over adifferent variable. So, if you had two different quantifications over x, you should rename one
of them to use a different variable (which doesn't change the semantics at all). In this example, we have
two quantificationsinvolving the variable x. It's especially confusing in this case, because they're nested.

Converting to Clausal Form

1. Eliminate arrows
ae> = (a—>PHAB—>a)

The rules are like those for a programming language: a variable is captured by the nearest enclosing
quantifier. So the x in Q(x,y) isrealy adifferent variable from the x in P(x). To make this distinction
clear, and to automate the downstream processing into clausal form, we'll just rename each of the

a—> pfo>-avp

2. Drive in negation
~(avp) = -ar-p

variables. ~anp) = -av-p

a1
-VX. o = 3IX. ~«¢
—-3IX. @ = VX, -
3. Rename variables apart
vx. Ay. (-P(x) v Ix. Q(x,y)) =>
Xy 3y, (GP(x) vaxs. Qlx;, ¥5))

6.034 - Spring 03 » 11
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Slide8.3.12

Now, here's the step that many people find confusing. The name is aready a good one. Step four isto
skolemize, named after alogician called Thoralf Skolem. Imagine that you have a sentence that ooks
like: there exists an x such that P(x). The goal hereis to somehow arrive at a representation that doesn't
have any quantifiersinit. Now, if we only had one kind of quantifier in first-order logic, it would be easy
because we could just mention variables and al the variables would be implicitly quantified by the kind
of quantifier that we have. But because we have two quantifiers, if we dropped all the quantifiers off,
there's amess, because you don't know which kind of quantification is supposed to apply to which
variable.

Skolemization

4, Skolemize

6.034 - Spring 03 » 12 (E
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Slide 8.3.13
The Skolem insight is that when you have an existential quantification like this, you're saying thereis Skolemization
such athing as aunicorn, let's say that P means "unicorn”. There exists a thing such that it's a unicorn. .
You canjust say, al right, well, if there is one, let's call it Fred. That'sit. That's what Skolemization is. 4. Skolemize

So instead of writing exists an x such that P(x), you say P(Fred). Thetrick isthat it absolutely must be a + substitute new name for each existential var
new name. It can't be any other name of any other thing that you know about. If you're in the process of 3Ix. P(x) = P(Fred)

inferring things about John and Mary, then it's not good to say, oh, there's a unicorn and it's John --
because that's adding some information to the picture. So to Skolemize, in the simple case, means to
substitute a brand-new name for each existentially quantified variable.

@ 6.034 - Spring 03 » 13

Slide8.3.14
Skolemization For example, if | have exists x, y such that R(x,y), then it's going to have to turn into R(Thing1,
4. Skolemize Thing2). Because we have two different variables here, they have to be given different names.

= substitute new name for each existential var
3x. P(x) = P(Fred)
x,y. R(x,y) = R(Thingl, Thing2)

Slide 8.3.15
But the names also have to persist so that if you have exists x such that P(x) and Q(x), then if you Skolemization

skolemize that expression you should get P(Fleep) and Q(Fleep). Y ou make up aname and you put it in

there, but every occurrence of this variable has to get mapped into that same unique name. 4. Skolemize

« substitute new name for each existential var
Ix. P(x) = P(Fred)
3ax, y.R(x,y) = R(Thingl, Thing2)
Ax. P(x) AQ(x) = P(Fleep)A Q(Fleep)

@ 6.034 - Spring 03 » 15

Slide 8.3.16
Skolemization If you have different quantifiers, then you need to use different names.

4, Skolemize
« substitute new name for each existential var
Ix. P(x) = P(Fred)
ax, y. R(x,y) = R(Thingl, Thing2)
Ax. P(x) AQ(x) = P(Fleep) A Q(Fleep)
Ax. P(x) A3x. Q(x) = P(Frog) A Q(Grog)

@ 6.034 - Spring 03 » 16
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Slide8.3.17
All right. If that's all we had to do it wouldn't be too bad. But there's one more case. We can illustrate it Skolemization
by looking at two interpretations of "Everyone loves someone”. .
4. Skolemize
Inthefirst case, thereisasingley that everyone loves. So we do ordinary skolemization and decide to + substitute new name for each existential var

call that person Englebert.

Skolemization

4. Skolemize
- substitute new name for each existential var
3x. P(x) = P(Fred)
Ix,y.R(x,y) = R(Thingl, Thing2)
Ix. P(x) AQ(x) = P(Fleep) A Q(Fleep)
Ix. P(x) A3x. Q(x) = P(Frog) A Q(Grog)
Jy. Vx. Loves(x, y) = Vx. Loves(x,Englebert)

« substitute new function of all universal vars in
outer scopes

@ 6.034 - Spring 03 » 18

Slide 8.3.19

In this case, what that meansis that you substitute in some function of x, for y. Let's call it Beloved(x).
Now it's clear that the person who is loved by x depends on the particular x you're talking about.

Skolemization
4. Skolemize

« substitute new name for each existential var

Ix. P(x) = P(Fred)
3Ax,y.R(x,y) = R(Thingl, Thing2)
Ax. P(x) AQ(x) = P(Fleep) AQ(Fleep)
Ix. P(x) A3x. Q(x) = P(Frog) A Q(Grog)
Jy. Vx. Loves(x, y) = Vx. Loves(x,Englebert)
« substitute new function of all universal vars in

outer scopes
vx. Jy. Loves(x, y) = Vx. Loves(x, Beloved(x))

Vx. 3y. Vz. 3w. P(x,y,Z) AR(y,z,w) =
P(x, F(x), 2) nR(F(X), 2,G(x, 2))

@ 6.034 - Spring 03 = 20

3x. P(x) = P(Fred)
Ix,y.R(x,y) = R(Thingl, Thing2)
Ax. P(x) AQ(x) = P(Fleep) A Q(Fleep)
Ix. P(x) A3x. Q(x) = P(Frog) A Q(Grog)
Jy. Vx. Loves(x, y) = Vx. Loves(x,Englebert)

@ 6.034 - Spring 03 » 17

Slide 8.3.18

In the second case, there is adifferent y, potentialy, for each x. So, if we were just to substitutein a
single constant name for y, we'd lose that information. We'd get the same result as above, which would
be wrong. So, when you are skolemizing an existential variable, you have to look at the other quantifiers
that contain the one you're skolemizing, and instead of substituting in a new constant, you substitute in a
brand new function symbol, applied to any variables that are universally quantified in an outer scope.

Skolemization

4, Skolemize
= substitute new name for each existential var
Ix. P(x) = P(Fred)
3x,y.R(x,y) = R(Thingl, Thing2)
Ix. P(x) AQ(x) = P(Fleep) A Q(Fleep)
Ix. P(x) A3x. Q(x) = P(Frog) A Q(Grog)
Jy. Vx. Loves(x, y) = Vx. Loves(x,Englebert)

« substitute new function of all universal vars in
outer scopes

vx. Ay. Loves(x, y) = Vx. Loves(x, Beloved(x))

@ 6.034 - Spring 03 » 19

Slide 8.3.20

So, in this example, we see that the existential variable w is contained in the scope of two universally
quantified variables, x, and z. So, we replace it with G(x,z), which alowsiit to depend on the choices of
x and z.

Note also, that I've been using silly names for Skolem constants and functions (like Englebert and
Beloved). But you, or the computer, are only obliged to use new ones, so things like F123221 are
completely appropriate, as well.
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Slide8.3.21

Now we can drop the universal quantifiers because we just replaced al of the existential quantifiers with
Skolem constants or functions. Now there's only one kind of quantifier left, so we can just drop them
without losing information.

Convert to Clausal Form: Last Steps

5. Drop universal quantifiers

Convert to Clausal Form: Last Steps
5. Drop universal quantifiers

Vvx. Loves(x, Beloved(x)) = Loves(x, Beloved(x))

6. Distribute or over and; return clauses

Vvx. Loves(x, Beloved(x)) = Loves(x, Beloved(x))

@ 6.034 - Spring 03 » 21

Slide8.3.22

And then we convert to clauses. This just means multiplying out the and's and the or's, because we
aready eliminated the arrows and pushed in the negations. We'll return a set of sets of literals. A literal,
in this case, is a predicate applied to some terms, or the negation of a predicate applied to some terms.

I'm using set notation here for clauses, just to emphasize that they aren't lists; that the order of the literals
within aclause and the order of the clauses within a set of clauses, doesn't have any effect on its

meaning.
P(2)v(Q(z,w) AR(w, 2)) =
{{P(2),Q(z,w)},{P(2),R(w, 2)}}

6.034 - Spring 03 » 22 (ﬁ

Slide8.3.23

Finally, we can rename the variables in each clause. It's okay to do that because for all x, P(x) and Q(x)
isequivalent to for all y, P(y) and for all z, P(z). In fact, you don't really need to do this step, because
we're assuming that you're always going to rename the variables before you do a resolution step.

] Slide8.3.24
Example: Converting to clausal form

@ 6.034 - Spring 03 = 24

Q)

Convert to Clausal Form: Last Steps
5. Drop universal quantifiers

Vvx. Loves(x, Beloved(x)) = Loves(x, Beloved(x))

6. Distribute or over and; return clauses

P(2) v(Qz, W) rR(Ww, 2)) =
{{P(2),Q(z,w)},{P(2),R(W, 2)}}

7. Rename the variables in each clause

{{P(2),Q(z,w)}, {P(2),R(W,2)}} =
{{P(zl)l Q(le Wl)}: {P(ZZ)I R(WZI ZZ)}}

6.034 - Spring 03 » 23

So, let's do an example, starting with English sentences, writing them down in first-order logic, and
converting them to clausal form. Later, we'll do a resolution proof using these clauses.
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Slide 8.3.25

John owns adog. We can write that in first-order logic as there exists an x such that D(x) and O(J, x).
So, we're letting D stand for "isadog" and O stand for "owns" and J stand for John.

a. John owns a dog
I x. D(x) A O(J,x)
D(Fido) A O(J, Fido)

®

Example: Converting to clausal form

6.034 - Spring 03 » 26

Slide 8.3.27

Anyone who owns adog isalover of animals. We can write that in FOL as For all x, if thereexistsay
such that D(y) and O(x,y), then L (x). We've added a new predicate symbol L to stand for "is alover of

animals’.

Example: Converting to clausal form

a. John owns a dog

3 x. D(x) A O(J,x)

6.034 - Spring 03 » 25
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Slide 8.3.26
To convert thisto clausal form, we can start at step 4, Skolemization, because the previous three steps

are unnecessary for this sentence. Since we just have an existential quantifier over x, without any
enclosing universal quantifiers, we can simply pick anew name and substitute it in for x. Let's call x
Fido. Thiswill give us two clauses with no variables, and we're done.

Example: Converting to clausal form

a. John owns a dog
I x. D(x) A O(J,x)
D(Fido) A O(J, Fido)

b. Anyone who owns a dog is a
lover-of-animals

Vx. (3y. D(y) A O(x,y)) — L(x)

6.034 - Spring 03 » 27

Q)

a. John owns a dog
I x. D(x) A O(J,x)
D(Fido) A O(J, Fido)

b. Anyone who owns a dog is a
lover-of-animals

Vx. (3y. D(y) A O(x,y)) — L(x)

¥ x. (-3y. (D(y) A O(x,y)) v L(X)

Example: Converting to clausal form

6.034 - Spring 03 » 28

Slide 8.3.28
First, we get rid of the arrow. Note that the parentheses are such that the existential quantifier is part of

the antecedent, but the universal quantifier is not. The answer would come out very differently if those
parens weren't there; thisis a place where it's easy to make mistakes.
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Slide 8.3.29
Next, we drive in the negations. We'll do it in two steps. | find that whenever | try to be clever and skip Example: Converting to clausal form
steps, | do something wrong.

a. John owns a dog

I x. D{x) A O(J,x)
D(Fido) A O(J, Fido)

b. Anyone who owns a dog is a
lover-of-animals

Vx. (3y. D(y) A O(x,y)) — L(x)

Vx. (=3y. (D(y) A O(x,y)) v L(x)

¥V x. Vy. =(D(y) A O(x,y)) v L(x)

VX.Vy. =D(y) v-0(x,y) v L(x)

6.034 - Spring 03 » 29
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Slide 8.3.30
There's no skolemization to do, since there aren't any existential quantifiers. So, we can just drop the

Example: Converting to clausal form
universal quantifiers, and we're left with asingle clause.

a. John owns a dog
I x. D(x) A O(J,x)
D(Fido) A O(J, Fido)

b. Anyone who owns a dog is a
lover-of-animals

Vx. (3y. D(y) A O(x,y)) — L(x)
V¥ x. (=3y. (D(y) A O(x,y)) v L(x)
V x.Vy. =(D(y) A O(x,y)) v L(x)
VXx.Vy.-D(y) v-0(xy) v L(x)
~ D(y) v -~ O(x,y) v L(x)
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Slide 8.3.31
Lovers of animals do not kill animals. We can write that in FOL as For all x, L (x) impliesthat (for all Example: Converting to clausal form

y, A(y) implies not K(x,y)). We've added the predicate symbol A to stand for "isan animal” and the

predicate symbol K to stand for x killsy. a. John owns a dog
I x. D(x) A O(J,x) - -
D(Fido) A O(J, Fido) :.n:;z\allesrs—nf—ammals do not kill

VX L(x) = (Vy. Aly) = - K(x,y))

b. Anyone who owns a dog is a
lover-of-animals

Vx. (3y. D(y) A O(x,y)) — L(x)
¥ x. (=3y. (D(y) A O(x,y)) v L(x)
V x.Vy. =(D(y) A O(x,y)) v L(x)
VX.Vy. =D(y) v-0(x,y) v L(x)
- D(y) v - O(x,y) v L(x)
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Slide8.3.32
Example: Converting to clausal form First, we get rid of the arrows, in two steps.

a. John owns a dog

I x. D(x) A O(J,x) - -
D(Fido) A O, Fido) :H:}:\;T;S_Of_ammals do not kill

¥ X L(x) = (Vy. Aly) = - K(x,y))

b. Anyone who owns a dog is a
Iover-yof-animals ¢ VX = L(x) v (VY. Aly) = = K(x,y))

¥ x. (3y. D(y) A O(x,y)) - L(x) VX~ L(x) v (¥y. = Aly) v = K(x,y))
¥ x. (-3y. (D(y) A O(x,y)) v L(x)
Vx.Vy. =(D(y) A O(x,y)) v L(x)
VX.Vy.-D(y) v-0(x,y) v L(x)
= D(y) v = O(x,y) v L(x)

6.034 - Spring 03 » 32

©

file:///CJ/Documents%20and%20Settings/Admini strator/My%...ching/6.034/07/lessons/Chapter8/l ogicl 1-handout-07.html (21 of 60)4/20/2007 7:55:21 AM



6.034 Artificial Intelligence. Copyright © 2004 by Massachusetts Institute of Technology. All rights reserved

Slide8.3.33
Then we're left with only universal quantifiers, which we drop, yielding one clause. Example: Converting to clausal form

a. John owns a dog

I x. D{x) A O(J,x) - -
D(Fido) A O(J, Fido) :H:.mu\élesrs—uf—ammals do not kill

¥ x. L(x) = (Vy. Aly) = - K(x,y))

b. Anyone who owns a dog is a Vx. = LX) v (Vy. Aly) = = K(x,y))
lover-of-animals

Vx. (3y. D(y) A O(x,y)) — L(x)
VX (=3y. (D(y) A O(X,¥)) vV L(X) | [-L(x) v-A(y) v-K(xy)
¥ x. Vy. ~(D(y) A O(x,y)) v L(x)
VX.Vy.aD(y)v-0(x,y) v L(x)
-~ D(y) v - O(x,y) v L(x)

VX LX) v (Vy. = A(y) v - K(x,y))
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More converting to clausal form We just have three more easy ones. "Either Jack killed Tunaor curiosity killed Tuna." Everything hereis
aconstant, sowe get K(J,T) or K(C,T).

d. Either Jack killed Tuna
or curiosity killed Tuna

K(3,T) v K(C,T)

6.034 - Spring 03+ 34
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Slide 8.3.35 .
"Tunaisacat" just turnsinto C(T). More converting to clausal form

d. Either Jack killed Tuna
or curiosity killed Tuna

K(3,T) v K(C,T)

e. Tuna is a cat
C(T)
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Slide 8.3.36
More converting to clausal form And "All cats are animals" isnot C(x) or A(x). | left out the steps here, but I'm sure you can fill them in.

Okay. Next, welll see how to match up literals that have variables in them, and move on to resolution.

d. Either Jack killed Tuna
or curiosity killed Tuna

K(3,T) v K(C,T)

e. Tuna is a cat
C(T)

f. All cats are animals
- C(x) v A(x)

6.034 - Spring 03 = 36
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6.034 Notes: Section 8.4

Slide8.4.1

We introduced first-order resolution and said there were two issues to resolve before we could do it.
First was conversion to clausal form, which we've done. Now we have to figure out how to instantiate
the variablesin the universal statements. In this problem, it was clear that A was the relevant
individual. But it is not necessarily clear at all how to do that automatically.

Slide8.4.2
Substitutions

6.034 - Spring 03 » 2
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Slide 8.4.3

Here's an example of what we called an atomic sentence before: a predicate applied to some terms. There
are two variables here: x and y. We can think of many different ways to substitute terms into this
expression. Those are called substitution instances of the expression.

®

First-Order Resolution

Y X. P(x) = Q(x)
P(A)
Q(A)

Syllogism:

All men are mortal
Socrates is a man
Socrates is mortal

Y X. = P(x) v Q(x)

Equivalent by

P(A) definition of
Q(A) implication
Substitute A for
- P(A) v Q(A) X, still true
P(A) then
Q(A) Propositional
resolution

uppercase letters:
constants

lowercase letters:
variables

The key is finding
the correct
substitutions for
the variables.

6.034 - Spring 03 » 1

In order to derive an agorithmic way of finding the right instantiations for the universal variables, we
need something called substitutions.

P(x, f(y), B)

Substitutions

: an atomic sentence

6.034 - Spring 03 « 3
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Slide8.4.4
Substitutions A substitution is a set of variable-term pairs, written thisway. It says that whenever you see variable v;,
P(x, f(y), B) : an atomic sentence you should substitute in term t;. There should not be more than one entry for asingle variable.
Substitution Substitution Comment
instances {Vvy /ey Vo /t}
Sliide8.4.5 " .
So here's one substitution instance. P(z,f(w),B). It's not particularly interesting. It's called an alphabetic Substitutions
variant, because we've just substituted some different variablesin for x and y. In particular, we've put z P(x, f(y), B) : an atomic sentence
infor x and w in for y, as shown in the substitution. i i :
Substitution Substitution Comment
instances {vi/tys Valta}
P(z, f(w), B) {x/z, y/w} Alphabetic
variant
o Slide8.4.6
Substitutions Here's another substitution instance of our sentence: P(x, f(A), B), We've put the constant A in for the
P(x, f(y), B) : an atomic sentence variabley.
Substitution Substitution Comment
instances {Vy Mgy Vo It
P(z, f(w), B) {x/z, y/w} Alphabetic
variant
P(x, f(A), B) {y/A}
@ 6.034 - Spring 03 » 6
Side8.4.7 " .
To get P(g(2), f(A), B), we substitute the term g(2) in for x and the constant A for y. Substitutions
P(x, f(y), B) : an atomic sentence
Substitution Substitution Comment
EENEES vy /iy Valto}
P(z, f(w), B) {x/z, y/w} Alphabetic
variant
P(x, f(A), B) {y/A}

P(g(2), f(A), B) | {x/9(2), Y/A}

6.034 - Spring 03 « 7 (E
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Slide8.4.8

Substitutions Here's one more -- P(C, f(A), B). It's sort of interesting, because it doesn't have any variablesin it. Welll

. " call an atomic sentence with no variables a ground instance. Ground means it doesn't have any variables.
P(x, f(y), B) : an atomic sentence
Substitution Substitution Comment
instances {Vvy /ey Vo /t}
P(z, f(w), B) {x/z, y/w} Alphabetic

variant
P(x, f(A), B) {y/A}
P(g(2), f(A), B)  |{x/a(2), y/A}
P(C, f(A), B) {x/C, y/A} Ground instance
Slide 8.4.9

You can think about substitution instances, in general, as being more specific than the original sentence.

A constant is more specific than avariable. There are fewer interpretations under which a sentence with a

constant istrue. And even f(x) is more specific than y, because the range of f might be smaller than U.

P(x, f(y), B)

Substitutions

. an atomic sentence

You're not allowed to substitute anything in for a constant, or for acompound term (the application of a Substitution Substitution Comment
function symbol to some terms). Y ou are allowed to substitute for a variable inside a compound term, TTEETIEEE Vi ftyys Val/to}
though, as we have done with f in this example. P(z, f(w), B) {x/z, y/w} Alphabetic
variant
P(x, f(A), B) {y/A}
P(g(2), f(A), B) |{x/a9(2), Y/A}
P(C, f(A), B) {x/C, y/A} Ground instance

Substitutions

Slide 8.4.10

®

6.034- Spring 03 + 9

We'll use the notation of an expression followed by a substitution to mean the expression that we get by
applying the substitution to the expression. To apply a substitution to an expression, we look to seeif any

P(x, ), B) &ar etouis senterce of the variables in the expression have entries in the substitution. If they do, we substitute in the

Substitution Substitution Comment appropriate new expression for the variable, and continue to look for possible substitutions until no more
IMESEITEES Vi by Vo b} opportunities exist.
P(z, f(w), B) {x/z, y/w} Alphabetic
variant So, in this second example, we substitute A in for y, theny in for x, and then we keep going and
P(x, f(A), B) {y/A} substitute A in for y again.
P(g(2), f(A), B)  [{x/9(2), y/A}
P(C, f(A), B) {x/C, y/A} Ground instance

Applying a substitution:
P(x, f(y), B) {y/A} = P(x,f(A),B)
P(x, f(y), B) {y/A, x/y} = P(A, f(A), B)

@ 6.034 - Spring 03 » 10
Slide8.4.11 - 5
Now welll look at the process of unification, which is finding a substitution that makes two expressions Unification
match each other exactly.
@ 6.034 - Spring 03 » 11
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Slide 8.4.12
Unification So, expressions omegay and omega, are unifiable if and only if there exists a substitution S such that we
« Expressions o, and o, are unifiable iff there exists a gq the samethlﬁg when we apply S to omega, aswe do when we apply S to omega,. That substitution,
substitution s such that o, s = o, S S, is called aunifier of omegey and omegay.
6.034 - Spring 03 » 12 '(E
Slide 8.4.13 - s
So, let'slook at some unifiers of the expressions x and y. Since x and y are both variables, there are lots Unification

of things you can do to make them match.
gsy e Expressions o, and o, are unifiable iff there exists a

substitution s such that o, s = @, s
elet 0; = x and o, =y, the following are unifiers

S ®; S ®, S

@ 6.034 - Spring 03 » 13

. . Side8.4.14
Unification If you substitute x in for y, then both expressions come out to be x.

® Expressions o, and e, are unifiable iff there exists a
substitution s such that 0; s = ©, S

elet 0, = x and o, =y, the following are unifiers

S ®; S ®, S

{y/x} X X

@ 6.034 - Spring 03 » 14

Slide8.4.15 < g 5
If you put iny for x, then they both come out to be'y. Unification

» Expressions @, and o, are unifiable iff there exists a
substitution s such that 0; s = ©, s

slet 0; = x and o, =y, the following are unifiers

S ®; S ®, S
{y/x} X X
{x/y}
@ 6.034 - Spring 03 15
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Slide 8.4.16
Unification But you could also substitute something else, like f(f(A)) for x and for y, and you'd get matching
. - . . expressions.
» Expressions o, and e, are unifiable iff there exists a
substitution s such that o, s = @, s
slet 0, = x and o, =y, the following are unifiers
S ; S ®, S
{y/x} X X
{x/y} y y
{X/F(F(A)), y/T(F(A))} f(f(A))  [f(f(A))
Slide 8.4.17 - .
Or, you could substitute some constant, like A, in for both x and y. Unification
Some of these unifiers seem abit arbitrary. Binding both x and y to A, or to f(f(A)) isakind of over- . EXpre_ssit._)ns o, and o, are unifiable iff there exists a
commitment. substitution s such that 0; s = 0, s
elet 0; = x and o, =y, the following are unifiers
S ®; S ®, S
{y/x} X X
{x/y} y y
{x/F(F(A)), y/E(F(A))} f(f(A))  |f(F(A))
{x/A, y/A} A A
. Slide 8.4.18
Most General Unifier So, in fact, what we're really going to be looking for is not just any unifier of two expressions, but a most
genera unifier, or MGU.
@ 6.034 - Spring 03 » 18
Slide 8.4.19 .
Gisamost general unifier of omega; and omega, if and only if for al unifiers S, there exists an S-prime Most General Unifier
such that the result of applying G followed by S-prime to omega, is the same as the result of applying S g is a most general unifier of o, and o, iff for all
to omegay; and the result of applying G followed by S-prime to omega, is the same as the result of unifiers s, there exists s' such that o, s = (0, g) &
applying Sto omegay. and 0, s = (0, 9) 8

A unifier ismost general if every single one of the other unifiers can be expressed as an extra
substitution added onto the most general one. An MGU is a substitution that you can make that makes
the fewest commitments, and can still make these two expressions equal.

@ 6.034 - Spring 03 « 19
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Most General Unifier

g is a most general unifier of ®; and o, iff for all
unifiers s, there exists s’ such that 0, s = (0, g) &
and o, s = (0, g) &

Slide 8.4.20
So, let's do afew examples together. What's amost general unifier of P(x) and P(A)? A for x.

®; ®, MGU

P(x) P(A) {x/A}
Slide8.4.21 - g
What about these two expressions? We can make them match up either by substituting x for y, or y for x. Most General Unifier

It doesn't matter which one we do. They're both "most general”.

Most General Unifier

g is a most general unifier of o, and o, iff for all
unifiers s, there exists s’ such that o, s = (0, g) &
and o, s = (0, g) &'

@y ®; MGU

P(x) P(A) {x/A}

P(F(x), v, 9(x)) | P(F(X), x, g(x)) |{y/x} or {x/y}
P(FOQ), v, 9(y)) | P(R(X), z, 9(x)) | {y/x, z/x}

@ 6.034 - Spring 03 » 22
Sliide 8.4.23 wgs
What about P(x, B, B) and P(A, y, z)? It seems pretty clear that we're going to have to substitute A for x, Most General Unifier

B fory, and B for z.

g is a most general unifier of o, and o, iff for all
unifiers s, there exists s’ such that o, s = (o, g) &'
and o, s = (0, g) &

o, 0, MGU
P(x) P(A) {x/A}
P(f(x), v, 90) | P(F(x), %, 9(x)) | {y/x} or {x/y}

@ 6.034 - Spring 03 » 21

Slide 8.4.22

Okay. What about this one? It's abit tricky. You can kind of see that, ultimately, al of the variables are
going to have to be the same. Matching the arguments to g forcesy and x to be the same, And since z
and y have to be the same as well (to make the middle argument match), they all have to be the same
variable. Might as well make it x (though it could be any other variable).

g is a most general unifier of w; and o, iff for all
unifiers s, there exists s’ such that o, s = (o, g) &'
and 0, s = (0, 9) 8

@ »; MGU

P(x) P(A) {x/A}

P(F(x), v, 9(x)) | P(F(X), %, 9(x)) | {y/x} or {x/y}
P(F(x), v, 9(y)) | P(f(x), 2, 9(x)) |{y/x, 2/x}

P(x, B, B) P(A Y, 2) {x/A, y/B, z/B}

@ 6.034 - Spring 03 « 23
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Slide8.4.24
Here's atricky one. It looks like x is going to have to simultaneously be g(f(v)) and g(u). How can we
make that work? By substituting f(v) in for u.

Most General Unifier

g is a most general unifier of ®; and o, iff for all
unifiers s, there exists s’ such that 0, s = (0, g) &
and o, s = (0, g) &

®; ®, MGU
P(x) P(A) {x/A}
P(FOQ, v, 90¥)) | P(R(x), %, 9(x)) | {y/x} or {x/y}
P(FOQ, v, 9(y)) | P(R(x), z, (X)) | {y/x, z/x}
P(x, B, B) P(A, Y, 2) {x/A, y/B, z/B}
P(g(f(v)), g(w)) | P(x, x) {x/g(f(v)), u/f(v)}
@ 6.034 - Spring 03 » 24

Slide 8.4.25
Now, let's try unifying P(x, f(x)) with P(x,x). The temptation is to say x has to be f(x), but then that x has
to be f(x), etc. The answer is that these expressions are not unifiable.

Most General Unifier

g is a most general unifier of o, and o, iff for all
unifiers s, there exists s’ such that o, s = (o, g) &'

The last time | explained this to a class, someone asked me what would happen if f were the identity and o, s = (0, g) §

function. Then, couldn't we unify these two expressions? That's a great question, and it illustrates a point
| should have made before. In unification, we are interested in ways of making expressions equivalent, in
every interpretation of the constant and function symbols. So, although it might be possible for the

® ® MGU
constants A and B to be equal because they both denote the same object in some interpretation, we can't PEx) P; A) {x/A}
unify them, because they aren't required to be the same in every interpretation. P(FOO, v, 900) | PEFX), X, 9(x)) | v/t or {x/y}
P(f(x), ¥, 9(y)) | P(f(x), 2, 9(x)) |{y/x, 2/x}

P(x, B, B) P(A Y, 2) {x/A, y/B, z/B}
P(g(f(v)), g(u)) | P(x, x) {x/g9(f(v)), u/f(v)}
P(x, f(x)) P(x, x) No MGU!
. ) . Slide 8.4.26
Unification Algorithm An MGU can be computed recursively, given two expressions x and y, to be unified, and a substitution
) that contains substitutions that must already be made. The argument s will be empty in atop-level call to
unify (Expr x, Expr y, Subst s)({ . .
unify two expressions.
@ 6.034 - Spring 03 » 26
Slide 8.4.27 - < .
The algorithm returns a substitution if x and y are unifiable in the context of s, and fail otherwise. If sis Unification Algorithm
already afailure, we return failure. unify (Expe x, Expr y, Subst s){
if s = fail, return fail
@ 6.034 - Spring 03 » 27
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Slide 8.4.28
Unification Algorithm If x isequal toy, then we don't have to do any work and we return s, the substitution we were given.
unify (Expr x, Expr y, Subst s){
if s = fail, return fail
else if x = y, return s
@ 6.034 - Spring 03 » 28
Slide 8.4.29 - . .
If either x or y isavariable, then we go to aspecial subroutine that's shown in upcoming slides. Unification Algorithm
unify (Expr x, Expr y, Subst s)({
if s = fail, return fail
else if x =y, return s
else if x is a variable, return unify-var(x, y, s)
else if y is a variable, return unify-var(y, x, s)
6.034 - Spring 03 » 29 (E
. . . Slide 8.4.30
Unification Algorithm If x isa predicate or afunction application, then y must be one a'so, with the same predicate or function.
unify(Expr x, Expr y, Subst s){
if s = fail, return fail
else if x =y, return s
else if x is a variable, return unify-var(x, y, s)
else if y is a variable, return unify-var(y, x, s)
else if x is a predicate or function application,
@ 6.034 - Spring 03 » 30
Slide8.4.31
If so, well unify the lists of arguments from x and y in the context of s. Unification Algorithm

unify (Expr x, Expr y, Subst s){
if s = fail, return fail
else if x =y, return s
else if x is a variable, return unify-var(x, y, s)
else if y is a variable, return unify-var(y, x, s)
else if x is a predicate or function application,
if y has the same operator,
return unify(args(x), args(y), s)

@ 6.034 - Spring 03 « 31
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Unification Algorithm

unify (Expr x, Expr y, Subst s){
if s = fail, return fail
else if x = y, return s
else if x is a variable, return unify-var(x, y, s)
else if y is a variable, return unify-var({y, x, s)
else if x is a predicate or function application,
if y has the same operator,
return unify(args(x), args(y), s)
else return fail

@ 6.034 - Spring 03 » 32

Slide 8.4.33

Slide 8.4.32
If not, that is, if x and y have different predicate or function symbols, we simply fail.

Finally, (if we get to this case, then x and y are either lists of predicate or function arguments, or Unification Algorithm

something malformed), we go down the lists, unifying the first elements, then the second elements, and
so on. Each time we unify apair of elements, we get a new substitution that records the commitments we
had to make to get that pair of expressions to unify. Each further unification must take place in the
context of the commitments generated by the previous elements of thelists.

Because, at each stage, we find the most general unifier, we make as few commitments as possible as we
go along, and therefore we never have to back up and try a different substitution.

Unify-var subroutine

Substitute in for var and x as long as possible, then add new
binding

unify-var (Variable var, Expr x, Subst s){

@ 6.034 - Spring 03 » 34

Slide 8.4.35

unify (Expr x, Expr y, Subst s)({
if s = fail, return fail
else if x =y, return s
else if x is a variable, return unify-var(x, y, s)
else if y is a variable, return unify-var(y, x, s)
else if x is a predicate or function application,
if y has the same operator,
return unify(args(x), args(y), s)
else return fail
else ; x and y have to be lists
return unify(rest(x), rest(y),
unify(first(x), first(y), s))

6.034 - Spring 03 « 33 (E

Slide 8.4.34

Given avariable var, an expression x, and a substitution s, we need to return a substitution that unifies
var and x in the context of s. What makes this tricky is that we have to first keep applying the existing
substitutionsin sto var, and to x, if it isavariable, before we're down to a new concrete problem to
solve.

So, if var isbound to va in s, then we unify that value with X, in the context of s (because we're aready Unify-var subroutine

committed that val has to be substituted for var).

Substitute in for var and x as long as possible, then add new
binding

unify-var (Variable var, Expr x, Subst s)({
if var is bound to val in s,
return unify(val, x, s)

@ 6.034 - Spring 03 « 35
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Slide 8.4.36
Unify-var subroutine Similarly, if x isavariable, and it isbound to val in s, then we have to unify var with val in's. (We call

unify-var directly, because we know that var is still avar).
Substitute in for var and x as long as possible, then add new Y Y )

binding

unify-var (Variable var, Expr x, Subst s){
if var is bound to val in s,
return unify(val, x, s)
else if x is bound to val in s,

return unify-var(var, val, s)

@ 6.034 - Spring 03 » 36

Slide 8.4.37
If var occurs anywhere in x, with substitution s applied to it, then fail. Thisisthe "occurs’ check, which Unify-var subroutine

keeps us from circularities, like binding x o f(x). Substitute in for var and x as long as possible, then add new

binding

unify-var (Variable var, Expr x, Subst s){
if var is bound to val in s,
return unify(val, x, s)
else if x is bound to val in s,
return unify-var(var, val, s)

else if var occurs anywhere in (x s), return fail

@ 6.034 - Spring 03 « 37

Slide 8.4.38
Unify-var subroutine Finally, we know var is avariable that doesn't already have a substitution, so we add the substitution of x

for var to s, and return it.
Substitute in for var and x as long as possible, then add new

binding

unify-var (Variable var, Expr x, Subst s){
if var is bound to val in s,
return unify(val, x, s)
else if x is bound to val in s,
return unify-var(var, val, s)
else if var occurs anywhere in (x s), return fail
else return add({var/x}, s)

}

@ 6.034 - Spring 03 » 38

Slide 8.4.39
Here are afew more examples of unifications, just so you can practice. If you don't see the answer Some Examples
immediately, try simulating the algorithm.

@ [ MGU

A(B, C) Alx, y) {x/B, y/C}
Al f(D,x)) A(E, f(D,y))  [{X/E, y/E}
A%, ¥) A(f(Cy), 2) | {x/f(Cy).y/z}

P(A, x, f(a(y))) | PCy, f(2), f(2)) | {y/Ax/(2),2/9(y)}
P(x, g(f(A)), f(x)) | P(f(y), z,y) |none
P(x, f(y)) P(z, g(w)) none

@ 6.034 - Spring 03 « 39
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6.034 Notes: Section 8.5

Slide85.1
Now we know how to convert to clausal form and how to do unification. So now it'stimeto put it all
together into first-order resolution.

Resolution with Variables

Slide8.5.2
Resolution with Variables Here's the rule for first-order resolution. It saysif you have aformulaalpha or phi and another formula
not psi or beta, and you can unify phi and psi with unifier theta, then you're allowed to conclude alpha
AV MGU(g ) = & or beta with the substitution theta applied to it.
—pvp
(a v p)o
Slide8.5.3 ] . .
Let's look at an example. Let's say we have P(x) or Q(x,y) and we aso have not P(A) or R(B,z). What Resolution with Variables
are we going to be able to resolve here? We look for two literals that are negations of one another, and
try to resolve them. It looks like we can resolve P(x) and not P(A), so P(x) will be phi, Q(x,y) will be ANVP MGU(p,y) = 0
alpha, P(A) will be psi and R(B,z) will be beta. The unifier will be {x/A}. —pVvp !
(a v p)o
PO vQ(x, y)
-P(A) vR(B, 2)
0 = {x/A}
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Slide8.5.4
Resolution with Variables So, we get rid of the P literals, and end up with Q(x,y) or R(B,z), but then we have to apply our
substitution (the most general unifier that was necessary to make the literals match) to the resullt.
FVP MGU(g, ) - 0
-pvp
(a v p)o
PO vQ(x, y)
—P(A) vR(B, 2)
(Qlx,y) vR(B, 2))0
0 = {x/A}
Slide85.5 < - .
Finally, we end up with Q(A,y) or R(B,2). Resolution with Variables
FVP MGU(g, ) - 0
-pvp
(a v p)O
P() vQ(x,y)
-P(A) vR(B, 2)
(Qlx,y) vR(B, 2))0
Q(Ay) vR(B, 2)
0 = {x/A}
. . ] Slide8.5.6
Resolution with Variables Now let's explore what happens if we have x's in the other formula. What if we replaced the z in the
second sentence by an x?
VP MGU(gp) = 0 PO vQ(x, y)
AT —P(A) vR(B, x)
(a v p)o
PO vQ(x, y)
-P(A) vR(B, 2)
(Qx,y) vR(B, 2))¢
Q(Ay) vR(B, 2)
0 = {x/A}
@ 6.034 - Spring 03+ 6
Slide85.7 < . 5
The x'sin the two sentences are actually different. Thereis an implicit universal quantifier on the outside Resolution with Variables
of each of these sentences (remember that during the process of conversion to clausal form, we first get
riq of the existent_ie_xlly qua_\ntified varigbles then drop the_remai ning quantifiers, which are over _ AVP MGU(e ) = 6 VX, y. P(x)vQ(x,y)
universally quantified variables.) So, in order to avoid being confused by the fact that these two variables
. et ; —pvp VX. —=P(A) vR(B, x)
named x need not refer to the same thing, we will "rename them apart”. (av PO —_—

vx,y.  P()vQ(x,y)

vz. —P(A)VvR(B,2)
(Q(x,y) vR(B, 2))0

Q(A,y) vR(B, z)

0 = {x/A}

@ 6.034 - Spring 03+ 7
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Resolution with Variables
ave MGU(p, ) = 0 P(X)VQ(X,y)
-pVvp Vx. —P(A) vR(B, x)
(a v p)o
VX, y. P(x) vQ(x,y) P(xy) vQ(xy, y1)
vz. —-P(A)VvR(B,z) —P(A) vR(B, x;)

(Q(x,y) vR(B, 2))0 (QUxy, 1) VR(B, x,))0

Q(A y) VR(B,2) Q(A,y,) VR(B, x,)

0 = {x/A} 0 = {x,A}
Slide8.5.9

Okay. Now that we know how to do resolution, let's practice it on the example that we started in the

section on clausal form. We want to prove that curiosity killed the cat.

©

Curiosity Killed the Cat

D(Fido)

a

O(J,Fido)

= D(y) v = O(x,y) v L(x)

S LX) v = Aly) v = K(x,y)

K(3,T) v K(C,T)

()

N o ul ] w| 8| =

~C(x) v A(X)

“lo|lalec| ol

6.034 - Spring 03 » 10

Slide85.11

Now we assert the negation of the thing we're trying to prove, so we have not K(C,T).

Slide85.8

So that means that before you try to do a resolution step, you're really supposed to rename the variables
in the two sentences so that they don't share any variablesin common. Y ou won't usually need to do this
that explicitly on your paper as you work through a proof, but if you were going to implement resolution
in a computer program, or if you find yourself with the same variable in both sentences and it's getting
confusing, then you should rename the sentences apart.

The easiest thing to do isto just go through and give every variable anew name. It's OK to do that. You
just have to do it consistently for each clause. So you could renameto P(x;) or Q(X4, Y1), and you can

name this one not P(A) or R(B, x,). And then you could apply the resolution rule and you don't get into
any trouble.

Curiosity Killed the Cat

@ 6.034 - Spring 03+ 9

Slide 8.5.10
Here are the clauses that we got from the original axioms.

Curiosity Killed the Cat
D(Fido) a
O(J,Fido) a
= D(y) v - O(x,y) v L(x) b
L L(x) v - A(y) v - K(x,y) c
K(3,T) v K(C,T) d
e
7

c(T)
T C0) v A(x)
~K(CT) Neg

o N o v ] w| 8| =

@ 6.034 - Spring 03 » 11
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©

Curiosity Killed the Cat

D(Fido)

O(J,Fido)

= D(y) v = 0(x,y) v L(x)

LX) v = Aly) v = K(x,y)

K(3,T) v K(C,T)

c(m

- C(x) v A(x)

+lo|la|l o of of

= K(C,T)

Neg

ool N o vl & w| of =

K@,

5,8

6.034 - Spring 03 » 12

Slide 8.5.13

Then, we can resolve C(T) and not C(x) in lines 6 and 7 by substituting T for x, and getting A(T).

©

Curiosity Killed the Cat

al, D(Fido) a

2 O(J,Fido) a

3 - D(y) v - O(x,y) v L(x) b

4 = L0x) v = Ay) v - K(x,y) c

5 K(3,T) v K(C,T) d

6 c(T) e

7 = C0x) v A(x) f

8 S K(C,T) Neg

9 K(3,T) 5,8

10 A(M) 6,7 {x/T}
11 = L) v - A(T) 4,9 {x/1, y/T}

6.034 - Spring 03 » 14

Slide 8.5.15

From lines 10 and 11, we get not L (J).

Slide 8.5.12

We can apply the resolution rule to any pair of lines that contain unifiable literals. Here's one way to do
the proof. We'l use the "set-of-support" heuristic (which says we should involve the negation of the
conclusion in the proof), and resolve away K(C,T) from lines 5 and 8, yielding K(J,T).

Slide8.5.14

Curiosity Killed the Cat

i, D(Fido) a

2 O(J,Fido) a

& = D(y) v = O(x,y) v L(x) b

4 - L{x) v = A(y) v - K(x,y) @

5 K(3,T) v K(C,T) d

6 c(T) e

7 - C(x) v A(x) i

8 - K(C,T) Neg

9 K(3,T) 5,8

10 |[A(M 6,7 {x/T}

6.034 - Spring 03 » 13 (E

Using lines 4 and 9, and substituting J for x and T for y, we get not L (J) or not A(T).

Curiosity Killed the Cat

il D(Fido) a

2 O(J,Fido) a

3 - D(y) v - O(x,y) v L(x) b

4 1 L(x) v = A(y) v - K(x,y) C

5 K(3,T) v K(C,T) d

6 c(T) e

7 1 C(x) v A(x) f

8 SK(C,T) Neg

9 K(3,T) 5,8

10 A(M) 6,7 {x/T}
11 = L) v - A(T) 4,9 {x/1, y/T}
12 - L) 10,11

6.034 - Spring 03 » 15
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R - Slide 8.5.16
Curiosity Killed the Cat From 3 and 12, substituting J for x, we get not D(y) or not O(J,y).
a, D(Fido) a
2 O(J,Fido) a
5 = D(y) v = O(x,y) v L(x) b
4 = L{(x) v = A(y) v = K(x,y) @
5 [KG,TVKET) d
6 |cM e
7 - C(x) v A(x) &
8 - K(C,T) Neg
LGRS 5,8
10 [AM 6,7 {x/T}
11 [~ L) v-A(T) 4,9 {x/3, y/T}
12 [-L() 10,11
13 [=D(y)v-0Q,y) 3,12 {x/3}
@ 6.034 - Spring 03 » 16

Slide 8.5.17 . .
From 13 and 2, substituting Fido for x, we get not D(Fido). Curiosity Killed the Cat
i, D(Fido) a
2 O(J,Fido) a
& = D(y) v = O(x,y) v L(x) b
4 = L) v = Aly) v = K(x,y) ®
5 K(3,T) v K(C,T) d
6 c(T) e
7 - C(x) v A(x) i
8 - K(C,T) Neg
9 K(3,T) 5,8
10 |[A(M 6,7 {x/T}
11 L) v - A(T) 4,9 {x/J, y/T}
12 L) 10,11
13 |- D(y) v - O0,) 3,12 {x/J}
14 - D(Fido) 13,2 {y/Fido}
@ 6.034 - Spring 03 » 17

Curiosi illed the C Slide 85.18
- D(:r:OS'ty Killed the Cat And finally, from lines 14 and 1, we derive a contradiction. Yay! Curiosity did kill the cat.
ido. a
2 O(J,Fido) a
3 - D(y) v - O(x,y) v L(x) b
4 = L{x) v = A(y) v - K(x,y) i
5 K(3,T) v K(C,T) d
6 c(T) e
7 = C0x) v A(x) f
8 ~K(C,T) Neg
9 K(,T) 58
10 [A(M 6,7 {x/T}
11 [=LO)v-AT 4,9 {x/3, y/T}
12 - L) 10,11
13 [ D(y) v-0(Q,y) 3,12 {x/1}
14 - D(Fido) 13,2 {y/Fido}
15 |- 14,1
@ 6.034 - Spring 03 » 18

Slide 8.5.19
So, if we want to use resolution refutation to prove that something is valid, what would we do? What do Proving validity

we normally do when we do a proof using resolution refutation? . .
y P 9 * How do we use resolution refutation to prove

something is valid?

@ 6.034 - Spring 03 » 19
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Slide 8.5.20
Proving validity We say, well, if | know all these things, | can prove this other thing | want to prove. We prove that the

. . remises entail the conclusion.
e How do we use resolution refutation to prove P

something is valid?
e Normally, we prove a sentence is entailed by the
set of axioms

Slide8.5.21
What does it mean for a sentence to be valid, in the language of entailment? That it'struein all Proving validity

interpretations. What that means really is that it should be derivable from nothing. A valid sentenceis
entailed by the empty set of sentences. The valid sentence is true no matter what. So we're going to prove
something with no assumptions.

e How do we use resolution refutation to prove
something is valid?

e Normally, we prove a sentence is entailed by the
set of axioms

» Valid sentences are entailed by the empty set of
sentences

@ 6.034 - Spring 03 » 21

Slide 85.22
Proving validity We can prove it by resolution refutation by negating the sentence and trying to derive a contradiction.

e How do we use resolution refutation to prove
something is valid?

e Normally, we prove a sentence is entailed by the
set of axioms

» Valid sentences are entailed by the empty set of
sentences

* To prove validity by refutation, negate the sentence
and try to derive contradiction.

@ 6.034 - Spring 03 » 22

Slide8.5.23
So, let's do an example. Imagine that we would like to show the validity of this sentence, whichisa Proving validity: example
classical Aristotelian syllogism. .
¢ Syllogism

(7x.P(x) > QUO)AP(A) > Q(A)

@ 6.034 - Spring 03 » 23
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Slide 8.5.24
Proving validity: example We start by negating it and converting to clausal form. We get rid of the arrows and drive in negations to
arrive at this sentence in clausal form.

* Syllogism
(7x-P(x) > QUO)AP(A) > Q(A)

e Negate and convert to clausal form

~((7x-P0) > QUO)AP(A) > Q)
—CEx. —P0) v QE))V-P(A) v Q(A))
(7x. =P v QUN))AP(A) A~ Q(A)
GPO) v QUOIAP(A) A-Q(A)

Slide 8.5.25 . g
We enter the clauses into our proof. Proving validity: example
e Do proof
1.| =P(x)vQ(x)
2.| P(a)
3.1 -Q(A)
4.
Bs
] o Slide85.26
Proving validity: example Now, we can resolve lines 1 and 2, substituting A for X, and get Q(A).
* Do proof And we can resolve 3 and 4, to get a contradiction.
1.| =P(x)vQ(x)
2.| P(A)
3.1 =Q(A)
4.1 Q(A) 1,2
5 W 3,4
@ 6.034 - Spring 03 » 26
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Slide8.6.1
In this section, we're going to look at three techniques for making logical proof more useful, and then
conclude by talking about the limits of first-order logic.

Miscellaneous Logic Topics

e Factoring

¢ Green’s trick

e Equality

e Completeness and decidability

@ 6.034 - Spring 03« 1

Slide8.6.2
Binary Resolution The version of the first-order resolution rule that we have shown you is called binary resolution because
it involves two literals, one from each clause being resolved. It turns out that this form of resolution is
not complete for first-order logic. There are sets of unsatisfiable clauses that will not generate a
. Blinary resolution matches one literal from each contradiction by successive applications of binary resolution.

clause

e Binary resolution isn't complete

6.034 - Spring 03+ 2 (ﬁ

Side 8.6.3
Here's a pair of clauses. P(x) or P(y) and not P(v) or not P(w). Can we get a contradiction from them Binary Resolution
using binary resolution?

* Binary resolution matches one literal from each
clause

¢ Binary resolution isn't complete
* Can we get a contradiction from these clauses?

P(x) vP(y)
—P(v) v—P(w)
@ 6.034 - Spring 03« 3
. . Slide 8.6.4
Binary Resolution We should be able to! They are clearly unsatisfiable. There is no possible interpretation that will make

both of these clauses simultaneously true, since that would require P(x) and not (P x) to be true for

everything in the universe.

e Binary resolution matches one literal from each
clause

e Binary resolution isn't complete
* Can we get a contradiction from these clauses?
P() vP(y)
=P(v) v-P(w)
* We should!

6.034 - Spring 03 » 4 (E
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Slide 8.6.5

But when we apply binary resolution to these clauses, all we can get is something like P(x) or not P(w) Binary Resolution

(your variables may vary).

Binary Resolution

® Binary resolution matches one literal from each
clause

e Binary resolution isn't complete
e Can we get a contradiction from these clauses?
P(x) vP(y)
—P(v) v—-P(w)
* We should!
e But all we can get is P(x)v—P(w)

e And from there all we can do is get back to one of
the original clauses

@ 6.034 - Spring 03+ 6

Slide 8.6.7

e Binary resolution matches one literal from each
clause

¢ Binary resolution isn't complete
e Can we get a contradiction from these clauses?
P(x) vP(y)
—P(v) v—-P(w)
e We should!
e But all we can get is P(x) v—P(w)

@ 6.034 - Spring 03 « 5

Slide 8.6.6

If we use binary resolution on this new clause with one of the parent clauses, we get back one of the
parent clauses. We do not get a contradiction. So, we have shown by counterexample that binary
resolution is not, in fact, a complete strategy.

It turns out that there is a simple extension of binary resolution that is complete. In that version, known Factoring

as generalized resolution, we look for subsets of literalsin one clause that can be unified with the

negation of a subset of literalsin the other clause. In our example from before, each P literal in one * Generalized resolution lets you resolve away

clause can be unified with its negation in the other clause.

Factoring
* Generalized resolution lets you resolve away
multiple literals at once
o It's simpler to introduce a new inference rule, called
factoring
avpvy 0=MGU(a,p)
(avy)o
@ 6.034 - Spring 03 8

multiple literals at once

6.034 - Spring 03+ 7 (E

Slide8.6.8

An dternative to using generalized resolution is to introduce a new inference rule, in addition to binary
resolution, called factoring. In factoring, if you can unify two literals within a single clause, alpha and
betain this case, with unifier theta, then you can drop one of them from the clause (it doesn't matter
which one), and then apply the unifier to the whole clause.
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Slide8.6.9
So, for example, we can apply factoring to this sentence, by unifying P(x,y) and P(v,A). Factoring
* Generalized resolution lets you resolve away
multiple literals at once
e It's simpler to introduce a new inference rule, called
factoring
avpvy 0=MGU(«,p)
(av o
e Example
Qly) vP(x, y) vP(v, A)
. Slide 8.6.10
Factoring We get Q(Y) or P(x,Y), and then we have to apply the substitution {x/v, y/A}, which yields the result Q
) . (A) or P(v,A).
* Generalized resolution lets you resolve away
multiple literals at once Note that factoring in propositional logic isjust removing duplicate literals from sentences, which is
e It's simpler to introduce a new inference rule, called obvious and something we've been doing without comment.
factoring
avpvy 0=MGU(«,p)
(avy)o
e Example
Qly) vP(x,y)vP(v, A)
Q) VvPOGy){x /v,y [ A}
Q(A) vP(v, A)
Slide 8.6.11 ]
And binary resolution, combined with factoring, is complete in a sense that we'll study more carefully Factoring
later in this section.
* Generalized resolution lets you resolve away
multiple literals at once
o It's simpler to introduce a new inference rule, called
factoring
avpvy 6=MGU(«,p)
(avy)o
e Example
Qy) vP(x,y) vP(v, A)
QO vPOGYN{X /v,y [ A}
Q(A) vP(v, A)
* Binary resolution plus factoring is complete
@ 6.034 - Spring 03 » 11
) Slide 8.6.12
Green’s Trick One thing you can do with resolution is ask for an answer to a question. If your desired conclusion is that

there exists an x such that P(x), then in the course of doing the proof, we'll figure out what value of x
makes P(x) true. We might be interested in knowing that answer. For instance, it's possible to do akind
of planning viatheorem proving, in which the desired conclusion is " There exists a sequence of actions
such that, if | do them in my initial state, my goal will be true at the end." Generally, you're not just
interested in whether such a sequence exists, but in what it is.

* Use resolution to get answers to existential queries

One way to deal with thisis Green's trick, named after Cordell Green, who pioneered the use of logic in
software engineering applications. We'll seeit by example.

@ 6.034 - Spring 03 » 12
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Slide 8.6.13
Let's say we know that all men are mortal and that Socratesis aman. We want to know whether there are Green’s Trick
any mortals. So, our desired conclusion, negated and turned into clausal form would be not M ortal(x). . . . .
Green'strick will be to add a special extra literal onto that clause, of the form Answer (x). * Use resolution to get answers to existential queries

Jx. Mortal(x)

1.| —Man(x) v Mortal(x)

2.| Man(Socrates)

3.| —Mortal(x) v Answer(x)

@ 6.034 - Spring 03 » 13

Slide 8.6.14

Green’s Trick Now, we do resolution as before, but when we come to a clause that contains only the answer literal, we
. . . . stop. And whatever the variable x is bound to in that literal is our answer.

e Use resolution to get answers to existential queries

3x. Mortal(x)

1.| —Man(x) v Mortal(x)

2.| Man(Socrates)

3.| =Mortal(x) v Answer(x)

4.| Mortal(Socrates) 1,2
5.| Answer(Socrates) 3,5

@ 6.034 - Spring 03+ 14

Slide 8.6.15
When we defined the language of first-order logic, we defined a special equality predicate. And we also Equality
defined specia semantics for it (the sentence term1 equals term2 holdsin an interpretation if and only if
term1 and term2 both denote the same object in that interpretation). In order to do proofs that contain
equality statements in them, we have to add a bit more mechanism.

e Special predicate in syntax and semantics; need to
add something to our proof system

@ 6.034 - Spring 03 » 15

Slide 8.6.16
Equality One strategy is to add one more special proof rule, just as we did with factoring. The new proof ruleis
called paramodulation. It's kind of hairy and hard to use, though, so we are not going to do it in this class

® Special predicate in syntax and semantics; need to (though it isimplemented in most serious theorem provers).

add something to our proof system
e Could add another special inference rule called
paramodulation

@ 6.034 - Spring 03 » 16
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Slide 8.6.17
Another strategy, which is easier to understand, and instructive, is to treat equality almost like any other Equality

predicate, but to constrain its semantics via axioms. . . . .
® Special predicate in syntax and semantics; need to

Just to make it clear that Equals, which we will write as Eq, is a predicate that we're going to handle add something to our proof system

normally in resolution, we'll write it with aword rather than the equals sign. ¢ Could add another special inference rule called
paramodulation

» Instead, we will axiomatize equality as an
equivalence relation

som-spring03017

Slide 8.6.18
Equality Equals has two important sets of properties. The first three say that it is an equivalence relation. First, it's

mmetric: every X is equal to itself.
® Special predicate in syntax and semantics; need to R4 Y o

add something to our proof system

e Could add another special inference rule called
paramodulation

¢ Instead, we will axiomatize equality as an
equivalence relation

vx.Eq(x, x)

6.034 - Spring 03 » 18 (ﬁ

Slide 8.6.19 .
Second, it'sreflexive. If x isequal toy theny is equal to x. Equality

e Special predicate in syntax and semantics; need to
add something to our proof system
¢ Could add another special inference rule called
paramodulation
¢ Instead, we will axiomatize equality as an
equivalence relation
vx.Eq(x, x)
vx,y.Ea(x,y) > Eq(y, x)

@ 6.034 - Spring 03 » 19

Slide 8.6.20
Equality Third, it's transitive. That meansthat if x equalsy and y equals z, then x equals z.

® Special predicate in syntax and semantics; need to
add something to our proof system

e Could add another special inference rule called
paramodulation
o Instead, we will axiomatize equality as an
equivalence relation
vx.Eq(x, x)
vx,y.Eq(x,y) - Eq(y, x)
vx,y,2.Eq(x,y) nEa(y, z) - Eq(x, 2)

@ 6.034 - Spring 03 = 20
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Slide 8.6.21
The other thing we need is the ability to "substitute equals for equals" into any place in any predicate. Equality
That means that, for each place in each predicate, we'll need an axiom that looks like this: for all x and y,

if x equalsy, then if P holds of x, it holds of y. ® Special predicate in syntax and semantics; need to

add something to our proof system

¢ Could add another special inference rule called
paramodulation

» Instead, we will axiomatize equality as an
equivalence relation

vx.Eq(x, x)

vx,y.Ea(x,y) - Ea(y, x)

vx,y,2.Eq(x,y) nEa(y, z) - Eq(x, z)
o For every predicate, allow substitutions

vx,y.Eq(x,y) - (P(x) - P(y))

Slide 8.6.22
Proof Example Let's go back to our old geometry domain and try to prove what the hat of A is.
e Let’s go back to our old geometry domain and try
to prove what the hat of A is
©
Slide8.6.23
We know that these axioms (our old KB4) entail that hat(A) = A. We'll have to add in the equality Proof Example
axioms, aswell. ) .
e Let’s go back to our old geometry domain and try
to prove what the hat of A is
e Axioms in FOL (plus equality axioms)
Above(A,C) e
Above(B, D)
—3x. Above(x, A) ‘ @
—3x. Above(x, B)
Vvx,y. Above(x, y) - hat(y) = x
Vvx. (-3y. Above(y, x)) —» hat(x) = x
@ 6.034 - Spring 03 » 23
Slide 8.6.24
Proof Example Let's seeif we can derive that, using resolution refutation and Green's trick.

® Let’s go back to our old geometry domain and try
to prove what the hat of A is

e Axioms in FOL (plus equality axioms)
Above(A,C) e
Above(B, D)

—3x. Above(x, A) .

—3x. Above(x, B) @
Vvx,y. Above(x, y) - hat(y) = x

Vx. (-3y. Above(y, x)) —» hat(x) = x

e Desired conclusion: 3x. hat(A) = x
e Use Green'’s trick to get the binding of x

@ 6.034 - Spring 03 = 24
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Here's the result of my clausal-form converter run on those axioms. The Clauses
1. |Above(A, C)
2. | Above(B, D)
3. | ~Above(x, A)
4.| ~Above(x, B)
5.| ~Above(x, y) v Eq(hat(y), x)
6. | Above(sk(x), x) v Eq(hat(x), x)
7.| Eq(x, x)
8.| ~Ea(x, y) v ~Eq(y, z) v Eq(x, 2)
9. |~Eq(x, y) v Ea(y, X)
10.
11.
12.
@ 6.034 - Spring 03 » 25
Slide 8.6.26
The Query Now, our goal isto prove exists x such that Eq(hat(A),x). That is negated and turned into clausal form,
yielding not Eq(hat(A),x). And we add in the answer literal, so we can keep track of what the answer is.
1.|Above(A, C)
2. | Above(B, D)
3. | ~Above(x, A)
4.| ~Above(x, B)
5.| ~Above(x, y) v Eq(hat(y), x)
6. | Above(sk(x), x) v Eq(hat(x), x)
7. | Eq(x, x)
8.| ~Eq(x, y) v ~Eq(y, 2) v Eq(x, 2)
9. | ~Eq(x, y) v Eq(y, x)
10. | ~Eq(hat(A), x) v Answer(x)
@ 6.034 - Spring 03 » 26
Slide 8.6.27
Here's the proof. The answer is A! And we figured this out without any kind of enumeration of The Proof
interpretations.
1. | Above(A, C)
2. | Above(B, D)
3. | ~Above(x, A)
4. | ~Above(x, B)
5.| ~Above(x, y) v Eq(hat(y), x)
6. | Above(sk(x), x) v Eq(hat(x), x)
7. | Eq(x, x)
8.| ~Eq(x, y) v ~Eq(y, 2) v Eq(x, 2)
9. | ~Eq(x, y) v Eq(y, x)
10. | ~Eq(hat(A), x) v Answer(x) conclusion
11. | Above(sk(A), A) v Answer(A) 6, 10 {x/A}
12. Answer(A) 11,3
{x/sk(A)}
@ 6.034 - Spring 03 » 27
Slide 8.6.28
Hat of D What if we wanted to use the same axioms to figure out what the hat of D is? We just change our query
and do the proof. Hereit is.
1. | Above(A, C)
2. |Above(B, D)
3. | ~Above(x, A)
4. | ~Above(x, B)
5.| ~Above(x, y) v Eq(hat(y), x)
6. | Above(sk(x), x) v Eq(hat(x), x)
7. Eq(x, x)
8.| ~Ea(x, y) v ~Eq(y, ) v Eq(x, 2)
9. | ~Eq(x, y) v Eq(y, X)
10. | ~Eq(hat(D), x) v Answer(x) conclusion
11. | ~Above(x,D) v Answer(x) 5, 10 {x1/x}
12. | Answer(B) 11, 2 {x/B}
@ 6.034 - Spring 03 » 28
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Here'aaworked example of a problem with equality. Who is Jane’s Lover?
e Jane's lover drives a red car
e Fred is the only person who drives a red car

e Who is Jane’s lover?

.| Drives(lover(Jane))

. | ~Drives(x) v Eq(x,Fred)

. | Eq(lover(Jane), Fred) 1,2 {x/lover(Jane)}
. | Answer(Fred) 3,4 {x/Fred}

1
2
3. | ~Eq(lover(Jane),x) v Answer(x)
4
5

Slide 8.6.30
Completeness and Decidability Now, let's see what we can say, in general, about proof in first-order logic.
¢ ]E:rgmpll(ege: If KB entails S, then we can prove S Remember that a proof system is complete, if, whenever the KB entails S, we can prove S from KB.
Slide 8.6.31 . .
In 1929, Godel proved a completeness theorem for first-order logic: There exists a complete proof Completeness and Decidability
system for FOL. But, living up to his nature as a very abstract logician, he didn't come up with such a . ’
o A Complete: If KB entails S, then we can prove S
proof system; he just proved one existed. from KB '
* Godel's Completeness Theorem: There exists a
complete proof system for FOL
@ 6.034 - Spring 03 » 31
I Slide 8.6.32
Completeness and Decidability Then, in 1965, Robinson came along and showed that resolution refutation is sound and complete for
FOL.

e Complete: If KB entails S, then we can prove S
from KB

* Godel’'s Completeness Theorem: There exists a
complete proof system for FOL

¢ Robinson’s Completeness Theorem: Resolution
refutation is a complete proof system for FOL

@ 6.034 - Spring 03 » 32
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So, we know that if a proof exists, then we can eventually find it with resolution. Unfortunately, we no Completeness and Decidability
longer know, aswe did in propositional resolution, that eventually the process will stop. So, it's possible

that there is no proof, and that the resol ution process will run forever. e Complete: If KB entails S, then we can prove S

from KB
This makes first-order logic what is known as "semi-decidable". If the answer is"yes", that is, if thereis o i
aproof, then the theorem prover will eventually halt and say so. But if there isn't a proof, it might run * Godel’s Completeness Theorem: There exists a
forever! complete proof system for FOL

e Robinson’s Completeness Theorem: Resolution
refutation is a complete proof system for FOL

* FOL is semi-decidable: if the desired conclusion
follows from the premises then eventually
resolution refutation will find a contradiction.

o If there’s a proof, we’ll halt with it
¢ If not, maybe we’ll halt, maybe not

@ 6.034 - Spring 03 » 33

Slide 8.6.34
Adding Arithmetic So, things are relatively good with regular first-order logic. And they're till fine if you add addition to
the language, allowing statements like P(x) and (x + 2 = 3). But if you add addition and multiplication, it
starts to get weird!
6.034 - Spring 03 » 34 ,(ﬁ
Slide 8.6.35 . p .
In 1931, Godel proved an incompleteness theorem, which says that there is no consistent, complete proof Adding Arithmetic

system for FOL plus arithmetic. (Consistent is the same as sound.) Either there are sentences that are

true, but not provable, or there are sentences that are provable, but not true. It's not so good either way. * Godel's Incompleteness Theorem: There is no

consistent, complete proof system for FOL +
Arithmetic.

¢ Either there are sentences that are true, but not

provable or there are sentences that are provable,
but not true.

@ 6.034 - Spring 03 » 35

Slide 8.6.36
Adding Arithmetic Here's the roughest cartoon of how the proof goes. Arithmetic gives you the ability to construct code
names for sentences within the logic, and therefore to construct sentences that are self-referential. This

* G6del’s Incompleteness Theorem: There is no sentence, P, is sometimes called the Godel-sentence. Pis"P is not provable”.

consistent, complete proof system for FOL +
Arithmetic.

¢ Either there are sentences that are true, but not
provable or there are sentences that are provable,
but not true.

* Arithmetic gives you the ability to construct code-
names for sentences within the logic.

P = “P is not provable.”

@ 6.034 - Spring 03 = 36
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If Pistrue, then Pis not provable (so the system isincomplete). If Pisfalse, then Pis provable (so the Adding Arithmetic

system isinconsistent).

This result was a huge blow to the current work on the foundations of mathematics, where they were,
essentialy, trying to formalize all of mathematical reasoning in first-order logic. And it pre-figured, in

some sense, Turing's work on uncomputability.

Ultimately, though, just as uncomputability doesn't worry people who use computer programs for
practical applications, incompleteness shouldn't worry practical users of logic.

* Godel's Incompleteness Theorem: There is no
consistent, complete proof system for FOL +
Arithmetic.

e Either there are sentences that are true, but not
provable or there are sentences that are provable,
but not true.

» Arithmetic gives you the ability to construct code-
names for sentences within the logic.

P = “P is not provable.”
o If P is true: it's not provable (incomplete)
o If P is false: it's provable (inconsistent)

@ 6.034 - Spring 03 » 37

6.034 Notes: Section 8.7

Slide8.7.1

Now that we've studied the syntax and semantics of logic, and know something about how to do
inferencein it, we're going to talk about how logic has been applied in real domains, and ook at an

extended example.

Logic in the Real World

» Encode information formally in web pages

6.034 - Spring 03« 2

Logic in the Real World

@ 6.034 - Spring 03 « 1

Slide8.7.2

Thereis currently a big resurgence of logical representations and inference in the context of the web. As
it stands now, web pages were written in natural language (English or French, etc), by the people and for
the people. But there is an increasing desire to have computer programs (web agents or 'bots) crawl the
web and figure things out by "reading” web pages. Aswe'll seein the next module of this course, it can
be quite hard to extract the meaning from text written in natural language. So the World-Wide Web
Consortium, in conjunction with people in universities and industry, are defining a standard language,
which is essentially first-order logic, for formally encoding information in web pages. Information that is
written in this formal language will be much easier to extract automatically.
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It is becoming more appealing, in business, to have computers talk directly to one another, and to leave
humans out of the loop. One place this can happen isin negotiating simple contracts between companies
to deliver goods at some price. Benjamin Grosof, who is a professor in the Sloan School, works on using
non-monotonic logic (aversion of first-order logic, in which you're allowed to have conflicting rules, and
have a system for deciding which ones have priority) to specify a company's business rules.

Logic in the Real World

« Encode information formally in web pages
» Business rules

@ 6.034 - Spring 03 « 3

Slide8.7.4

Another example, which we'll pursue in detail, is the language the airlines use to specify the rules on
their airfares. It turns out that every day, many times a day, airlines revise and publish (electronically)
their fare structures. And, as many of you know, the rules governing the pricing of airplane tickets are
pretty complicated, and certainly unintuitive. In fact, they're so complicated that the airlines had to
develop aformal language that is similar to logic, in order to describe their different kinds of fares and
the restrictions on them.

Logic in the Real World

» Encode information formally in web pages
 Business rules
« Airfare pricing

Amazingly, there are on the order of 20 million different fares! To generate a price for a particular
proposed itinerary, it requires piecing together a set of fares to cover the parts of theitinerary. Typically,
the goal isto find the cheapest such set of fares, subject to some constraints.

@ 6.034 - Spring 03 » 4

Slide8.7.5

We're not going to worry about how to do the search to find the cheapest itinerary and fare structure
(that's areally hard and interesting search problem!). Instead, we'll just think about pricing a particular
itinerary.

Airfare Pricing

« Ignore, for now, finding the
best itinerary
= Given an itinerary, what's
the least amount we can
pay for it? )J
« Can't just add up prices for =
the flight legs; different &
prices for different flights in
various combinations and
circumstances

Pricing an airline ticket is not as simple as adding up the prices for the individual flight legs. There are
many different pricing schemes, each depending on particular attributes of the combination of flights that
the passenger proposes to take. For instance, at some point in 1998, American Airlines had 29 different
fares for going from Boston to San Francisco, ranging in price from $1943 to $231, each with a different
constraint on its use.

In this discussion, we won't get into the actual ticket prices; instead we'll work on writing down the
logical expressions that describe when a particular fare applies to a proposed itinerary.

@ 6.034 - Spring 03+ 5

Slide8.7.6

Fare Restrictions Here are some examples of airfare restrictions that we might want to encode logically:

» Passenger under 2 or over 65 )

- Passenger accompanying someone paying full fare - The passenger is under 2 or over 65 o

. Docsn't 66 throudh Sh expansiva cit . The passenger is accompanying another passenger who is paying full fare
. 9 . 9 P Y . It doesn't go through an expensive city

» No flights during rush hour

. There are no flights during rush hour (defined in local time)
» Stay over Saturday night . Theitinerary stays over a Saturday night
. Layoversarelegal: not too short; not too long
. Round-the-world itinerary that doesn't backtrack
. Theitinerary isaregular two-trip round-trip
. This price appliesto one flight, as long as there is no other flight in thisitinerary operated by El
Cheapo Air
. If the sum of the fares for acircle trip with three legs is less than the "comparable" round-trip price
between the origin and any stopover point, then you must add a surcharge.

» Layovers are legal

» Round-the-world itinerary that doesn’t backtrack
» Regular two phase round-trip

* No flights on another airline

= This fare would not be cheaper than the standard
price

@ 6.034 - Spring 03+ 6
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Thefirst step in making alogical formalization of adomain is coming up with an ontology. According
to Leibniz (a philosopher from the 17th century), ontology is "the science of something and of nothing,
of being and not-being, of the thing and the mode of the thing, of substance and accident.” Whoa! |

wish our lecture notes sounded that deep.

Ontology

Ontology is the science of
something and of nothing,
of being and not-being, of
the thing and the mode of
the thing, of substance
and accident.

The Role of
Ontological
Engineering in

B2B Net
Markets

PYONTOLOGY.ORG

ENABLING VIRTUAL BUSINESS

6.034 - Spring 03+ 8

@ Leibniz

Slide8.7.9

For us, more prosaically, an ontology will be a description of the kinds of objects that you have in your
world and their possible properties and relations. Making up an ontology is alot like deciding what
classes and methods you'll need when you design an object-oriented program.

Airfare Domain Ontology

@ 6.034 - Spring 03 » 10

Ontology

Ontology is the science of
something and of nothing,
of being and not-being, of
the thing and the mode of
the thing, of substance
and accident.

oY

@ Left;niz

6.034 - Spring 03 « 7

Slide8.7.8
Now there are web sites called www.ontology.org with paper titles like "The Role of Ontological
Engineering in B2B Net Markets'. That's just as scary.

Ontology

« What kinds of things are there in the world?
« What are their properties and relations?

Ontology is the science of
something and of nothing,
of being and not-being, of
the thing and the mode of
the thing, of substance
and accident.

The Role of
Ontological
Engineering in

B2B Net
Markets

PYONTOLOGY.ORG

ENABLING VIRTUAL BUSINESS

6.034 - Spring 03+ 9

@ Leibniz

Slide 8.7.10

Okay. So what are the kinds of things we have in the airfare domain? That's a hard question, because it
depends on the level of abstraction at which we want to make our model. Probably we don't want to talk
about particular people or airplanes; but we might need to talk about people in general, in terms of
various properties (their ages, for example, but not their marital status), or airplane types. We will need a
certain amount of detail though, so, for instance, it might matter which airport within acity you're using,
or which terminal within an airport. Often you have to adjust the level of abstraction that you use as you
go aong.
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Here'salist of the relevant object types | came up with:

. passenger

. flight

. City

. arport

. termina

. flight segment (alist of flights, to be flown al in one "day")
. itinerary (apassenger and alist of flight segments)

Airfare Domain Ontology

= passenger

» flight

« City

» airport

» terminal

- flight segment (list of flights, to be flown all in one
“day")

« itinerary (a passenger and list of flight segments)

- list

» number

@ 6.034 - Spring 03« 12

Slide8.7.12
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Airfare Domain Ontology

- passenger

- flight

« City

e airport

- terminal

- flight segment (list of flights, to be flown all in one
“day”)

« itinerary (a passenger and list of flight segments)

@ 6.034 - Spring 03 » 11

Welll also need some non-concrete object types, including

. ligt
. number

Slide 8.7.13

Once we know what kinds of things we have in our world, we need to come up with a vocabulary of
constant names, predicate symbols, and function symbols that we'll use to talk about their properties

and relations.

There are two parts to this problem. We have to decide what properties and relations we want to be

able to represent, and then we have to decide how to represent them.

Representing Properties

» Object P is red
¢ Red(P)
* Color(P, Red)
¢ color(P) = Red
¢ Property(P, Color, Red)

@ 6.034 - Spring 03 » 14
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®

Representing Properties

6.034 - Spring 03 » 13

Let'stalk, for aminute, about something simple, like saying that an object named Pisred. Therearea
number of ways to say this, including:

. Red(P)
. Col or (P, Red)

. color(P) = Red

. Property(P, Color,

Red)
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Let'slook at the difference between the first two. Red(P) seems like the most straightforward way to
say that Pisred. But what if we wanted to write arule saying that all the blocksin a particular stack, S,

are the same color? Using the second representation, we could say:

exists c. all b. In(b,S) -> Color(b, c)

In this case, we have reified redness; that is, we've made it into an object that can be named and
quantified over. It will turn out that it's often useful to use this kind of representation.

Representing Properties

« Object P is red
¢ Red(P)
¢ Color(P, Red)
¢ color(P) = Red
¢ Property(P, Color, Red)

« All the blocks in stack S are the same color
3c. vb. In(b, S) - Color(b, c)

@ 6.034 - Spring 03 « 15

Representing Properties

» Object P is red
* Red(P)
¢ Color(P, Red)
¢ color(P) = Red
¢ Property(P, Color, Red)

« All the blocks in stack S are the same color

3c. vb. In(b, S) - Color(b, c)
= All the blocks in stack S have the same properties

Vvp. 3v. vb. In(b,S) - Property(b, p,v)

@ 6.034 - Spring 03+ 16
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It's possible to go even farther down this road, in case, for instance, we wanted to say that all the blocks
in stack S have all the same properties:

all p. exists v. all b. In(b,S) -> Property(b, p, Vv)

That is, for every property, there's avalue, such that every block in S has that value for the property.

Some people advocate writing al logical specifications using this kind of formalization, becauseitis
very general; but it's also kind of hard to read. Well stick to representations closer to Col or ( P,
Red) .

Slide 8.7.17

The particular relations we'll use come from two sources. Some relations will be used to specify the basic

factsin our knowledge-base.

Basic Relations

« Age(passenger, number)

= Nationality(passenger, country)
« Wheelchair(passenger)

« Origin(flight, airport)

« Destination(flight, airport)

« Departure_Time(flight, number)
= Arrival_Time(flight, number)

« Latitude(city, number)

= Longitude(city, number)

= In_Country(city, country)

« In_City(airport, city)

- Passenger(itinerary, passenger)
« Flight_Segments(itinerary, passenger, segments)
= Nil

« cons(object,list) => list

@ 6.034 - Spring 03 » 18

Basic Relations

@ 6.034 - Spring 03 » 17

Slide8.7.18

Here are some of the basic relationsin our domain. I've named the arguments with the types of objects
that we expect to be there. Thisisjust an informal convention to show you how we intend to use the
relations. (There are logics that are strongly typed, which require you to declare the types of the
arguments to each relation or function).

file:///CJ/Documents%20and%20Settings/Admini strator/My%...ching/6.034/07/lessons/Chapter8/l ogicl 1-handout-07.html (53 of 60)4/20/2007 7:55:21 AM



6.034 Artificial Intelligence. Copyright © 2004 by Massachusetts Institute of Technology. All rights reserved

Slide 8.7.19
So, we might describe passenger Fred using the sentences Basic Relations

= Age(passenger, number)

Age( Fred, 47) = Nationality(passenger, country)

Nati onal i ty(Fred, US) * Wheelchair(passenger)

~Weel chai r ( Fred) + Origin(flight, airport) Age(Fred, 47)
= Destination(flight, airport) Nationality(Fred, US)
= Departure_Time(flight, number) ~Wheelchair(Fred)
= Arrival_Time(flight, number)

This only serves to encode a very simple version of this domain. We haven't started to talk about time « Latitude(city, number)

zones, terminals, metropolitan areas (usually it's okay to fly into San Jose and then out of San + Longitude(city, number)

Francisco, asif they were the same city), airplane types, how many reservations aflight currently has, + In_Country(city, country)

and so on and so on. « In_City(airport, city)
= Passenger(itinerary, passenger)
= Flight_Segments(itinerary, passenger, segments)
- Nil
= cons(object,list) => list

@ 6.034 - Spring 03 » 19
2 - Slide 8.7.20
Defined Relations Other relations will be used to express the things we want to infer. An example in this domain might be
» Define complex relations in terms of basic ones Qualifies_for_fare_class_37 orsomething else equally intuitive. Aswe begin trying to
« Like using subroutines write down alogical expressionfor Qual i fi es_for_fare_cl ass_37 intermsof the basic
relations, we'll find that we want to define more intermediate relations. It will be exactly analogous to
Vi. P(i) AQ(i) — Qualifies 37(i) defining functions when writing a Scheme program: it's not strictly necessary, but no-one would ever

be able to read your program (and you probably wouldn't be able to write it correctly) if you didn't.

@ 6.034 - Spring 03« 20

Side8.7.21
We will often define relations using implications rather than equivalence. It makesit easier to add Defined Relations

additional pieces of the definition (circumstances in which the relation would be true). Define complex relations in terms of basic ones

« Like using subroutines
Vi. P(i) A Q(i) — Qualifies 37(i)
« Implication rather than equivalence

 easier to specify definitions in pieces
Vi. R(7) AS(i) > Qualifies 37(J)

@ 6.034 - Spring 03 » 21

Slide8.7.22
Defined Relations However, written this way, we can't infer anything from knowing that the relation holds of some objects.

) . . . If we need to do that, we have to write out the equivalence.
» Define complex relations in terms of basic ones

» Like using subroutines
Vi. P(i) AQ(i) - Qualifies 37(i)

» Implication rather than equivalence
* easier to specify definitions in pieces
Vi. R(i) AS(i) — Qualifies 37(i)
e can’t use the other direction
Qualifies 37(i) > ?
¢ if you need it, write the equivalence

Vi, (P()) AQ()) v (R() AS()) <> Qualifies 37(i)

@ 6.034 - Spring 03 » 22
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Okay. Let's start with avery simplerule. Let's say that an itinerary has the Infant_Fare property if the Infant Fare
passenger is under age 2. We can write that as
Vi, a, p. Passenger(i, p) nAge(p,a) na < 2 —» InfantFare(/)
all i, a, p. Passenger(i,p) ™ Age(p,a) "~ a <2 ->Infant_Fare(i)
Infant Fare Slide8.7.24

It's not completely obvious that thisis the right way to write the rule. For instance, it's useful to note

that thisis equivalent to sayin
Vi, a, p. Passenger(i, p) nAge(p,a) na < 2 — InfantFare() « g

Vi ( 3p,a.Passenger(i, p) A Age(p,a) na < 2) - InfantFare(/) all i. (exists a, p. Passenger(i,p) " Age(p,a) ™ a < 2)
-> Infant _Fare(i)

@ 6.034 - Spring 03« 24

Slide8.7.25
This second form is clearer (though the first form is closer to what we'll use next, when we talk about

rule-based systems). Note, also, that changing the implication to equivalence in these two statements , i .
makes them o longer be equivalent. Vi, a, p. Passenger(i, p) nAge(p,a) na < 2 - InfantFare(/)

Infant Fare

Vi ( 3p, a.Passenger(i, p) A Age(p,a) na < 2) - InfantFare(i)

« First form is typical of rule-based systems

« Second form (only!) can be made into an
equivalence

@ 6.034 - Spring 03 » 25

Slide 8.7.26
Infant Fare We just snuck something in here: a< 2. We'll need some basic arithmetic in amost any interesting logic
domain. How can we deal with that? We saw, in the previous section, that adding arithmetic including

Vi, a, p. Passenger(i, p) A Age(p, a) na < 2 — InfantFare(/) multiplication means that our language is no longer complete. But that's the sort of thing that worries
logicians more than practitioners.

Vi ( 3p, a.Passenger(i, p) A Age(p, a) na < 2) - InfantFare(/)

» First form is typical of rule-based systems

» Second form (only!) can be made into an
equivalence

» What abouta < 27

@ 6.034 - Spring 03 = 26
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Slide 8.7.27

In this domain we'll need addition and subtraction and greater-than. One strategy would be to axiomatize Infant Fare

them in logic, but that's usually wildly inefficient. Most systems for doing practical logical inference

include built-in arithmetic predicates that will automatically evaluate themselves if their arguments are vi,a, p. Passenger(/, p) n Age(p, a) na < 2 - InfantFare(/)

instantiated. So if, during the course of a resolution proof, you had a clause of the form
Vi ( 3p, a.Passenger(i, p) A Age(p, a) na < 2) - InfantFare(J)
P(a) v (3 <2) v(a>1+2)
« First form is typical of rule-based systems

» Second form (only!) can be made into an
it would automatically simplify to equivalencre Ganly!) !

« What abouta <27
¢ axiomatize arithmetic
¢ build it in to theorem prover

P@)v(3>2)v(a>1+2)>P(a)v(a>3)

P(a) v (a > 3)

som-spring03027

Slide 8.7.28

Okay. Now, let's go to asignificantly harder one. Thisisn't exactly afare restriction; it's more of a
correctness criterion on the flights within the itinerary. Theideais that an itinerary can be made up of
multiple flight segments; each flight segment might, itself, be made up of multiple flights. In order for
theitinerary to be well-formed, the flight segments are not required to have any particular relation to
each other. However, there are considerable restrictions on a flight ssgment. One way to think about a
flight segment is as a sequence of flights that you would do in one day (though it might actually last for
more than one day if you're going for along time).

Well-Formed Segment

Fl F2 F3

§ & » 6

layover layover

@ 6.034 - Spring 03« 28

Slide 8.7.29
For aflight segment to be well-formed, it has to satisfy the following properties: Well-Formed Segment

. Thedeparture and arrival airports match up correctly

. Thelayovers (gaps between arriving in an airport and departing from it) aren't too short
(so that there's areasonable probability that the passenger will not miss the connection)

. Thelayovers aren't too long (so that the passenger can't spend aweek enjoying him or

« Departure and arrival airports match up correctly
» Layovers aren’t too short

herself in the city; we need to be sure to charge extra for that!) - Layovers aren’t too long
So, let's work toward developing alogical specification of the well-formedness of aflight segment. A F1 F2 F3
flight segment isalist of flights. So, we'll make a short detour to talk about listsin logic, then come (_\b m m
back to well-formed flight-segments. P!
layover layover
@ 6.034 - Spring 03 » 29

Slide 8.7.30
In thelist of relations for the domain, we included a constant Nil and a function cons, without
explanation. Here's the explanation.

Lists in Logic

» Nil : constant
= cons : function

@ 6.034 - Spring 03 « 30
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Slide8.7.31

We can make and use listsin logic, much as we might do in Scheme. We have a constant that stands for
the empty list. Then, we have afunction cons that, given any object and alist, denotes the list that has the

object argument asits head (car) and the list argument asitstail (cdr).

So cons(A,cons(B,Nil)) isalist with two elements, A and B.

Lists in Logic

= Nil : constant
= cons : function
= cons(A, cons(B, Nil)) : list with two elements

* vx. LengthOne(cons(x, Nil))

vl, x. I = cons(x, Nil) - LengthOne(/)
vl. (x. I = cons(x, Nil)) - LengthOne(/)

@ 6.034 - Spring 03 » 32

Slide 8.7.33

Now that we know how to do some things with lists, we'll go back to the problem of ensuring that a
flight segment is well-formed. Thisisbasically a condition on al the layoversin the segment, so we'll

have to run down the list making sureit's all okay.

Well-Formed Segment: Base Case

Define recursively, going down the list of flights

Any segment with 1 flight is well-formed

Vvf. WellFormed(cons(f, Nil)) ‘

F3

§ %

@ 6.034 - Spring 03 » 34

Lists in Logic

« Nil : constant
« cons : function
« cons(A, cons(B, Nil)) : list with two elements

@ 6.034 - Spring 03 » 31

Slide8.7.32

We can also use the power of unification to specify conditions to assertions. So we can write for all x
lengthOne(cons(x,Nil)), which is amore compact way of saying that every list that is equal to the cons
of an element onto Nil has the property of being lengthOne.

Well-Formed Segment: Base Case

Define recursively, going down the list of flights

@ 6.034 - Spring 03 » 33

Slide8.7.34
We can start with asimple case. If the flight segment has one flight, then it's well-formed. We can write
thisasall f. WellFor med(cons(f, Nil)).
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Slide 8.7.35
Now, let's do the hard case. We can say that a flight segment with more than one flight is well-formed if Well-Formed Segment: Recursion

thefirst two flights are contiguous (end and start in the same airport), the layover time between the first

two flightsislegal, and the rest of the flight segment i well-formed. A flight segment with at least two flights is well-

formed if
« first two flights are contiguous
¢ layover time between first two flights is legal
« rest of the flight segment is well-formed

F1 F2 F3

§ Své& » 6

layover layover

@ 6.034 - Spring 03 » 35

. Slide 8.7.36
Well-Formed Segment: Recursion Inlogic, that becomes

A flight segment with at least two flights is well-
formed if all f1, f2, r. Contiguous(fl, f2) " Legal Layover(f1, f2) ~

« first two flights are contiguous Vel | Formed(cons(f2, r)) -> Well Forned(cons(f1l, cons(f2,r)))

* layover time between first two flights is legal
« rest of the flight segment is well-formed

V£, £, r. Contiguous(f,, £,) A LegalLayover(f,,£,) A
WellFormed(cons(f,, r))
— WellFormed(cons(f;, cons(f,,r)))

F1 F2 F3

§ N6 B 6 %

layover layover

@ 6.034 - Spring 03 » 36

Slide 8.7.37 H -

elper Relations
Note that we've invented some vocabulary here. Contiguous and LegalLayover are neither given to us P
as basic relations, nor the relation we are trying to define. We made them up, just as you make up
function names, in order divide our problem into conquerable sub-parts.

@ 6.034 - Spring 03 = 37

Slide 8.7.38
Helper Relations What makes two flights contiguous? The arrival airport of the first has to be the same as the departure

. . . . . airport of the second. We can write this as
« Flights are contiguous if the arrival airport of the

first is the same as the departure airport of the
second all f1, f2. (exists c. Destination(fl, c) ~ Oigin(f2, c))

-> Contiguous(fl, f2)

vf,, f,. (3c. Destination(f;, ¢) A Origin(f,, c)) -
Contiguous(f;, ;)

@ 6.034 - Spring 03 » 38
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Slide 8.7.39
Now, what makes layovers legal? They have to be not too short and not too long.

all f1, f2.
Layover Not TooShort (f1, f2)
Layover Legal (f1, f2)

AN Layover Not TooLong(f1, f2) ->

Not Too Short Slide 8.7.40

= A layover is not too short if it’s more than 30
minutes long

vf, 5. (3t t,. ArrivalTime(f,, t,) ADepartureTime(f,, t,)
(t, —t, > 30)) > LayoverNotTooShort(f,, f;)

all f1, f2.

->

@ 6.034 - Spring 03 « 40

Slide8.7.41

Thisisavery simple version of the problem. Y ou could imagine making thisincredibly complex and
nuanced. How long does it take someone to change planes? It might depend on: whether they'rein a
wheelchair, whether they have to change terminals, how busy the terminals are, how effective the inter-
terminal transportation is, whether they have small children, whether the airport has signsin their
native language, whether there's bad weather, how long the lines are at security, whether they're from a
country whose citizens take along time to clear immigration.

Y ou probably wouldn't want to add each of these things as a condition in the rule about layovers.
Rather, you would want this system, ultimately, to be connected to a knowledge base of common sense
facts and relationships, which could be used to deduce an expected time to make the connection.
Common-sense reasoning is afascinating area of Al with along history. It seemsto be (like many
things!) both very important and very hard.

Slide 8.7.42

Helper Relations

« Flights are contiguous if the arrival airport of the
first is the same as the departure airport of the
second

vf,, f,. (3c. Destination(f;, c) A Origin(f,,c)) —»
Contiguous(f;, f;)

= Layovers are legal if they're not too short and not
too long

vf,, f,. LayoverNotTooShort(f;, f,) A
LayoverNotTooLong(f;, f,) - LayoverLegal(f;, ;)

@ 6.034 - Spring 03 « 39

Let's say that passengers need at least 30 minutes to change planes.

That comes out fairly straightforwardly as

(exists t1, t2.
Arrival _Tinme(f1,

tl) " Departure_Time(f2, t2) ~ (t2 - t1 > 30))

Layover _Not _Too_Short (f1, f2)

Not Too Short

« A layover is not too short if it's more than 30
minutes long

vf, . (3, t,. ArrivalTime(f;, t,) ADepartureTime(f, t,)
(t, - t, > 30)) > LayoverNotTooShort(f;, f;)

« These are like the rules the airlines use, but it could
involve all of common sense to know how long to
allow someone to change planes

@ 6.034 - Spring 03 » 41

Not Too Long

« A layover is not too long if it's less than three hours

V£, f,. (3t t,. ArrivalTime(f,, t,) ADepartureTime(f, t,)
(t, - t, <180)) — LayoverNotTooLong(f,f;)

@ 6.034 - Spring 03 » 42

WEe'll continue in our more circumscribed setting, to address the question of what makes alayover not be
too long. Thiswill have an easy case and a hard case. The easy case isthat alayover is not too long if it's
less than three hours:

all f1, f2. (exists t1, t2.
Arrival Time(f1, t1) ™ DepartureTine(f2, t2) »
(t2 - t1 < 180)) -> Layover Not TooLong(f1, f2)
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Slide8.7.43 o _ _ _ _ Not Too Long
Now, for the hard case. Let's imagine you've just flown into Ulan Bator, trying to get to Paris. And
there's only one flight per day from Ulan Bator. We might want to say that your layover is not too long « A layover is not too long if it’s less than three hours

if there are no flights from here to your next destination that go before the one you're scheduled to take : : :
(and that have an adequately long layover). vf, f,. At t,. ArrivalTime(f,, t,) ADepartureTime(f,, t,)

(t, —t, <180)) — LayoverNotTooLong(f;, f;)

all f1, f2 (exists o, d, t2.
Oigin(f2, o) » Destination(f2, d) ™ DepartureTime(f2,t2) »
~ exists f3, t3. ( Oigin(f3, o) ™ Destination(f3, d) »

« A layover is also not too long if there was no other
way to make the next leg of your journey sooner

DepartureTi me(f3,t3) ~ (t3 < t2) vf, f,. (30,d, t,. Origin(f;, 0) ADestination(f;, d) A
A Layover Not TooShort (f1, f3))) -> DepartureTime(f,, t,) A
Layover Not TooLong(f1, f2) —3f,, t,. (Origin(f,, 0) A Destination(f;, d) A
DepartureTime(f;, t;) A(t; <t,) A
Of course, you can imagine all sorts of common-sense information that might influence this LayoverNotTooShort(#, £3)))
definition of LayoverNotTooLong, just asin the previous case. — LayoverNotT ooLong(f;, f;)

We haven't been writing these definitions with efficiency in mind. In all likelihood, if we tried to put
them into aregular theorem prover, we would never get an answer out. In the next segment of material, we'll see how to use arestricted version of first-order logic to get fairly efficient
logical programs. And we'll continue this example there.
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