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6.034 Notes: Section 7.1

Slide7.11 What is a logic?
What isalogic? A logicisaformal language. And what does that mean? It has a syntax and a gic:
semantics, and away of manipulating expressionsin the language. We'l talk about each of thesein ¢ A formal language
turn.
@ 6.034 - Spring 03 = 1
Slide7.1.2

What is a logic?

* A formal language
¢ Syntax — what expressions are legal

The syntax is a description of what you're allowed to write down; what the expressions are that are legal
in alanguage. We'll define the syntax of a propositional logic in complete detail later in this section.

@ 6.034 - Spring 03 = 2
Slide7.13 ] ]
The semanticsis a story about what the syntactic expressions mean. Syntax is form and semanticsis What is a logic?
content.

¢ A formal language
® Syntax - what expressions are legal
e Semantics — what legal expressions mean

@ 6.034 - Spring 03 = 3
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©

What is a logic?

¢ A formal language
e Syntax — what expressions are legal
e Semantics — what legal expressions mean

* Proof system — a way of manipulating syntactic
expressions to get other syntactic expressions
(which will tell us something new)

6.034 - Spring 03 » 4

Slide7.1.5
So, why would we want to do proofs? There are lots of situations.

©

What is a logic?

e A formal language
* Syntax — what expressions are legal
e Semantics — what legal expressions mean
* Proof system - a way of manipulating syntactic
expressions to get other syntactic expressions
(which will tell us something new)

» Why proofs? Two kinds of inferences an agent
might want to make:

® Multiple percepts => conclusions about the
world

6.034 - Spring 03 = 6

Slide7.1.7

Another use of logic is when you know something about the current state of the world and you know
something about the effects of an action that you're considering doing. Y ou wonder what will happen if
you take that action. Y ou have aformal description of what that action does in the world. Y ou might
want to take those things together and infer something about the next state of the world. So these are two
kinds of inferences that an agent might want to do. We could come up with alot of other ones, but those

are two good examples to keep in mind.

Slide7.1.4

A logic usually comes with a proof system, which isaway of manipulating syntactic expressions to get
other syntactic expressions. And, why are we interested in manipulating syntactic expressions? The idea
isthat if we use a proof system with the right kinds of properties, then the new syntactic expressions we
create will have semantics or meanings that tell us something "new" about the world.

What is a logic?

* A formal language
e Syntax — what expressions are legal
® Semantics — what legal expressions mean

e Proof system - a way of manipulating syntactic
expressions to get other syntactic expressions
(which will tell us something new)

e Why proofs? Two kinds of inferences an agent
might want to make:

@ 6.034 - Spring 03 = 5

Slide7.1.6

In the context of an agent trying to reason about its world, think about a situation where we have a bunch
of percepts. Let's say we saw somebody come in with a dripping umbrella, we saw muddy tracksin the
hallway, we see that there's not much light coming in the windows, we hear pitter-pitter-patter. We have
all these percepts, and we'd like to draw some conclusion from them, meaning that we'd like to figure out
something about what's going on in the world. We'd like to take all these percepts together and draw
some conclusion about the world. We could use logic to do that.

What is a logic?

* A formal language
e Syntax — what expressions are legal
* Semantics — what legal expressions mean
* Proof system - a way of manipulating syntactic
expressions to get other syntactic expressions
(which will tell us something new)
e Why proofs? Two kinds of inferences an agent
might want to make:
o Multiple percepts => conclusions about the

world
o Current state & operator => properties of next
state
@ 6.034 - Spring 03 » 7
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Slide7.1.8
Propositional Logic Syntax

@ 6.034 - Spring 03 » 8

Slide7.1.9

You're all used to rules of syntax from programming languages, right? In Java you can write a for loop.
There are rules of syntax given by aformal grammar. They tell you there has to be a semicolon after fizz;
that the parentheses have to match, and so on. Y ou can't make random changes to the charactersin your
program and expect the compiler to be able to interpret it. So, the syntax is what symbols you're allowed

WEe'l look at two kinds of logic: propositional logic, which isrelatively simple, and first-order logic,
which is more complicated. We're just going to dive right into propositional logic, learn something about
how that works, and then try to generalize later on. Welll start by talking about the syntax of
propositional logic. Syntax iswhat you're allowed to write on your paper.

Propositional Logic Syntax

Syntax: what you're allowed to write
® for (thing t = fizz; t = fuzz; t++){... }

to write down in what order. Not what they mean, not what computation they symbolize, but just what

symbols you can write down.

Propositional Logic Syntax

Syntax: what you're allowed to write
® for (thing t = fizz; t = fuzz; t++){... }
e Colorless green ideas sleep furiously.

@ 6.034 - Spring 03 » 10

Slide7.1.11

Let's define the syntax of propositional logic. Well call the legal things to write down "sentences'. So if
something is a sentence, it is a syntactically okay thing in our language. Sometimes sentences are called

"WFFs" (which stands for "well-formed formulas") in other books.

@ 6.034 - Spring 03 = 9

Slide7.1.10

Another famous illustration of syntax is this one, due to the linguist Noam Chomsky: " Colorless green
ideas sleep furiously”. The ideaisthat it doesn't mean anything really, but it's syntactically well-formed.
It's got the nouns, the verbs, and the adjectivesin the right places. If you scrambled the words up, you
wouldn't get a sentence, right? Y ou'd just get a string of words that didn't obey the rules of syntax. So,
"furiously ideas green sleep colorless' is not syntactically okay.

Propositional Logic Syntax

Syntax: what you're allowed to write
® for (thing t = fizz; t = fuzz; t++){... }
® Colorless green ideas sleep furiously.

Sentences (wffs: well formed formulas)

@ 6.034 - Spring 03 = 11

file:///CJ/Documents%20and%20Settings/Admini strator/My%...aching/6.034/07/l essons/ Chapter 7/logi cl -handout-07.html (3 of 56)4/20/2007 7:46:49 AM



6.034 Artificial Intelligence. Copyright © 2007 by Massachusetts Institute of Technology. All rights reserved

Slide7.1.12
Propositional Logic Syntax We're going to define the set of legal sentences recursively. So here are two base cases: The words,

. "true" and "false", are sentences.
Syntax: what you're allowed to write

® for (thing t = fizz; t =— fuzz; t++){... }
e Colorless green ideas sleep furiously.

Sentences (wffs: well formed formulas)
e true and false are sentences

@ 6.034 - Spring 03 » 12

Side7.1.13

Propositional variables are sentences. I'll give you some examples. P, Q, R, Z. We're not, for right now, Propositional Logic Syntax
defining alanguage that a computer is going to read. And so we don't have to be absolutely rigorous , .

about what characters are allowed in the name of avariable. But there are going to be things called Syntax: what you're allowed to write
variables, and we'll just use uppercase letters for them. Those are sentences. It's OK to say "P" -- that'sa ® for (thing t = fizz; t = fuzz; t++){ ... }

sentence. ® Colorless green ideas sleep furiously.

Sentences (wffs: well formed formulas)
e true and false are sentences
* Propositional variables are sentences: P,Q,R,Z

@ 6.034 - Spring 03 » 13

Slide7.1.14

Propositional Logic Syntax Now, here'sthe recursive part. If Phi and Psi are sentences, then so are -- Wait! What, exactly, are Phi
and Psi? They're called metavariables, and they range over expressions. This rule says that if Phi and Psi
are things that you already know are sentences because of one of these rules, then you can make more

¢ for (thing t = fizz; t = fuzz; t++){ ... } sentences out of them. Phi with parentheses around it is a sentence. Not Phi is a sentence (that little bent
¢ Colorless green ideas sleep furiously. thing is our "not" symbol (but we're not really supposed to know that yet, because we're just doing syntax
right now)). Phi "vee" Psi is a sentence. Phi "wedge" Psi is a sentence. Phi "arrow” Psi is a sentence. Phi
"two-headed arrow" Psi is a sentence.

Syntax: what you're allowed to write

Sentences (wffs: well formed formulas)
¢ true and false are sentences
¢ Propositional variables are sentences: P,Q,R,Z
o If ¢ and y are sentences, then so are
), 6, dVw, dAY, d=v, dow

@ 6.034 - Spring 03 » 14
Slide 7.1.15 — -
And there's one more part of the definition, which says nothing elseis a sentence. OK. That's the syntax Propositional Logic Syntax

of the language.
90 Syntax: what you're allowed to write

® for (thing t = fizz; t = fuzz; t++){... }
® Colorless green ideas sleep furiously.

Sentences (wffs: well formed formulas)
e true and false are sentences
* Propositional variables are sentences: P,Q,R,Z
o If § and y are sentences, then so are
(0), =0, OV, dAY, ¢y, by
* Nothing else is a sentence

@ 6.034 - Spring 03 = 15
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highest

lowest

Precedence

AVBAC AV (BAC)

AAB—=CvVD |(AAB)— (CvD)

A—-BvC«D (A= (BVvC)«D

e Precedence rules enable “shorthand” form of sentences,
but formally only the fully parenthesized form is legal.

e Syntactically ambiguous forms allowed in shorthand only
when semantically equivalent: A A B A C is equivalent to
(AAB)YACandAA(BAC)

6.034 - Spring 03 » 16

Slide7.1.16

There's actually one more issue we have to sort out. Precedence of the operations. If we were being
really careful, we'd require you to put parentheses around each new sentence that you made out of
component sentences using negation, vee, wedge, or arrow. But it starts getting kind of ugly if we do
that. So, we alow you to leave out some of the parentheses, but then we need rules to figure out where
theimplicit parentheses really are. Those are precedence rules. Just asin arithmetic, where we learned
that multiplication binds tighter than addition, we have similar rulesin logic. So, to add the parentheses
to asentence, you start with the highest precedence operator, which is negation. For every negation,
you'd add an open paren in front of the negation sign and a close parenthesis after the next whole
expression. Thisis exactly how minus behaves in arithmetic. The next highest operator is wedge, which
behaves like multiplication in arithmetic. Next is vee, which behaves like addition in arithmetic. Logic
has two more operators, with weaker precedence. Next comes single arrow, and last is double arrow.
Also, wedge and vee are associative.

6.034 Notes; Section 7.2

Slide7.2.1

Let'stalk about semantics. The semantics of a sentence is its meaning. What does it say about the
world? We could just write symbols on the board and play with them al day long, and it could be fun;
it could be like doing puzzles. But ultimately the reason that we want to be doing something with these
kinds of logical sentences is because they somehow say something about the world. And it'sreally
important to be clear about the connections between the things that we write on the board and what we
think of them as meaning in the world, what they stand for. And it's going to be something different
every day. | remember once when | was alittle kid, | was on the school bus. And somebody's big sister
or brother had started taking algebra and this kid told me, "Y ou know what? My big sister's taking
algebraand A equals 3!" The reason that sounds so silly isthat A isavariable. Our variables are going
to be the same. They'll have different interpretations in different situations. So, in our study of logic,
we're not going to assign particular values or meanings to the variables; rather, we're going to study the

general properties of symbols and their potential meanings.

Semantics

* Meaning of a sentence is truth value {t, f}

6.034 - Spring 03 » 2

Semantics

@ 6.034- Spring 03 » 1

Slide7.2.2

Ultimately, the meaning of every sentence, in asituation, will be atruth value, t or f. Just as, in high-
school algebra, the meaning of every expression is anumeric value. Note that there's already areally
important difference between underlined true and false, which are syntactic entities that we can write on
the board, and the truth values t and f which stand for the abstract philosophical ideals of truth and
falsity.
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Slide7.2.3
How can we decide whether A "wedge" B "wedge" Cistrue or not? Well, it has to do with what A and B Semantics
and C stand for in the world. What A and B and C stand for in the world will be given by an object caled

an "interpretation”. An interpretation is an assignment of truth values to the propositional variables. You * Meaning of a sentence is truth value {t, f}

can think of it as a possible way the world could be. So if our set of variablesisP, Q, R, and V, then P * Interpretation is an assignment of truth values to
true, Q false, Rtrue, V true, that would be an interpretation. So then, given an interpretation, we can ask the propositional variables
the question, is this sentence true in that interpretation? We will write "holds Phi commai" to mean holds(¢,i) [Sentence ¢ is t in interpretation i ]

"sentence Phi istrue in interpretation i". The "holds" symbol is not part of our language. It's part of the
way logicians write things on the board when they're talking about what they're doing. Thisisareally
important distinction. If you can think of our sentences like expressions in a programming language, then
you can think of these expressions with "holds" as being about whether programs work in a certain way
or not. In order to even think about whether Phi istruein interpretation I, Phi has to be a sentence. If it's
not awell-formed sentence, then it doesn't even make sense to ask whether it's true or false.

@ 6.034- Spring 03 » 3

Slide7.2.4
Semantics Similarly, we'll use "fails" to say that a sentence is not true in an interpretation. And since the meaning of
. . every sentence is atruth value and there are only two truth values, then if a sentence Phi is not true (does
* Meaning of a sentence is truth value {t, f} not have the truth valuett) in an interpretation, then it has truth value f in that interpretation and we'll say
e Interpretation is an assignment of truth values to it'sfalsein that interpretation.
the propositional variables
holds(¢, i) [Sentence ¢ is t in interpretation i ]
fails(¢, i) [Sentence ¢ is fin interpretation i ]
@ 6.034 - Spring 03 « 4
Slide7.2.5 .
So now we can write down the rules of the semantics. We can write down rules that specify when Semantic Rules

sentence Phi istruein interpretation i. We are going to specify the semantics of sentences recursively,
based on their syntax. The definition of a semantics should look familiar to most of you, sinceit's very
much like the specification of an evaluator for afunctional programming language, such as Scheme.

@ 6.034 - Spring 03 = §

Slide 7.2.6
Semantic Rules First, the sentence consisting of the symbol "true” istruein all interpretations.

e holds(true, i) foralli

@ 6.034 - Spring 03 = 6
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Slide7.2.7
The sentence consisting of a symbol "false" hastruth valuef in al interpretations. Semantic Rules

e holds(true, i) foralli
o fails(false, i) for all i

@ 6.034 - Spring 03 » 7
Slide7.2.8
Semantic Rules Now we can do the connectives. We'll leave out the parentheses. The truth value of a sentence with top-
. . level parentheses is the same as the truth value of the sentence with the parentheses removed. Now, let's
e holds(true, i) for all i think about the "not" sign. When is"not" Phi true in an interpretation i? Whenever Phi is falsein that
e fails(false, i)  foralli interpretation.
e holds(—¢, i) if and only if fails(¢, i)
(negation)
@ 6.034 - Spring 03 » 8
Slide7.2.9
When is Phi "wedge" Psi true in an interpretation i? Whenever both Phi and Psi aretrueini. Thisis Semantic Rules
called "conjunction”. And welll start calling that symbol "and" instead of "wedge", now that we know . .
what it means. e holds(true, i) foralli
o fails(false, i) for all i
o holds(—¢, i) if and only if fails(¢, i)
(negation)
e holds(o A, i) iff holds(¢, i) and holds(y,i)
(conjunction)
@ 6.034- Spring 03 « 9
Slide7.2.10
Semantic Rules When is Phi "vee" Psi truein an interpretation i? Whenever either Phi or Psi istrueini. Thisiscalled

"diguction", and welll call the "vee" symbol "or". It is not an exclusive or; so that if both Phi and Psi are

* holds(true, i)  forall i truein i, then Phi "vee' Ps isalso trueini.

o fails(false, i)  foralli

® holds(—¢, i) if and only if fails(¢, i)
(negation)

e holds(p A, i) iff holds(¢, i) and holds(vy,i)
(conjunction)

e holds(¢ Vv , i) iff holds(¢, i) or holds(y,i)
(disjunction)

@ 6.034 - Spring 03 » 10
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Slide7.2.11
Now we have one more clause in our definition. I'm going to do it by example. Imagine that we have a Semantic Rules
sentence P. Pis one of our propositional variables. How do we know whether it istrue in interpretation i? . .
Well, sincei is amapping from variables to truth values, | can simply look P up in i and return whatever * holds(true, i)  foralli
truth value was assigned to P by i. o fails(false, i)  foralli
e holds(—¢o, i) if and only if fails(¢, i)
(negation)
e holds(o A vy, i) iff holds(¢, i) and holds(y,i)
(conjunction)
e holds(¢ Vv v, i) iff holds(¢, i) or holds(y,i)
(disjunction)
e holds(P, i) iff i(P) =t
o fails(P, i) iff i(P) = f
@ 6.034 - Spring 03 11
Slide7.2.12
Some important shorthand It seems like we left out the arrows in the semantic definitions of the previous slide. But the arrows are
not strictly necessary; that is, it's going to turn out that you can say anything you want to without them,
but they're a convenient shorthand. (In fact, you can also do without either "or" or "and", but we'll see
that later).
@ 6.034 - Spring 03 » 12
Side7.2.13
So, we can define Phi "arrow" Psi as being equivalent to not Phi or Psi. That is, no matter what Phi and Some important shorthand
Psi are, and in every interpretation, (Phi "arrow" Psi) will have the same truth value as (not Phi or Psi). e g 4
Wewill now call this arrow relationship “implication”. Well say that Phi implies Psi. We may also call * ¢ = v =-¢Vy(conditional, implication)
this a conditional expression: Psi istrueif Phi istrue. In such a statement, Phi is referred to as the antecedent — consequent
antecedent and Psi as the consequent.
@ 6.034 - Spring 03 « 13
Slide7.2.14
Some important shorthand Finally, the double arrow just means that we have single arrows going both ways. Thisis sometimes

called a"bi-conditional" or "equivalence" statement. It means that in every interpretation, Phi and Psi

* ¢ = y = - ¢V y(conditional, implication) have the same truth val ue.

antecedent — consequent

o ¢ y=(d— ) A (y — ¢) (biconditional,
equivalence)

@ 6.034 - Spring 03 = 14
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Slide

Just so you can see how all of these operators work, here are the truth tables. Consider aworld with two
propositional variables, P and Q. There are four possible interpretations in such aworld (one for every
combination of assignments to the variables; in general, in aworld with n variables, there will be 2*n
possible interpretations). Each row of the truth table corresponds to a possible interpretation, and we've
filled in the valuesit assigns to P and Q in the first two columns. Once we have chosen an interpretation
(arow in the table), then the semantic rules tell us exactly what the truth value of every single legal
sentence must be. Here we show the truth values for six different sentences made up from P and Q.

7.2.15

®

Some important shorthand

* ¢ = y =~ ¢V y(conditional, implication)
antecedent — consequent

e o< y=(d— w)A (v — ¢) (biconditional,
ival
S EReE Truth Tables

P Q -P |PAQ[PVQ|P—=Q|IQ—=P|P+Q
f f t f f t t t
f t t f t t f f
t f f f t f t f
t t £ t t t t t

Note that implication is not “causality”, if Pis fthen P —+ Qis t

6.034 - Spring 03 » 16

Slide7.2.17

Now we'll define some terminology on this slide and the next, then do alot of examples.

Terminology

* A sentence is valid iff its truth value is t in all
interpretations

Valid sentences: true, — false, Pv - P

6.034 - Spring 03 = 18

Some important shorthand

® ¢ vy = - ¢V y(conditional, implication)
antecedent — consequent

e o< y=(d— w)A (v — ¢) (biconditional,
ival
S R Truth Tables

P Q -P |PAQ|PVQ|P=+Q|Q—=P|P&Q

f f t f f t t t

f t t f t t f f

t f f f t f t f

t t E t t t t t
@ 6.034 - Spring 03 » 15

Side7.2.16

Most of them are fairly obvious, but it's worth studying the truth table for implication fairly closely. In
particular, note that (P implies Q) is true whenever Pisfalse. Y ou can see that thisis reasonable by
thinking about an English sentence like "I pigs can fly then ...". Once you start with a false condition,
you can finish with anything, and the sentence will be true. Implication doesn't mean "causes'. It doesn't
mean "isrelated” in any kind of real-world way; it isjust abare, formal definition of not P or Q.

Terminology

@ 6.034 - Spring 03 = 17

Slide7.2.18

A sentenceisvalid if and only if it istruein all interpretations. We have already seen one example of a
valid sentence. What was it? True. Another oneis"not false". A more interesting oneis"P or not P'. No
matter what truth value is assigned to P by the interpretation, "P or not P" istrue.
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Slide 7.2.19

A sentenceis satisfiable if and only if it'struein at least one interpretation. The sentence Pis satisfiable. Terminology

The sentence Trueis satisfiable. Not Pis satisfiable. . i Lo

¢ A sentence is valid iff its truth value is t in all
interpretations

Valid sentences: true, - false, Pv - P

* A sentence is satisfiable iff its truth value is t in at
least one interpretation
Satisfiable sentences: P, true, = P

@ 6.034 - Spring 03 » 19

Slide7.2.20
Terminology A sentenceisunsatisfiable if and only if it's false in every interpretation. Some unsatisfiable sentences

. G o . . are: false, not true, P and not P.
* A sentence is valid iff its truth value is t in all

interpretations
Valid sentences: true, — false, Pv - P

» A sentence is satisfiable iff its truth value is t in at
least one interpretation

Satisfiable sentences: P, true, = P

® A sentence is unsatisfiable iff its truth value is f in
all interpretations

Unsatisfiable sentences: P A - P, false, - true

@ 6.034 - Spring 03 » 20

Side7.2.21

We can use the method of truth tables to check these things. If | wanted to know whether a particular Terminology
sentence was valid, or if | wanted to know if it was satisfiable or unsatisfiable, | could just make a truth oA & . lid iff its truth val isti I
table. I'd write down all the interpretations, figure out the value of the sentence in each interpretation, SENLENICE IS ¥alIC I LS truth valueiisit in @

interpretations

and if they're all true, it'svalid. If they're all false, it's unsatisfiable. If it's somewhere in between, it's Valid sentences: true, — false, P v - P

satisfiable. So there's areliable way; there's a completely dopey, tedious, mechanical way to figure out if

asentence is has one of these properties. That's not truein all logics. Thisis a useful, special property of 'f setntenc_e its sati?figble iff its truth value is t in at
propositional logic. It might take you alot of time, but it's a finite amount of time and you can decide any €as -or‘1e Interpretation
of these questions. Satisfiable sentences: P, true, - P

¢ A sentence is unsatisfiable iff its truth value is f in
all interpretations

Unsatisfiable sentences: P A - P, false, - true

All are finitely decidable.

@ 6.034 - Spring 03 = 21
Slide7.2.22
Examples Let'swork through some examples. We can think about whether they're valid or unsatisfiable or
satisfiable.

@ 6.034 - Spring 03 » 22
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Slide7.2.23

What about "smoke implies smoke"? Rather than doing a whole truth table it might be easier if we can
convert it into smoke or not smoke, right? The definition of A impliesB isnot A or B. And we said that

smoke or not smoke was valid already.

Examples
Interpretation that make
Sentence Valid? sentence’s truth value = f
smoke — smoke
valid
smoke v
-smoke
smoke — fire } satisfiable, gmoke = t, fire = f
not valid !
@ 6.034 - Spring 03 » 24
Side7.2.25

Hereisaform of reasoning that you hear people do alot, but the question is, is it okay?"Smoke implies
fireimplies not smoke implies not fire." It'sinvalid. We could show that by drawing out the truth table
(and you should do it as an exercise if the answer is not obvious to you). Another way to show that a
sentence is not valid is to give an interpretation that makes the sentence have the truth value f. In this
case, if we give "smoke" the truth value f and and "fire" the truth value t, then the whole sentence has

truth valuef.
Examples
Interpretation that make
Sentence Valid? sentence’s truth value = f
smoke — smoke
valid
smoke v
—smoke

smoke — fire satisfiable,

not valid

(s—=f)=2(-s—>-f)
not valid
contrapositive

(s—=f)=>(=f—-59)

} satisfiable,
} valid

smoke = t, fire = f

s=ff=t
s»f=t,-s—-f=f

6.034 - Spring 03 = 26

Examples

Interpretation that make

9)

Sentence Valid? sentence’s truth value = f
smoke — smoke
valid
smoke v
-smoke

6.034 - Spring 03 « 23

Slide7.2.24

What about "smoke implies fire"? It's satisfiable, because there's an interpretation of these two symbols
that makes it true. There are other interpretations that make it false. | should say, everything that's valid

isalso satisfiable.

Sentence Valid?

Examples

Interpretation that make
sentence’s truth value = f

smoke — smoke

} valid

not valid

Q)

smoke v

-smoke

smoke — fire } satisfiable,
not valid

(s5f (=520 } satisfiable,

smoke = t, fire = f

s=ff=t
s+f=t,-s—»-f=f

6.034 - Spring 03 = 25

Slide 7.2.26

Reasoning in the other direction is okay, though. So the sentence "smoke implies fire implies not fire
implies not smoke" isvalid. And for those of you who love terminology, thisthing is called the

contrapositive. So, if there's no fire, then there's no smoke.
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Slide 7.2.27
What about "b or d or (b implies d)"? We can rewrite that (using the definition of implication) into "b or Examples

dornot bord", whichisvalid, because in every interpretation either b or not b must be true. Interpretation that make
Sentence Valid? sentence’s truth value = f

smoke — smoke

smoke v
-smoke

smoke — fire satisfiable, gmoke = t, fire=f

not valid

(s —f) = (~s— - f) }satisfiable, S= f,f=t

not valid ssf=t,-ss-f=f
(s—+f—=(-fs-s) pvaid
bvdv(b—d) valid

bvdv-bvd

|
|
|
contrapositive }
}

@ 6.034 - Spring 03 » 27

Slide 7.2.28

Satisfiability The problem of deciding whether a sentence is satisfiable is related to constraint satisfaction: you have to

. . . find an interpetation i such that the sentence holds in that interpretation. That's analogous to finding an

* Related to constraint satisfaction assignment of values to variables so that the constraints are satisfied.

* Given a sentence S, try to find an interpretation i
such that holds(S,i)

* Analogous to finding an assignment of values to
variables such that the constraints hold

@ 6.034 - Spring 03 » 28

Slide 7.2.29
We could try to solve these problems using the brute-force method of enumerating all possible Satisfiability

interpretations, then looking for one that makes the sentence true. . . .
e Related to constraint satisfaction

* Given a sentence S, try to find an interpretation i
such that holds(S,i)

¢ Analogous to finding an assignment of values to
variables such that the constraints hold

e Brute force method: enumerate all interpretations
and check

@ 6.034 - Spring 03 = 29

Slide 7.2.30
Satisfiability Better would be to use methods from constraint satisfaction. There are anumber of search algorithms
that have been specially adapted to solving satisfiability problems as quickly as possible, using

* Related to constraint satisfaction combinations of backtracking, constraint propagation, and variable ordering.

e Given a sentence S, try to find an interpretation i
such that holds(S,i)

* Analogous to finding an assignment of values to
variables such that the constraints hold

* Brute force method: enumerate all interpretations
and check

e Better methods:
¢ heuristic search
e constraint propagation
e stochastic search

@ 6.034 - Spring 03 = 30
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Slide7.2.31
There are lots of satisfiability problems in the real world. They end up being expressed essentially as lists Satisfiability problems
of boolean logic expressions, where you're trying to find some assignment of values to variables that
makes the sentence true.
@ 6.034 - Spring 03 » 31
Slide 7.2.32
Satisfiability problems One example is scheduling nurses to work shiftsin a hospital. Different people have different
. . . constraints, some don't want to work at night, no individual can work more than this many hours out of
* Scheduling nurses to work in a hospital that many hours, these two people don't want to be on the same shift, you have to have at |east this many
* propositional variables represent, for example, per shift and so on. So you can often describe a setting like that as a bunch of constraints on a set of
that Pat is working on Tuesday at 2 variables.
¢ constraints on the schedule are represented
using logical expressions over the variables
@ 6.034 - Spring 03 » 32
Slide 7.2.33
There's an interesting application of satisfiability that's going on here at MIT in the Lab for Computer Satisfiability problems

Science. Professor Daniel Jackson's interested in trying to find bugs in programs. That's a good thing to

do, but (as you know!) it's hard for humans to do reliably, so he wants to get the computer to do it * Scheduling nurses to work in a hospital

automatically. e propositional variables represent, for example,
that Pat is working on Tuesday at 2

Oneway to do it isto essentially make a small example instance of a program. So an example of akind ¢ constraints on the schedule are represented

of program that he might want to try to find abug in would be an air traffic controller. The air traffic using logical expressions over the variables

controller has rules that specify how it works. So you could write down the logical specification of how « Finding bugs in software

the air traffic control protocol works, and then you could write down another sentence that says, "and
there are two airplanes on the same runway at the same time." And then you could see if thereisa
satisfying assignment; whether there is a configuration of airplanes and things that actually satisfies the . .
specifications of the air traffic control protocol and also has two airplanes on the same runway at the * use logic to describe how the program works and
same time. And if you can find one -- if that whole sentence is satisfiable, then you have a problem in to assert there is a bug

your air traffic control protocol. « if the sentence is satisfiable, you've found a bug!

* propositional variables represent state of the
program

@ 6.034 - Spring 03 = 33

6.034 Notes: Section 7.3
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Slide7.3.1

One reason for writing down logical descriptions of situationsis that they will alow usto draw

conclusions about other aspects of the situation we've described.

A Good Lecture?

Imagine we knew that:

o If today is sunny, then Tomas will be happy
(S—H)

¢ If Tomas is happy, the lecture will be good
(H—=G)

e Today is sunny (S)

Should we conclude that the lecture will be good?

A Good Lecture?

@ 6.034- Spring 03 » 1

Slide7.3.2
Imagine that we knew the following things to be true: If today is sunny, Tomas will be happy; if Tomas
is happy, the lecture will be good; and today is sunny.

Does this mean that the lecture will be good?

Side7.3.3
One way to think about thisis to start by figuring out what set of interpretations make our original Checking Interpretations

sentencestrue. Then, if Gistruein all those interpretations, it must be okay to conclude it from the

sentences we started out with (sometimes called our knowledge base).

Checking Interpretations

|| =h| =h| TN
MR R EE
=h| e | h e R | h T

@ 6.034 - Spring 03 = 4

@ 6.034 - Spring 03 = 3

Slide7.34
In auniverse with only three variables, there are 8 possible interpretations in total.
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Slide7.35
Only one of these interpretations makes all the sentences in our knowledge base true: S = true, H = true, Checking Interpretations
G =true.
S |H|G|S—=H |H=G |S
t |t |t |t t t
t |t |f |t f t
t |f |t |f t t
t (f |f |f t t
flt |t |t t f
f |t |f |t f f
f [f |t |t t f
f (f |f |t t f
@ 6.034- Spring 03 » 5
Slide 7.3.6
Checking Interpretations And it's easy enough to check that G istruein that interpretation, so it seems like it must be reasonable to
draw the conclusion that the lecture will be good. (Good thing!).
S|H|G|[S—=H |H=G |S |G
t |t |t |t t t |t
t |t |f [t f t |f
t |f |t |f t t |t
t |f |f |f t t |f
ftt|t t f |t Ie%:(tJS;je!
f [t |f [t f f f
ff |t |t t ot
f (f |f [t t f f
@ 6.034 - Spring 03 » 6
Slide7.3.7
If we added another variable to our domain, say whether Leslieis happy (L), then we'd have two Adding a Variable
interpretations that satisfy the KB: S=true, H = true, G = true, L = true; and S = true, H = true, G = true, Lls HIGIS=H =G Is |G
L =fase.
t |t |t |t |t t t |t
Gistruein both of these interpretations, so, again, if the KB istrue, then G must also be true. t |t |t |f [t f t f
t |t |f |t [f t t |t
t [t |f |f [f t t f
t |f [t |t [t t fot
t [f |t |f |t f f f
t [f |[f |t |t t f |t
t [f |f |f [t t f f
folt |t |t |t t t |t
f [t |t |f |t f t f
@ 6.034- Spring 03 = 7

true

Entailment

A knowledge base (KB) entails a sentence S iff every
interpretation that makes KB true also makes S

interpretations

6.034 - Spring 03 = 8

Slide 7.3.8

Thereisageneral ideacalled "entailment” that signifies arelationship between a knowledge base and
another sentence. If whenever the KB istrue, the conclusion has to be true (that is, if every interpretation
that satisfies the KB aso satisfies the conclusion), we'll say that the KB "entails" the conclusion. You
can think of entailment as something like "follows from", or "it's okay to conclude from".
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Slide7.3.9

The method of enumerating all the interpretations that satisfy the KB, and then checking to seeif the

conclusionistruein all of them is a correct way to test entailment.

Computing Entailment

e enumerate all interpretations
e select those in which all elements of KB are true

e check to see if S is true in all of those
interpretations

Way too many interpretations, in general!!

@ 6.034 - Spring 03 » 10

Slide7.3.11

So what we'd really likeis away to figure out whether a KB entails a conclusion without enumerating all

of the possible interpretations.

A proof isaway to test whether aKB entails a sentence, without enumerating al possible
interpretations. Y ou can think of it asakind of shortcut arrow that works directly with the syntactic
representations of the KB and the conclusion, without going into the semantic world of interpretations.

Proof

@ 6.034 - Spring 03 » 12

Computing Entailment

e enumerate all interpretations
e select those in which all elements of KB are true

e check to see if S is true in all of those
interpretations

@ 6.034- Spring 03 » 9

Slide 7.3.10

But now, what if we were to add 6 more propositional variables to our domain? Then we'd have 2/10 =
1024 interpretations to check, which is way too much work to do (and, in the first order case, well find
that we might have infinitely many intepretations, which is definitely too much work to enumerate!!).

Entailment and Proof

A proof is a way to test whether a KB entails a
sentence, without enumerating all possible
interpretations

A
T w5 )

interpretations interpretations

@ 6.034 - Spring 03 = 11

Slide7.3.12

So what is aproof system? Well, presumably al of you have studied high-school geometry; that's often
peopl€e's only exposure to formal proof. Remember that? Y ou knew some things about the sides and
angles of two triangles and then you applied the side-angle-side theorem to conclude -- at least peoplein
American high schools were familiar with side-angle-side -- The side-angle-side theorem allowed you to
conclude that the two triangles were similar, right?

That isformal proof. Y ou've got some set of rules that you can apply. Y ou've got some things written
down on your page, and you grind through, applying the rules that you have to the things that are written
down, to write some more stuff down until finally you've written down the things that you wanted to, and
then you get to declare victory. That's a proof. There are (at least) two styles of proof system; we're going
to talk about one briefly here and then go on to the other one at some length in the next two sections.

Natural deduction refersto a set of proof systems that are very similar to the kind of system you usedin
high-school geometry. Welll talk alittle bit about natural deduction just to give you aflavor of how it
goes in propositional logic, but it's going to turn out that it's not very good as ageneral strategy for
computers. It's a proof system that humans like, and then we'll talk about a proof system that computers
like, to the extent that computers can like anything.

file:///CJ/Documents%20and%20Settings/Admini strator/My%...aching/6.034/07/l essons/ Chapter 7/l ogi cl -handout-07.html (16 of 56)4/20/2007 7:46:49 AM



6.034 Artificial Intelligence. Copyright © 2007 by Massachusetts Institute of Technology. All rights reserved

Slide 7.3.13
A proof is a sequence of sentences. Thisis going to be truein amost al proof systems. Proof

* Proof is a sequence of sentences

@ 6.034 - Spring 03 » 13

Side7.3.14
Proof First welll list the premises. These are the sentences in your knowledge base. The things that you know to
start out with. You're allowed to write those down on your page. Sometimes they're called the "givens."

* Proof is a sequence of sentences Y ou can put the givens down

» First ones are premises (KB)

@ 6.034 - Spring 03 » 14

Slide 7.3.15
Then, you can write down on anew line of your proof the results of applying an inference rule to the Proof

previous lines. .
* Proof is a sequence of sentences

» First ones are premises (KB)

e Then, you can write down on the next line the result
of applying an inference rule to previous lines

@ 6.034 - Spring 03 = 15

Slide 7.3.16
Proof Then, when a sentence Sis on some line, you have proved S from KB.

* Proof is a sequence of sentences
¢ First ones are premises (KB)

e Then, you can write down on the next line the result
of applying an inference rule to previous lines

e When S is on a line, you have proved S from KB

@ 6.034 - Spring 03 = 16
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Slide 7.3.17
If your inference rules are sound, then any Syou can prove from KB is, in fact, entailed by KB. That is, Proof

it's legitimate to draw the conclusion S from the assumptionsin KB. .
* Proof is a sequence of sentences

o First ones are premises (KB)

* Then, you can write down on the next line the result
of applying an inference rule to previous lines

e When S is on a line, you have proved S from KB

o If inference rules are sound, then any S you can
prove from KB is entailed by KB

@ 6.034 - Spring 03 » 17

Slide7.3.18

Proof If your rules are complete, then you can use KB to prove any Sthat is entailed by the KB. That is, you
. can prove any legitimate conclusion.

* Proof is a sequence of sentences

* First ones are premises (KB) Wouldn't it be great if you were sound and complete derivers of answers to problems? Y ou'd always get
e Then, you can write down on the next line the result an answer and it would always be right!
of applying an inference rule to previous lines

e When S is on a line, you have proved S from KB

o If inference rules are sound, then any S you can
prove from KB is entailed by KB

o If inference rules are complete, then any S that is
entailed by KB can be proved from KB

@ 6.034 - Spring 03 » 18

Slide 7.3.19
So let's |00k at inference rules, and learn how they work by example. We'll look at natural-deduction Natural Deduction

rules first, because they're easiest to understand. .
Some inference rules:

@ 6.034 - Spring 03 = 19

Slide 7.3.20

Natural Deduction Here's afamous one (first written down by Aristotle); it has the great Latin name, "modus ponens’,
. which means "affirming method".

Some inference rules:

It saysthat if you have "Alphaimplies Beta" written down somewhere on your page, and you have
Alphawritten down somewhere on your page, then you can write beta down on anew line. (Alphaand
Beta here are metavariables, like Phi and Psi, ranging over whole complicated sentences). It's important

a—p to remember that inference rules are just about ink on paper, or bits on your computer screen. They're not
b about anything in the world. Proof isjust about writing stuff on a page, just syntax. But if you're careful
B in your proof rules and they're all sound, then at the end when you have some bit of syntax written down
on your page, you can go back viathe interpretation to some semantics. So you start out by writing down
;1?11‘;55 some facts about the world formally as your knowledge base. Y ou do stuff with ink and paper for awhile
and now you have some other symbols written down on your page. Y ou can go look them up in the
world and say, "Oh, | see. That's what they mean.”
@ 6.034 - Spring 03 = 20
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Slide7.3.21
Here's another inference rule. “Modus tollens" (denying method) says that, from "alphaimplies beta" and Natural Deduction
"not beta" you can conclude "not alpha’. .
Some inference rules:
a— B a—f
o - B
B -
Modus Modus
ponens tolens
. Slide7.3.22
Natural Deduction And-introduction say that from "Alpha" and from "Beta" you can conclude "Alphaand Beta'. That
. seems pretty obvious.
Some inference rules:
a—f a—f o
a -B B
B - a AP
Modus Modus And-
ponens tolens introduction
Slide 7.3.23 .
Conversely, and-elimination says that from "Alphaand Beta" you can conclude "Alpha". Natural Deduction
Some inference rules:
a—B a—B a
[ - B B aAp
B -a aAB a
Modus Modus And- And-
ponens tolens introduction elimination
@ 6.034 - Spring 03 » 23
: Slide7.3.24
Natural deduction example Now let's do a sample proof just to get the idea of how it works. Pretend you're back in high school
Prove S
Step | Formula Derivation
@ 6.034 - Spring 03 = 24
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Slide 7.3.25
We'll start with 3 sentences in our knowledge base, and we'll write them on the first three lines of our Natural deduction example
proof: (Pand Q), (PimpliesR), and (Q and Rimply S).
Prove S
Step | Formula Derivation
1 PAQ Given
2 P—R Given

3 (QAR)— S |Given

@ 6.034- Spring 03 # 25
Slide 7.3.26
Natural deduction example From line 1, using the and-elimination rule, we can conclude P, and write it down on line 4 (together
Prove S with areminder of how we derived it).
Step | Formula Derivation
1 PAQ Given
2 P—R Given
3 (QAR)—=S |Given
4 P 1 And-Elim
@ €.034- Spring 03 # 26
Slide 7.3.27
From lines 4 and 2, using modus ponens, we can conclude R. Natural deduction example
Prove S
Step | Formula Derivation
1 PAQ Given
2 P—R Given
3 (QAR)—=S |Given
4 P 1 And-Elim
5 R 4,2 Modus Ponens
® 6.034- Spring 03 # 27
Slide 7.3.28
Natural deduction example From line 1, we can use and-elimination to get Q.
Prove S
Step | Formula Derivation
1 PAQ Given
2 P—R Given
3 (QAR)—=S |Given
4 P 1 And-Elim
5 R 4,2 Modus Ponens
6 Q 1 And-Elim
o 6.034- Spring 03 =28
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Srlc?ni nr?é% and 6, we can use and-introduction to get (Q and R). Natural deduction example
Prove S
Step | Formula Derivation
1 PAQ Given
2 P—R Given
3 (QAR)—=S |Given
4 P 1 And-Elim
5 R 4,2 Modus Ponens
6 Q 1 And-Elim
7 QAR 5,6 And-Intro
@ 6.034 - Spring 03 « 29

Natural deduction example ?:Ir?aﬁzgfri?n lines 7 and 3, we can use modus ponens to get S. Whew! We did it!
Prove S
Step | Formula Derivation
1 PAQ Given
2 P—R Given
3 (QAR)—=S |Given
4 |P 1 And-Elim
5 R 4,2 Modus Ponens
6 Q 1 And-Elim
7 QAR 5,6 And-Intro
8 S 7,3 Modus Ponens
@ €.034- Spring 03 + 30
Slide 7.3.31
The process of formal proof seems pretty mechanical. So why can't computers do it? Proof systems
They can. For natural deduction systems, there are alot of "proof checkers", in which you tell the system * There are many natural deduction systems; they are

what conclusion it should try to draw from what premises. They're always sound, but nowhere near iplesilly: “prof checkers', saunt Bt RRE EoTpiets

complete. You typically have to ask them to do the proof in baby steps, if you're trying to prove anything
at all interesting.

@ 6.034 - Spring 03 » 31
Slide 7.3.32
Proof systems Part of the problem isthat they have alot of inference rules, which introduces a very big branching
. factor in the search for proofs.
* There are many natural deduction systems; they are
typically “proof checkers”, sound but not complete
e Natural deduction uses lots of inference rules which
introduces a large branching factor in the search for a
proof.
@ 6.034 - Spring 03 = 32

file:///CJ/Documents%20and%20Settings/Admini strator/My%...aching/6.034/07/l essons/ Chapter 7/l ogi cl -handout-07.html (21 of 56)4/20/2007 7:46:49 AM



6.034 Artificial Intelligence. Copyright © 2007 by Massachusetts Institute of Technology. All rights reserved

Slide7.3.33
Another big problem is the need to do "proof by cases'. What if you wanted to prove R from (P or Q), (Q Proof systems
impliesR), and (P implies R)? Y ou have to do it by first assuming that P istrue and proving R, then
assuming Q istrue and proving R. And then finally applying arule that allows you to conclude that R
follows no matter what. This kind of proof by cases introduces another large amount of branching in the
space.

* There are many natural deduction systems; they are
typically “proof checkers”, sound but not complete

¢ Natural deduction uses lots of inference rules which
introduces a large branching factor in the search for a
proof.

e In general, you need to do “proof by cases” which
introduces even more branching.

Prove R
1|PvQ
2|Q =R
3|P=R
® i spikias o3
Slide7.3.34
Propositional Resolution An alternative is resolution, asingleinference rule that is sound and complete, all by itself. It's not very

. intuitive for humansto use, but it's great for computers.
e Resolution rule:

avp Resolution requires all sentences to be first written in a specia form. So the next section will investigate
“Bvy that special form, and then we'll return to resolution.
avy

¢ Single inference rule is a sound and complete proof
system

* Requires all sentences to be converted to
conjunctive normal form

@ 6.034 - Spring 03 » 34

6.034 Notes: Section 7.4

Slide7.4.1
Now we're going to start talking about first-order logic, which extends propositional logic so that we . .
can talk about things. First-Order Logic

@ 6.034 - Spring 03 « 1
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Slide7.4.2

In propositional logic, all we had were variables that stood, not for thingsin the world or even quantities,
but just facts, Boolean statements that might or might not be true about the world, like whether it's
raining, or greater than 67 degrees; but you couldn't have variables that stood for tables or books, or the
temperature, or anything like that. And asiit turns out, that's an enormously limiting kind of
representation.

First-Order Logic

* Propositional logic only deals with “facts”,
statements that may or may not be true of the
world, e.g., “It is raining”. But, one cannot have
variables that stand for books or tables.

@ 6.034 - Spring 03 » 2

Slide7.4.3
In first-order logic, variables refer to thingsin the world and you can quantify over them. That is, you

can talk about all or some of them without having to name them explicitly. First-Order Logic

* Propositional logic only deals with “facts”,
statements that may or may not be true of the
world, e.g., "It is raining”. But, one cannot have
variables that stand for books or tables.

¢ In first-order logic, variables refer to things in the
world and, furthermore, you can quantify over
them: talk about all of them or some of them
without having to name them explicitly.

@ 6.034 - Spring 03+ 3

Slide7.4.4
FOL motivation There are lots of examples that show how propositional logic is inadequate to characterize even
moderately complex domains. Here are some more examples of the kinds of things that you can say in

e Statements that cannot be made in propositional first-order logic, but not in propositional logic

logic but can be made in FOL

@ 6.034 - Spring 03 » 4
Slide7.4.5 . -
"When you paint the block, it becomes green." Y ou might have a proposition for every single aspect of FOL motivation

the situation, like "if thisblock isblack and | paint it, it becomes green" and "if that block isred and |
paint it, it becomes green" and "if block #5 isgreen and | paint it, it becomes green”. But you'd have to
have one of those propositions for every single initial block color, or every single block, or every single
object (if you have non-blocks, too) in the world. Y ou couldn't say that, as ageneral fact, "after you paint
something if becomes green.”

Statements that cannot be made in propositional
logic but can be made in FOL
e When you paint a block with green paint, it
becomes green.

- In propositional logic, one would need a statement
about every single block, one cannot make the general
statement about all blocks.

6.034 - Spring 03« 5 (E
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Statements that cannot be made in propositional
logic but can be made in FOL
¢ When you paint a block with green paint, it
becomes green.

- In propositional logic, one would need a statement
about every single block, one cannot make the general
statement about all blocks.

¢ When you sterilize a jar, all the bacteria are
dead.

- In FOL, we can talk about all the bacteria without
naming them explicitly.

@ 6.034 - Spring 03+ 6

Slide7.4.7

In the context of providing flexible computer security, you might want to prove or try to understand
whether someone should be allowed access to aweb site. And you could say: a person should have
access to this web site if they've been personally, formally authorized to use this web site or if they are
known to someone who has access to the web site. So you could write ageneral rule that says that and

6.034 Artificial Intelligence. Copyright © 2007 by Massachusetts Institute of Technology. All rights reserved

Slide 7.4.6

Let's say you want to talk about what happens when you sterilize ajar. It kills all the bacteriain thejar.
Now, you don't want to have to name all the bacteria; to have to say, bacterium 57 is dead, and bacterium
93 isdead. Each one of those guysis dead. All the bacteria are dead now. So you'd like to have away not
only to talk about things in the world, but to talk about all of them, or some of them, without naming any
of them explicitly.

FOL motivation

Statements that cannot be made in propositional
logic but can be made in FOL

then some other system or this system could try to prove that you should have access to the web site. In
this case, what that would mean would be going to look for a chain of people that are authorized or
known to one another that bottoms out in somebody wha's known to this web site.

* When you paint a block with green paint, it
becomes green.
- In propositional logic, one would need a statement
about every single block, one cannot make the general

FOL syntax

@ 6.034 - Spring 03+ 8

Slide 7.4.9

The big difference between propositional logic and first-order logic is that we can talk about things, and
so there's anew kind of syntactic element called aterm. And the term, as we'll see when we do the
semantics, is aname for athing. It's an expression that somehow names a thing in the world. There are

three kinds of terms:

statement about all blocks.
* When you sterilize a jar, all the bacteria are
dead.
- In FOL, we can talk about all the bacteria without
naming them explicitly.
* A person is allowed access to this Web site if
they have been formally authorized or they are
known to someone who has access.

@ 6.034 - Spring 03+ 7

Slide7.4.8

First-order logic lets us talk about thingsin the world. It'salogic like propositional logic, but somewhat
richer and more complex. We'll go through the material in the same way that we did propositional logic:
we'll start with syntax and semantics, and then do some practice with writing down statements in first-
order logic.

FOL syntax

e Term

@ 6.034 - Spring 03+ 9
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Slide 7.4.10
FOL syntax

e Term
» Constant symbols: Fred, Japan, Bacterium39

@ 6.034 - Spring 03 » 10

Slide 7.4.11

Then there are variables, which are not really syntactically differentiated from constant symbols. Welll
use capital letters to start constant symbols (think of them as proper names), and lower-case letters for
term variables. (It'simportant to note, though, that this convention is not standard, and in some logic
contexts, such as the programming language Prolog, they adopt the exact opposite convention).

Slide 7.4.12
FOL syntax

e Term
« Constant symbols: Fred, Japan, Bacterium39
* Variables: x, y, a
¢ Function symbol applied to one or more terms: f(x),
f(f(x)), mother-of(John)

6.034 - Spring 03 » 12 (E

Slide 7.4.13

In propositional logic we had sentences. Now, in first-order logic it's alittle bit more complicated, but

not alot. So what's a sentence? There's another kind of symbol called a predicate symbol. A predicate
symbol is applied to zero or more terms. Predicate symbols stand for relations, so we might have things
like On(A,B) or Sister (Jane, Joan). On and Sister are predicate symbols; a, b, Jane, Joan, and mother -
of(John) areterms.

A predicate applied to zero terms is what's sometimes called a sentential variable or a propositional
variable. It was our old kind of variable that we had before in propositional logic, like "it's-raining.” It'sa
little bit of an artifice, but we'll take predicates with no arguments to be variables that have values true or
false.

6.034 Artificial Intelligence. Copyright © 2007 by Massachusetts Institute of Technology. All rights reserved

There are constant symbols. They are names like Fred or Japan or Bacterium39. Those are symbols
that, in the context of an interpretation, name a particular thing.

FOL syntax

e Term
« Constant symbols: Fred, Japan, Bacterium39
¢ Variables: x, y, a

6.034 - Spring 03 » 11

The last kind of term is afunction symbal, applied to one or more terms. Wel'll use lower-case for
function symbols as well. So another way to make a name for something is to say something like f(x). If
f isafunction, you can giveit aterm and then f(x) names something. So, you might have mother -of
(John) or f(f(x)). Note that a function with no terms would be a constant.

These three kinds of terms are our ways to name thingsin the world.

FOL syntax

e Term
» Constant symbols: Fred, Japan, Bacterium39
e Variables: x, y, a
* Function symbol applied to one or more terms: f(x),
f(f(x)), mother-of(John)
* Sentence
* A predicate symbol applied to zero or more terms:
On(a,b), Sister(Jane, Joan), Sister(mother-of(John), Jane)

6.034 - Spring 03 » 13 (E
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Side7.4.14
FOL syntax A sentence can also be of the form t; = t,. We're going to have one special predicate called equality. You

& Term can say thisthing equals that thing, written term, equal-sign, term.

» Constant symbols: Fred, Japan, Bacterium39

s Variables: x, y, a

» Function symbol applied to one or more terms: f(x),
f(f(x)), mother-of(John)

e Sentence

» A predicate symbol applied to zero or more terms:
On(a,b), Sister(Jane, Joan), Sister(mother-of(John), Jane)

o ty=t,

@ 6.034 - Spring 03 » 14

Slide 7.4.15
There are two more new constructs. If v isavariable and Phi is a sentence then (upside-down-A v . FOL syntax
phi), and (backwar ds-E v . phi) are sentences. Y ou've probably seen these symbols before informally as . Term
"for al" and "there exists", and that's what they're going to mean for us, too. + Constant symbols: Fred, Japan, Bacterium39
e Variables: x, y, a
* Function symbol applied to one or more terms: f(x),
f(f(x)), mother-of(John)
e Sentence

» A predicate symbol applied to zero or more terms:
On(a,b), Sister(Jane, Joan), Sister(mother-of(John), Jane)

" t;=t;

¢ If v is @ variable and @ is a sentence, then vv.® and Jv.®
are sentences.

@ 6.034 - Spring 03 » 15

Slide 7.4.16

FOL syntax Finally we have closure under the sentential operators that we had before, so you can make complex
sentences out of other sentences using and, or, not, implies, equivalence (also called biconditional), and
parentheses, just as before in propositional logic. All that basic connective structure is still the same, but
the things that we can say on either side have gotten alittle bit more complicated.

e Term
« Constant symbols: Fred, Japan, Bacterium39
* Variables: x, y, a
¢ Function symbol applied to one or more terms: f(x),
f(f(x)), mother-of(John) All right, that's our syntax. That's what we get to write down on our page.
* Sentence
» A predicate symbol applied to zero or more terms:
On(a,b), Sister(Jane, Joan), Sister(mother-of(John), Jane)
ot =t;
¢ If v is a variable and @ is a sentence, then vv.® and 3v.®
are sentences.
» Closure under sentential operators: Av - — ()

6.034 - Spring 03 » 16 (E
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Slide7.5.1

We're going to do the semantics informally. Thisisn't really going to look informal to you, but
compared to the sorts of things that logicians write down, it's pretty informal. In propositional logic, an e Interpretation I
interpretation (1) is an assignment of truth values to sentential variables. Now an interpretation's going
to be something more complicated. An interpretation is made up of a set and three mappings.

FOL Interpretations

e Interpretation I

o U set of objects
(called “domain of discourse” or “universe”)

Side7.5.3
There's a mapping from constant symbols to elements of U, specifying how names are connected to FOL Interpretations

objectsin theworld. So | might have the constant symbol, Fred, and | might have a particular personin
the universe, and then the interpretation of the symbol Fred could be that person.

FOL Interpretations

e Interpretation I

o U set of objects
(called “domain of discourse” or “universe”)

* Maps constant symbols to elements of U

e Maps predicate symbols to relations on U
(binary relation is a set of pairs)

@ 6.034 - Spring 03+ 4

FOL Interpretations

6034-Spring 0321

Slide7.5.2

The set isthe universe, U, which is a set of objects. So what's an object? Well, redlly, it could be this
chair and that chair and these pieces of chalk or it could be all of you guys or it could be some trees out
there, or it could be rather more abstract objects like meetings or pointsin time or numbers. An object
could be anything you can think of, and the universe can be any set (finite or infinite) of objects. The
universe is also sometimes called the "domain of discourse.”

e Interpretation I

o U set of objects
(called “domain of discourse” or “universe”)

® Maps constant symbols to elements of U

@ 6.034 - Spring 03+ 3

Slide7.5.4

The next mapping is from predicate symbols to relations on U. An n-ary relation isaset of lists of n
objects, saying which groups of things stand in that particular relation to one another. A binary relationis
aset of pairs. Soif | have abinary relation brother-of and U is abunch of people, then the relation
would be the set of all pairs of people such that the second is the brother of the first.
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Slide 7.5.5
The last mapping is from function symbols to functions on U. Functions are a special kind of relation, in FOL Interpretations
which, for any particular assignment of the first n-1 elementsin each list, there is asingle possible .
assignment of the last one. In the br other -of relation, there could be many pairs with the same first item * Interpretation I
and adifferent second item, but in afunction, if you have the same first item then you have to have the * U set of objects
same second item. So that means you just name the first item and then there's a unique thing that you get (called “"domain of discourse” or "universe”)
from applying the function. So it's OK for mother-of to be a function, discounting adoptions and other * Maps constant symbols to elements of U
unusual situations. We will aso, for now, assume that our functions are total, which means that thereis * Maps predicate symbols to relations on U
an entry for every possible assignment of the first n-1 elements. (binary relation is a set of pairs)
e Maps function symbols to functions on U
So, the last mapping is from function symbols to functions on the universe. (function is a binary relation with a single pair for each

element in U, whose first item is that element)

@ 6.034 - Spring 03 « 5

Slide 7.5.6
Denotation of Terms Before we can do the part of semantics that says what sentences are true in which interpretation, we have
to talk about what terms mean. Terms name things, but we like to be fancy so we say aterm denotes

Terms name objects in U something, so we can talk about the denotation of aterm, that is, the thing that aterm names.

@ 6.034 - Spring 03+ 6

Slide7.5.7
The denotations of constant symbols are given directly in the interpretation. Denotation of Terms
Terms name objects in U
e I(Fred) if Fred is constant, then given
@ 6.034 - Spring 03« 7
; Slide7.5.8
Denotation of Terms The denotation of avariable is undefined. What does x mean, if x isavariable? The answer is, "mu." It
. . doesn't mean anything. That's a Zen joke. If you don't get it, don't worry about it.
Terms name objects in U
o I(Fred) if Fred is constant, then given
o I(x) if x is a variable, then undefined
@ 6.034 - Spring 03 » 8

file:///CJ/Documents%20and%20Settings/Admini strator/My%...aching/6.034/07/l essons/ Chapter 7/l ogi cl -handout-07.html (28 of 56)4/20/2007 7:46:49 AM



6.034 Artificial Intelligence. Copyright © 2007 by Massachusetts Institute of Technology. All rights reserved

Slide7.5.9
The denotation of acomplex term is defined recursively. So, to find the interpretation of afunction Denotation of Terms
symbol applied to some terms, first you look up the function symbol in the interpretation and get a

function. (Remember that the function symbol is a syntactic thing, ink on paper, but the function it

denotesis an abstract mathematical object.) Then you find the interpretations of the component terms,
which will be objectsin U. Finally, you apply the function to the objects, yielding an object in U. And e I(Fred) if Fred is constant, then given
that object is the denotation of the complex term.

Terms name objects in U

e I(x) if x is a variable, then undefined

o I(f(ty, - ta))  I(A(ICEL), - 1))

@ 6.034 - Spring 03 9

Slide 7.5.10

Holds In the context of propositional logic, we looked at the rules of semantics, which told us how to determine
whether a sentence was true in an interpretation. Now, in first-order logic, we'll add some semantic rules,
for the new kinds of sentences we've introduced. One of our new kinds of sentencesis a predicate
symbol applied to a bunch of terms. That's a sentence, which is going to have a truth value, true or false.

When does a sentence hold in an interpretation?

Slide7.5.11
To figure out its truth value, we first use the denotation rules to find out which objects are named by each Holds

of the terms. Then, we look up the predicate symbol in the interpretation, which gives us amathematical
relation on U. Finaly, we look to seeif the list of objects named by the termsis a member of the relation.
If s0, the sentence is true in the given interpretation.

When does a sentence hold in an interpretation?
* P is a relation symbol
ot,, ..., t, are terms

holds(P(t,, ..., t,), I) iff <I(t,), .., I(t,)> € I(P)

@ 6.034 - Spring 03 » 11

Slide 7.5.12
Holds Let'slook at an example. Imagine we want to determine whether the sentence Brother (Jon,Joe) is true

. . . in some interpretation.
When does a sentence hold in an interpretation? P

¢ P is a relation symbol
oty, ..., t, are terms
holds(P(t, ..., t,), I) iff <I(ty), ..., I(t,)> € I(P)

Brother(Jon, Joe)??

@ 6.034 - Spring 03 » 12
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Slide 7.5.13
First, we look up the constant symbol Jon in the interpretation and find that it names this guy with Holds

glasses. When does a sentence hold in an interpretation?

e P is a relation symbol
ot,, ..., t, are terms

holds(P(t,, ..., t,), 1) iff <I(t,), .., I(t,)> € I(P)

Brother(Jon, Joe)??
*I(Jon) = § [an element of U]

Sliide7.5.14
Holds Then we look up Joe and find that it names this angry-looking guy.
When does a sentence hold in an interpretation?
e P is a relation symbol
ot,, ..., t, are terms
holds(P(t;, ..., t,), I) iff <I(t,), ..., I(t,)> € I(P)
Brother(Jon, Joe)??
eI(Jon) = ﬁ [an element of U]
*I(Joe) = ® [an element of U]
Sliide7.5.15
Now we look up the predicate symbol Brother and find that it denotes this complicated relation. Holds
When does a sentence hold in an interpretation?
* P is a relation symbol
ot,, ..., t, are terms
holds(P(t;, ..., t,), I) iff <I(ty), ..., I(t,)> € I(P)
Brother(Jon, Joe)??
eI(Jon) = & [an element of U]
e I(Joe) = [an element of U]
-I(Brother@: {<@s,9 >,<_@_@ >, <>, )
@ 6.034 - Spring 03 » 15
Slide 7.5.16
Holds Finally, we look up the pair of the guy with glasses and the angry-looking guy, to seeif they'rein the

relation. They are, so the sentence must be true in that interpretation. It's easy to think of lots of other

When does a sentence hold in an interpretation? interpretations in which it wouldn't be true (and lots of othersin which it would).

¢ P is a relation symbol
oty, ..., t, are terms

holds(P(t, ..., t,), I) iff <I(ty), ..., I(t,)> € I(P)
Brother(Jon, Joe)??

*I(Jon) = @ [an element of U]
e I(Joe) = @ [an element of U]

e I(Brother {<@a,e >,<g_@ >, <.,.>, ..}

¢ holds(Brother(Jon, Joe), I)

@ 6.034 - Spring 03 » 16
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Slide 7.5.17

Another new kind of sentence we introduced has the form term, = term,. The semantics are pretty
unsurprising: if the object denoted by ter m, is the same as the object denoted by term,, then the

sentence holds.

Equality

holds(t; = t, I) iff I(t;) is the same object as I(t,)
Jon = Jack ?

eI(Jon) = @ [an element of U]
eI(Jack) =@ [an element of U]

¢ holds(Jon = Jack, I)

@ 6.034 - Spring 03 » 18

Slide7.5.19

Slide7.5.18

9)

Equality

holds(t, = t, I) iff I(t,) is the same object as I(t,)

6.034 - Spring 03 » 17

It'simportant to note that two different constant symbols can denote the same object in the universe; so
thisis not atest on equality of names.

We might have an interpretation that maps the symbols Jon and Jack both into the same guy. In that

case, Jon = Jack holdsin .

Now we have to figure out how to tell whether sentences with quantifiersin them are true.

Semantics of Quantifiers

Extend an interpretation I to bind variable x to
elementa cU: I,

@ 6.034 - Spring 03 = 20

Slide 7.5.20

Q)

Semantics of Quantifiers

6.034 - Spring 03 » 19

In order to talk about quantifiers we need the idea of extending an interpretation. We would like to be
able to extend an interpretation to bind variable x to value a. We'll write that as| with x bound to a.
Here, x isavariable and a is an object; an element of U. Theideaisthat, in order to understand whether
asentence that has variablesin it is true or not, we have to make various temporary assignments to the
variables and see what the truth value of the sentence is. Binding x to aiskind of like adding x asa
constant symbol to I. It'skind of like temporarily binding a variable in a programming language.
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Slide7.5.21
Now, how do we evaluate the truth under interpretation I, of the statement for all x, Phi? So how do we Semantics of Quantifiers
know if that's true? Well, it'strueif and only if Phi istrueif for every possible binding of variable x to
thing in the world a. Okay? For every possible thing in the world that you could plug in for x, this
statement's true. That's what it means to say for all x, Phi.

Extend an interpretation I to bind variable x to
elementa c U: I,

e holds(vx.®, I) iff holds(®, I,,,) for alla e U

@ 6.034 - Spring 03 » 21

Slide 7.5.22
Semantics of Quantifiers Similarly, to say that there exists x such that Phi, it means that Phi has to be true for some ain U. That

Extend an interpretation I to bind variable x to isto say, there has to be something in the world such that if we plug that in for x, then Phi becomes true.

elementa e U: I,

* holds(vx.®, I) iff holds(®, I,,,) for alla e U
e holds(3x.®, I) iff holds(®, I,,,) for somea € U

Slide 7.5.23
It's hard to understand the precedence of these operators using the usual rules. A quantifier is understood Semantics of Quantifiers
tc;ragglﬁle;)sevewthmg toitsright in the formula, stopping only when it reaches an enclosing close Extend an interpretation I to bind variable x to
p ) elementa c U: I,

e holds(vx.®, I) iff holds(®, I,,,) for alla € U

e holds(3x.®, I) iff holds(®, 1,,,) for some a € U

Quantifier applies to formula to right until an
enclosing right parenthesis:
@ 6.034 - Spring 03 » 23
) . Slide7.5.24
Semantics of Quantifiers So in this example sentence, the for all x applies until the close paren after the first Q(x); and the exists

Extend an interpretation I to bind variable x to X applies o the end of the sentence.

elementa cU: I,

* holds(vx.®, I) iff holds(®, I,,,) foralla e U
e holds(3x.®, I) iff holds(®, I,,,) for some a ¢ U

Quantifier applies to formula to right until an
enclosing right parenthesis:

(Vx.P(x)v Q(x)) ATx.R(x) = Q(x)

@ 6.034 - Spring 03 = 24
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Slide7.5.25
All right, let'swork on an example. Here's a picture of

our world.

FOL Example Domain

U= {-IAI.IO}

®

The Real
World

6.034 - Spring 03 » 26

Slide 7.5.27
We have one constant symbol, Fred.

FOL Example Domain

.U = {.IAI.IO}
* Constants: Fred

* Preds: Above?, Circle!, Ovall, Square! '

The Real
World

6.034 - Spring 03 » 28

FOL Example Domain

The Real
World

6.034 - Spring 03 » 25

9)

Slide 7.5.26
There are four thingsin our U. Here they are.

FOL Example Domain

eU={mA@O}
e Constants: Fred

The Real
World

6.034 - Spring 03 » 27

Q)

Slide 7.5.28

We have four predicates: Above, Circle, Oval, Square. The numbers above them indicate their arity, or
the number of arguments they take. Now these particular predicate names suggest a particular
interpretation. The fact that | used this word, "circle", makes you guess that probably the interpretation of
circleis going to be true for the red object. But of course it needn't be. The fact that those marks on the
page are like an English word that we think means something about the shape of an object, that doesn't
meatter. The syntax is just some words that we write down on our page. But it helps us understand what's
going on. It'sjust like using reasonable variable names in a program that you might write. When you call
avariable "the number of times I've been through thisloop," that doesn't mean that the computer knows
what that means. It's the same thing here.
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Slide 7.5.29

And we have one function symbol, called hat, that takes a single argument.

FOL Example Domain
.U = {-IAI.IO}
e Constants: Fred

e Function: hat
e I(Fred) = A

®

® Preds: Above?, Circle!, Oval!, Square! '

The Real
World

6.034 - Spring 03 » 30

Slide7.5.31

Slide 7.5.30

9)

FOL Example Domain

U={mA,®@O}
e Constants: Fred

* Preds: Above?, Circle!, Oval!, Square! '

e Function: hat

The Real
World

6.034 - Spring 03 » 29

Now we can talk about a particular interpretation, |. We'll define | so that | (Fred) isthe triangle.

Now, what kind of athing is | (Above)? Well, Above is a predicate symbol, and the interpretation of a FOL Example Domain
predicate symbol isarelation, so | (Above) is arelation. Here's the particular relation we define it to be;
it'saset of pairs, because Above has arity 2. It contains every pair of objects for which we want the

relation Above to be true.

U= {mar,@o} .
e Constants: Fred

* Preds: Above?, Circle!, Oval!, Square!

¢ Function: hat A
o I(Fred) = A

e I(Above) = {<H ,A >,<@,o>}

The Real
World

@ 6.034 - Spring 03 » 31

Slide 7.5.32
The interpretation of Circleisaunary relation. Asyou might expect in thisworld, it's the singleton set,
whose element is a one-tuple containing the circle. (Of course, it doesn't have to be!).

FOL Example Domain

U= {mae0°)} .
e Constants: Fred

* Preds: Above?, Circle!, Ovall, Square!
e Function: hat A O
eI(Fred) =a

eI(Above) = {<H ,A >, <@, o>} The Real
e I(Circle) = {<@>} Werld
@ 6.034 - Spring 03 » 32
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Slide 7.5.33
We'l interpret the predicate Oval to be true of both the oval object and the round one (circlesare a FOL Example Domain
special case of ovals, after all).
eU={mae0°} . .
e Constants: Fred
* Preds: Above?, Circle!, Oval!, Square!
e Function: hat A O
eI(Fred) =a
e I(Above) = {<H ,A >,<@,0o>} The Real
e I(Circle) = {<@>} World

FOL Example Domain
U= {ma0°)} . .
» Constants: Fred
® Preds: Above?, Circle!, Oval!, Square!
e Function: hat A O

eI(Fred) =A
eI(Above) = {<H ,A >, <@, o>} The Real
e I(Circle) = {<@®>} World
eI(Oval) = {<@>,<o>}

el(hat) = {<Aa B >,<c,0>,<mm>,<0,0>}

@ 6.034 - Spring 03 » 34

Slide 7.5.35

Finally, just to cause trouble, we'll interpret the predicate Squar e to be true of the triangular object. FOL Example Domain
U={maeo} . ‘
e Constants: Fred
* Preds: Above?, Circle!, Oval!, Square!
e Function: hat A O
o I(Fred) = A
e I(Above) = {<H ,A >,<@, o>} The Real

FOL Example

o [(Fred) =A

e [(Above) = {<H,A>,<@,O>}

o [(Circle) = {<@>}

e I(Oval) = {<@>,<O>}

e I(hat) = {<A B>, <O,@>
<H,m>,<@ .@>}

e holds(Square(Fred), I) ? |, I(Square) = {<A>}

6.034 - Spring 03 = 36

eI(Oval) = {<@>,<c >}

@ 6.034 - Spring 03 » 33

Slide 7.5.34

And welll say that the hat of the triangle is the square and the hat of the oval isthe circle. If we stopped at
this point, we would have a function, but it wouldn't be total (it wouldn't have an entry for every possible
first argument). So, we'll make it total by saying that the square's hat is the square and the circle's hat is
thecircle.

¢I(Circle) = {<@>} World

eI(Oval) = {<@>,<o>}
hd I(hat) = {<A > <0,0>,<mmE>,<0,0 >}
e I(Square) = {<A >}

@ 6.034 - Spring 03 » 35

Slide 7.5.36

Now, let's find the truth values of some sentencesin this interpretation. What about Squar e(Fred), is
that truein thisinterpretation? Y es. We look to see that Fred denotes the triangle, and then we look for
the triangle in the relation denoted by square, and we find it there. So the sentenceistrue.
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Slide 7.5.37
What about this one? Is Fred above its hat? FOL Example
e I(Fred) =A
e [(Above) = {<H,A>,<@,O>}
e I(Circle) = {<@>}
e I[(Oval) = {<@>,<O>}
e I(hat) = {<A ,H>,<O,@>
<H,m>,<@.@>}
o holds(Square(Fred), I) ? |, I(Square) = {<A>}
yes
* holds(Above(Fred, hat(Fred)), I) ?
Slide 7.5.38
FOL Example Let's start by asking the question, what's the denotation of the term, hat(Fred)?
e I(Fred) =A
 I(Above) = {<H,A>,<@,O>} It's the square, right? We look up Fred, and get the triangle. Then we look in the hat function, and, sure
o I(Circle) = {<@>} enough, there's a pair with triangle first and square second. So hat(Fred) is a square.
e [(Oval) = {<@>,<O>}
e I(hat) = {<A,H>,<O,@>
<H,m>,<@.@>}
® holds(Square(Fred), I) ? s 1(Square) = {<A>}
yes
¢ holds(Above(Fred, hat(Fred)), I) ?
e I(hat(Fred)) = m
Slide 7.5.39
Now the question is: does the Above relation hold of the triangle and the square? We look this pair up in FOL Example
the relation denoted by Above, and we can't find it. So the Above relation doesn't hold of these objects. o I(Fred) =A
e [(Above) = {<H,A>,<@,O>}
o I(Circle) = {<@>}
e I[(Oval) = {<@>,<O>}
e I(hat) = {<A ,H>,<O,@>
<m,m>,<@.@>}
* holds(Square(Fred), I) ? |s [(Square) = {<A>}
yes
* holds(Above(Fred, hat(Fred)), I) ?
o I(hat(Fred)) = m
* holds(Above(a, m), I) ?
@ 6.034 - Spring 03 » 39
Slide 7.5.40
FOL Example And our original sentenceisfalse.
e I(Fred) =A
e [(Above) = {<H,A>,<@,O>}
o [(Circle) = {<@>}
e I(Oval) = {<@>,<O>}
e I(hat) = {<A B>, <O,@>
<H,m>,<@ .@>}
® holds(Square(Fred), I) ? e [(Square) = {<A>}
yes
* holds(Above(Fred, hat(Fred)), I) ? no
o I(hat(Fred)) = g
» holds(Above(a, m), I) ? no
@ 6.034 - Spring 03 » 40
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Slide7.5.41
Okay. What about this sentence: there exists an x such that Oval(x). Isthere athing that is an oval? Yes. FOL Example
So how do we show that carefully? o I(Fred) =A
e I(Above) = {<H,A>,<@,O>}
e I(Circle) = {<@>}
e I[(Oval) = {<@>,<O>}
e I(hat) = {<A ,H>,<O,@>
<H,m>,<@.0>}
e holds(Square(Fred), I) ? |o I(Square) = {<A>}
yes
* holds(Above(Fred, hat(Fred)), I) ? no
e I(hat(Fred)) = m
» holds(Above(a, m), I) ? no
e holds(3x. Oval(x), I) ?
@ 6.034 - Spring 03 » 41
Slide 7.5.42
FOL Example We say that there's an extension of thisinterpretation where we take x and substitute in for it, the circle.
o I(Fred) =A Temporarily, | say that | (X) isacircle. And now | ask, in that new interpretation, isit true that Oval(x).
o I(Above) = {<H,A>,<@,O>} So | look up x and | get the circle. | look up Oval and | get the relation with the circle and the oval, and
» I(Circle) = {<@>} so the answer's yes.
e [(Oval) = {<@>,<O>}
e I(hat) = {<A,H>,<O,@>
<H,N>, <@ .0>}
e holds(Square(Fred), I) ? |o I(Square) = {<A>}
yes
* holds(Above(Fred, hat(Fred)), I) ? no
« I(hat(Fred)) = m
« holds(Above(a, m), I) ? no
e holds(3x. Oval(x), I) ? yes
¢ holds(Oval(x), Ix/e) ? yes
@ 6.034 - Spring 03 » 42
Slide 7.5.43
Here's amore complicated question in the same domain and interpretation. Is the sentence: For all x FOL Example: Continued
thereexistsay such that either xisAbovey or yisAbovex truein|1? o I(Fred) =A
e [(Above) = {<H,A>,<@,O>}
o I(Circle) = {<@>}
e I[(Oval) = {<@>,<O>}
e I(hat) = {<A ,H>,<O,@>
<H,m>,<@.0>}
e I(Square) = {<A>}
e holds(vx. 3y. Above(x,y) v Above(y, x), I) ?
@ 6.034 - Spring 03 » 43
Slide7.5.44
FOL Example: Continued We can tell whether thisis true by going through every possible object in the universe and binding it to
o I(Fred) =A the variable x, and then seeing whether the rest of the sentence is true. So, for example, we might put in

o I(Above) = {<H,A>,<@,O>} the triangle for X, just to start with.

o [(Circle) = {<@>}

e I(Oval) = {<@>,<O>}

e I(hat) = {<A,B>,<O,@>
<H,m>,<@ .@>}

e I(Square) = {<A>}

e holds(vx. Jy. Above(x,y) v Above(y, x), I) ?
* holds(3Jy. Above(x,y) v Above(y,x), Ix/a) ?

@ 6.034 - Spring 03 » 44
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Slide 7.5.45
Now, having made that binding, we have to ask whether the sentence "There exists ay such that either x FOL Example: Continued
isabovey ory isabove x" truein the new interpretation. Existentials are easier than universals; we just o I(Fred) =A
have to come up with oney that makes the sentence true. And we can; if we bind y to the square, then e I(Above) = {<H,A>,<@,O>}
that makes Above(y,x) true, which makes the disjunction true. So, we've proved this existential » I(Circle) = {<@>2}
statement is true. e I(Oval) = {<@>,<O>}
e I(hat) = {<A ,H>,<O,@>
<H,m>,<@.0>}

e I(Square) = {<A>}

¢ holds(vx. Jy. Above(x,y) v Above(y, x), I) ?
« holds(3y. Above(x,y) v Above(y,x), Ix/a) ? yes
holds(Above(x,y) v Above(y,x), Ixa,y/m) ? yes

@ 6.034 - Spring 03 » 45

Slide 7.5.46
FOL Example: Continued If we can do that for every other binding of x, then the whole universal sentence istrue. You can verify
o I(Fred) =A that it is, in fact, true, by finding the truth value of the sentence with the other objects substituted in for x.
e [(Above) = {<H,A>,<@,O>}
e I(Circle) = {<@>}
e [(Oval) = {<@>,<O>}
e I(hat) = {<A,H>,<O,@>
<H,N>, <@ .0>}
e I(Square) = {<A>}
* holds(vx. Jy. Above(x,y) v Above(y, x), I) ? yes
¢ holds(3y. Above(x,y) v Above(y,x), Ix/a) ? yes
holds(Above(x,y) v Above(y,x), Ixa,y/m) ? yes
 verify for all other values of x
@ 6.034 - Spring 03 » 46
Sliide 7.5.47
Okay. Here's our last example in this domain. What about the sentence: "for all x, for al y, x is abovey FOL Example: Continued
oryisabovex"?Isit truein interpretation | ? o I(Fred) =A
e [(Above) = {<H,A>,<@,O>}
o I(Circle) = {<@>}
e I[(Oval) = {<@>,<O>}
e I(hat) = {<A ,H>,<O,@>
<H,m>,<@.0>}
e I(Square) = {<A>}
e holds(vx. 3y. Above(x,y) v Above(y, x), I) ? yes
« holds(3y. Above(x,y) v Above(y,x), Ix/a) ? yes
holds(Above(x,y) v Above(y,x), Ixa,y/m) ? yes
« verify for all other values of x
o holds(V x. ¥V y. Above(x,y) v Above(y,x), I) ?
@ 6.034 - Spring 03 » 47
Slide 7.5.48
FOL Example: Continued If it's going to be true, then it has to be true for every possible instantiation of x and y to elements of U.
o I(Fred) =A So, what, in particular, about the case when x is the square and y is the circle?

e [(Above) = {<H,A>,<@,O>}

o [(Circle) = {<@>}

e I(Oval) = {<@>,<O>}

e I(hat) = {<A B>, <O,@>
<H,m>,<@ .@>}

e I(Square) = {<A>}

e holds(vx. Jy. Above(x,y) v Above(y, x), I) ? yes
* holds(Jy. Above(x,y) v Above(y,x), Ix/a) ? yes
holds(Above(x,y) v Above(y,x), Ixa,y/m) ? yes
 verify for all other values of x

e holds(V x. ¥V y. Above(x,y) v Above(y,x), I) ?
« holds(Above(x,y) v Above(y,x), Ix/a,ylo ) ?

@ 6.034 - Spring 03 » 48
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Slide 7.5.49
We can't find either the pair (square, circle), or the pair (circle, square) in the above relation, so this FOL Example: Continued
statement isn't true. o I(Fred) =A
e [(Above) = {<H,A>,<@,O>}
And, therefore, neither isthe universally quantified statement. o I(Circle) = {<@>}
e I[(Oval) = {<@>,<O>}
e I(hat) = {<A ,H>,<O,@>
<H,m>,<@.@>}
e I(Square) = {<A>}
¢ holds(vx. Jy. Above(x,y) v Above(y, x), I) ? yes
« holds(3y. Above(x,y) v Above(y,x), Ix/a) ? yes
holds(Above(x,y) v Above(y,x), Ixa,y/m) ? yes
» verify for all other values of x
o holds(V x. ¥V y. Above(x,y) v Above(y,x), I) ? no
« holds(Above(x,y) v Above(y,x), Ix/m,yle ) ? NO
6.034 Notes. Section 7.6
Slide7.6.1 Writing FOL

Now we're going to see how first-order logic can be used to formalize a variety of real-world concepts
and situations. In this batch of problems, you should try to think of the answer before you go on to see
it.

@ 6.034 - Spring 03 « 1

Slide7.6.2
Writing FOL How would you use first-order logic to say "Cats are mammals'? (Y ou can use a unary predicate cat and

e Cats are mammals [Cat!, Mammall] another unary predicate mammal).

@ 6.034 - Spring 03 » 2
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Slide 7.6.3
For all x, Cat(x) implies Mammal(x). Thisis saying that every individual in the cat relation isalsoin Writing FOL

the mammal relation. Or that cats are a subset of mammals. « At Bre Mmammals  [Catl, Mamimal]

* VY x. Cat(x) - Mammal(x)

@ 6.034 - Spring 03 « 3

Side7.6.4
Writing FOL All right. Let'slet Jane be a constant, Tall and Surveyor can be unary predicates. How can we say Jane

isatall surveyor?
e Cats are mammals [Cat!, Mammall] &y

® V x. Cat(x) —» Mammal(x)
e Jane is a tall surveyor [Talll, Surveyor?, Jane]

@ 6.034 - Spring 03+ 4

Slide7.6.5
Surveyor (Jane) and Tall(Jane). Writing FOL
e Cats are mammals [Cat!, Mammall]
® V x. Cat(x) - Mammal(x)
e Jane is a tall surveyor [Talll, Surveyor!, Jane]
e Tall(Jane) A Surveyor(Jane)
@ 6.034 - Spring 03« 5
Slide 7.6.6
Writing FOL A nephew is asibling's son. Nephew, Sibling, and Son are al binary relations. I'll start you off and say
« Cats are mammals [Cat!, Mammall] for all x andy, x isthe nephew of y if and only if something. In English, what relationship has to hold
! between x and y for x to be a nephew of y? There has to be another person z who isasibling of y and x
s ¥ x. Cat(x) — Mammal(x)

e Jane is a tall surveyor [Talll, Surveyor?, Jane] hasto be the son of 2.

s Tall(Jane) A Surveyor(Jane)
* A nephew is a sibling’s son [Nephew?, Sibling?, Son?]
e Vxy. [Nephew(x,y) <

@ 6.034 - Spring 03+ 6
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Slide 7.6.7
So, the answer is, "for all x andy, x isthe nephew of y if and only if there existsaz such thaty isa Writing FOL

sibling of zand x isason of 2. e Cats are mammals [Cat!, Mammall]

* VY x. Cat(x) - Mammal(x)

e Jane is a tall surveyor [Talll, Surveyor?!, Jane]
e Tall(Jane) A Surveyor(Jane)

* A nephew is a sibling’s son [Nephew?, Sibling2, Son?]
e Vxy. [Nephew(x,y) +» 3z . [Sibling(y,z) A Son(x,z)]]

@ 6.034 - Spring 03 « 7

Slide 7.6.8

Writing FOL When you have relationships that are functional, like "mother of", and "maternal grandmother of", then
you can write expressions using functions and equality. So, what's the logical way of saying that
someone's maternal grandmother is their mother's mother? Use mgm, standing for maternal
grandmother, and mother -of, each of which is afunction of asingle argument.

e Cats are mammals [Cat!, Mammall]
® V x. Cat(x) —» Mammal(x)
e Jane is a tall surveyor [Talll, Surveyor?, Jane]
¢ Tall(Jane) A Surveyor(Jane)
* A nephew is a sibling’s son [Nephew?, Sibling?, Son?]
o Vxy. [Nephew(x,y) < 3z . [Sibling(y,z) A Son(x,z)]]
¢ A maternal grandmother is a mother’s mother
[functions: mgm, mother-of]

@ 6.034 - Spring 03+ 8

Side 7.6.9
We can say that, "for all x andy, x is the maternal grandmother of y if and only if there exists az such Writing FOL

that x is the mother of z, and z is the mother of y". « Cats are mammals [Cat, Mammall]

® V x. Cat(x) - Mammal(x)
e Jane is a tall surveyor [Talll, Surveyor!, Jane]

e Tall(Jane) A Surveyor(Jane)
* A nephew is a sibling’s son [Nephew?, Sibling?, Son?]

e ¥xy. [Nephew(x,y) <> 3z . [Sibling(y,z) A Son(x,z)]]
o A maternal grandmother is a mother’s mother

[functions: mgm, mother-of]
e ¥xy. x=mgm(y) <
Jz. x=mother-of(z) A z=mother-of(y)

@ 6.034 - Spring 03+ 9

Slide 7.6.10
Writing FOL Using abinary predicate L oves(x,y), how can you say that everybody |oves somebody?

e Cats are mammals [Cat!, Mammall]
s ¥ x. Cat(x) — Mammal(x)
e Jane is a tall surveyor [Talll, Surveyor?, Jane]
s Tall(Jane) A Surveyor(Jane)
* A nephew is a sibling’s son [Nephew?, Sibling?, Son?]
e Vxy. [Nephew(x,y) < 3z . [Sibling(y,z) A Son(x,z)]]
* A maternal grandmother is a mother’s mother
[functions: mgm, mother-of]
® Vxy. x=mgm(y) <
3z. x=mother-of(z) A z=mother-of(y)
* Everybody loves somebody [loves?]

@ 6.034 - Spring 03 » 10
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Slide7.6.11
This one's fun, because there are really two answers. The usual answer isfor all x, thereexistsay such Writing FOL
that Loves(x,y). So, for each person, there is someone that they love. The loved one can be different for
each lover. The other interpretation is that there is a particular person that everybody loves. How would
we say that?

e Cats are mammals [Cat!, Mammall]
* VY x. Cat(x) - Mammal(x)
e Jane is a tall surveyor [Talll, Surveyor?!, Jane]
e Tall(Jane) A Surveyor(Jane)
* A nephew is a sibling’s son [Nephew?, Sibling2, Son?]
e Vxy. [Nephew(x,y) +» 3z . [Sibling(y,z) A Son(x,z)]]
e A maternal grandmother is a mother’s mother
[functions: mgm, mother-of]
e Vxy. x=mgm(y) <
3z. x=mother-of(z) A z=mother-of(y)
» Everybody loves somebody [Loves?]
e V¥x. Jy. Loves(x,y)

@ 6.034 - Spring 03 » 11

Slide 7.6.12
Writing FOL Thereexistsay such that for all x, Loves(x,y). So, just by changing the order of the quantifiers, we get

e Cats are mammals [Cat!, Mammall] avery different meaning.

® V x. Cat(x) —» Mammal(x)
e Jane is a tall surveyor [Talll, Surveyor?, Jane]
¢ Tall(Jane) A Surveyor(Jane)
* A nephew is a sibling’s son [Nephew?, Sibling?, Son?]
o Vxy. [Nephew(x,y) < 3z . [Sibling(y,z) A Son(x,z)]]
¢ A maternal grandmother is a mother’s mother
[functions: mgm, mother-of]
® ¥xy. x=mgm(y) <
Jz. x=mother-of(z) A z=mother-of(y)
* Everybody loves somebody [loves?]
e Vx. Jy. Loves(x,y)
s Jy. V¥x. Loves(x,y)

@ 6.034 - Spring 03 » 12

Slide 7.6.13
Let's say nobody loves Jane. Poor Jane. How can we say that? Writing More FOL

e Nobody loves Jane

@ 6.034 - Spring 03 » 13

Slide 7.6.14
Writing More FOL For all x, not Loves(x, Jane). So, for everybody, every single person, that person doesn't love Jane.

* Nobody loves Jane
e Yx. - Loves(x,Jane)

@ 6.034 - Spring 03 » 14
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Slide 7.6.15
An equivaent thing to write is there does not exist an x such that L oves(x, Jane). Thisis ageneral Writing More FOL

transformation, if you have for all x not something, then it's the same as having not there exists an x

something. It's like saying | can't find asingle x such that x Loves Jane. * Nobody loves Jane

* Vx. - Loves(x,Jane)
e —3dx. Loves(x,Jane)

. Slide 7.6.16
Writing More FOL Everybody has afather.
* Nobody loves Jane
e ¥x. - Loves(x,Jane)
e —3x. Loves(x,Jane)
¢ Everybody has a father
Side 7.6.17 .
For all x, existsy such that Father (y,x) Writing More FOL
e Nobody loves Jane
* VX, - Loves(x,Jane)
e —Jx. Loves(x,Jane)
e Everybody has a father
e Y x. 3y. Father(y,x)
@ 6.034 - Spring 03« 17
L. Slide 7.6.18
Writing More FOL Everybody has afather and a mother.

* Nobody loves Jane
e Yx. - Loves(x,Jane)
e —3x. Loves(x,Jane)
e Everybody has a father
® Y x. Jy. Father(y,x)
* Everybody has a father and a mother

@ 6.034 - Spring 03 » 18
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Slide 7.6.19 N
For all x, existsy, z such that Father (y,x) and Mother (z,x) Writing More FOL

e Nobody loves Jane
* Vx. - Loves(x,Jane)
e —3dx. Loves(x,Jane)
® Everybody has a father
e v x.3y. Father(y,x)
e Everybody has a father and a mother
e VY X. 3y, z. Father(y,x) A Mother(z,x)

@ 6.034 - Spring 03 » 19

Slide 7.6.20
Writing More FOL Now, you might ask whether y and z are necessarily different. The answer is, no, that's not enforced by
thelogic. For that matter, they could be the same as x. Now, if you use the typical definitions of father

* Nobody loves Jane and mother, they won't be the same, but that's up to the interpretation.

e YX. - Loves(x,Jane)
e —3x. Loves(x,Jane)
¢ Everybody has a father
e v x. 3y. Father(y,x)
» Everybody has a father and a mother
e VY Xx. 3y, z. Father(y,x) A Mother(z,x)

@ 6.034 - Spring 03 » 20
Side 7.6.21
Whoever has afather has amother. Writing More FOL
e Nobody loves Jane
* VX, - Loves(x,Jane)
e —3x. Loves(x,Jane)
e Everybody has a father
e Y x. 3y. Father(y,x)
e Everybody has a father and a mother
e VY x. 3y, z. Father(y,x) A Mother(z,x)
e Whoever has a father, has a mother
@ 6.034 - Spring 03 » 21
Slide 7.6.22
Writing More FOL Thisisageneral statement about objects of the kind, everything that has one property has another

roperty. All right? So we'll talk about everything by starting with forall x.
e Nobody loves Jane property g ything by g

e Yx. - Loves(x,Jane)
e —3x. Loves(x,Jane)

e Everybody has a father
® Y x. Jy. Father(y,x)

* Everybody has a father and a mother
e VY x. 3y, z. Father(y,x) A Mother(z,x)

e Whoever has a father, has a mother
e VX,

@ 6.034 - Spring 03 » 22

file:///CJ/Documents%20and%20Settings/Admini strator/My%...aching/6.034/07/l essons/ Chapter 7/l ogi cl -handout-07.html (44 of 56)4/20/2007 7:46:49 AM



6.034 Artificial Intelligence. Copyright © 2007 by Massachusetts Institute of Technology. All rights reserved

Slide 7.6.23

Now, how do we describe x's that have a father? Existsy such that Father (y,x).

Writing More FOL

* Nobody loves Jane
e ¥x. - Loves(x,Jane)
e —3x. Loves(x,Jane)
¢ Everybody has a father
e v x. 3y. Father(y,x)
» Everybody has a father and a mother
e VY x. 3 yz Father(y,x) A Mother(z,x)
e Whoever has a father, has a mother
o Y x.[[Ty. Father(y,x)] [3y. Mother(y,x)]]

®

6.034 - Spring 03+ 24

Slide 7.6.25

Finally, we put these together using implication, just as we did with the "al cats are mammals' example.
We want to say objects with a Father are a subset of the set of objects with aMother (in this case, it will
turn out that the sets are equal). So, we end up with "for al x, if there existsay such that y is the father

of X, then there exists ay such that y is the mother of x".

Writing More FOL

* Nobody loves Jane
e Yx. - Loves(x,Jane)
e —3x. Loves(x,Jane)
e Everybody has a father
® Y x. Jy. Father(y,x)
* Everybody has a father and a mother
e VY x. 3 yz Father(y,x) A Mother(z,x)
e Whoever has a father, has a mother
e ¥V x.[[3y. Father(y,x)] — [3 y. Mother(y,x)]]

6.034 - Spring 03 = 26

Slide 7.6.24

Writing More FOL

e Nobody loves Jane
* Vx. - Loves(x,Jane)
e —3dx. Loves(x,Jane)

® Everybody has a father
e v x.3y. Father(y,x)

e Everybody has a father and a mother
e VY X. 3 yz. Father(y,x) A Mother(z,x)

* Whoever has a father, has a mother
e VY x. [Jy. Father(y,x)]

@ 6.034 - Spring 03 » 23

And we can describe x's that have a mother by existsy such that Mother (y,x).

Slide 7.6.26

Writing More FOL

e Nobody loves Jane
* VX, - Loves(x,Jane)
e —3x. Loves(x,Jane)

e Everybody has a father
e Y x. 3y. Father(y,x)

e Everybody has a father and a mother
e VY x. 3 yz. Father(y,x) A Mother(z,x)

e Whoever has a father, has a mother
e ¥V x.[[Ty. Father(y,x)] — [3 y. Mother(y,x)]]

6.034 - Spring 03 » 25 (E

Note that the two variables named y have separate scopes, and are entirely unrelated to one another. Y ou
could rename either or both of them and the semantics of the sentence would remain the same. It's
technically legal to have nested quantifiers over the same variable, and there are rules for figuring out
what it means, but it's very confusing, so it's just better not to do it.
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6.034 Notes: Section 7.7

Slide7.7.1

Now that we understand something about first-order logic as alanguage, we'll talk about how we can
useit to do things. Asin propositiona logic, the thing that we'll most often want to do with logical
statementsiis to figure out what conclusions we can draw from a set of assumptions. In propositional
logic, we had the notion of entailment: a KB entails a sentence if and only if the sentenceistruein
every interpretation that makes KB true.

Slide7.7.2

¢ KB entails S: for every interpretation I, if KB holds
in I, then S holds in I

@ 6.034 - Spring 03 » 2

Slide 7.7.3

It'simportant that entailment is a relationship between a set of sentences, K B, and another sentence, S. It
doesn't directly involve a particular intended interpretation that we might have in mind. It has to do with
the subsets of al possible interpretationsin which KB and S hold; entailment requires that the set of
interpretations in which KB holds be a subset of those in which S holds. Thisis sort of a hard thing to
understand at first, since the number (and potential weirdness) of all possible interpretationsin first-order
logic isjust huge.

®

Entailment in First-Order Logic

6.034 - Spring 03« 1

Entailment in First-Order Logic In first-order logic, the notion of entailment is the same. A knowledge base entails a sentence if and only
if the sentence holds in every interpretation in which the knowledge base holds.

Entailment in First-Order Logic

* KB entails S: for every interpretation I, if KB holds
in I, then S holds in I

all interpretations

6.034 - Spring 03 » 3
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Side7.7.4
Entailment in First-Order Logic In propositional logic, we were able to think about computing entailment by doing a brute-force
enumeration of all intepretations, then, in each interpretation, checking to see whether the sentence and/

* KB entails S: for every interpretation I, if KB holds or the knowledge base were true in that interpretation.

in I, then S holds in I

all interpretations Thiswill beimpossiblein first-order logic for two reasons.
First, it's completely out of the question to enumerate all possible interpretations. How many universes
are there? More than | can count...

e Computing entailment is impossible in general,
because there are infinitely many possible
interpretations

Side7.7.5

Second, even for asingle interpretation, it's not necessarily possible to compute whether a sentence holds Entailment in First-Order Logic

in that interpretation. Why? Because if it has a universal or existential quantifier, it will require testing . . . . .

whether a sentence holds for every substitution of an element in U for the quantified variable. And if the * KB entails S: for every interpretation I, if KB holds

universe isinfinite, you just can't do that. in1, then S holds in I

all interpretations

* Computing entailment is impossible in general,
because there are infinitely many possible
interpretations

e Even computing holds is impossible for
interpretations with infinite universes

@ 6.034 - Spring 03+ 5

Slide7.7.6
Intended Interpretations Let'slook at aparticular situation in which we might want to do logical inference. Consider our shapes
KB : (vx.Circl Oval VX.S _Oval example from before. Let's say that we know, as our knowledge base, that all circles are ovals, and that
(vx. Circle(x) > Oval(x))  (vx.Square(x) >~ Oval(x)) no squares are ovals. We can write thisas for all x, Circle(x) implies Oval(x). And for all x, Square(x)
implies not Oval(x).

@ 6.034 - Spring 03+ 6
Slide7.7.7 .
Now, let's say we're wondering whether it's also true that no squares are circles. We'll call that sentence Intended Interpretations

S, and writeit for all x, Square(x) implies not Circle(x). KB : (vx.Circle(x) > Oval(x)) A (vx. Square(x) — —Oval(x))

S : vx.Square(x) - - 0val(x)

@ 6.034 - Spring 03+ 7
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Intended Interpretations

KB : (vx.Circle(x) — Oval(x)) A (Vx.Square(x) - —O0val(x))
S : vx.Square(x) - -0val(x)

* We know holds(KB, I)

o [(Fred) = A
» We wonder whether o I(Above) = {<H,A>,<@,O>}
holds(S, I) o I(Circle) = {<@>}
e I(Oval) = {<@>,<O>}
e I(hat) = {<A,H>,<O,@>
<m,m>,<@ 0>}

e I(Square) = {<A>}

@ 6.034 - Spring 03+ 8

Slide7.7.9

We could answer this by asking the question: Does KB entail S? Does our desired conclusion follow

from our assumptions.

Intended Interpretations

KB : (vx.Circle(x) - Oval(x)) A (vx.Square(x) - -0val(x))
S : vx.Square(x) - —0val(x)

* We know holds(KB, I)

» We wonder whether
holds(S, I)

* We could ask:
Does KB entail S?

* Or we could just try to
check whether
holds(S, I)

e I(Fred) =A

e [(Above) = {<H,A>,<@,O>}

e I(Circle) = {<@>}

e I(Oval) = {<@>,<O>}

o I(hat) = {<A,B>,<O,@>
<H,m>,<@ 0>}

e I(Square) = {<A>}

6.034 - Spring 03 » 10

©

Slide7.7.11

Let'slook at our KB for aminute. When we wrote it down, we had a particular interpretation in mind, as
evidenced by the names of the propositions. But now, here's another interpretation, |,

6.034 Artificial Intelligence. Copyright © 2007 by Massachusetts Institute of Technology. All rights reserved

Slide7.7.8
We know KB holdsin interpretation |, and we wonder whether Sholdsin .

Intended Interpretations

KB : (vx.Circle(x) - Oval(x)) A (Vx.Square(x) - —0val(x))
S : vx.Square(x) —» —0val(x)

e We know holds(KB, I)
* We wonder whether
holds(S, I)
e We could ask:
Does KB entail S?

o I(Fred) =A

e I(Above) = {<H,A>,<@,O>}

e 1(Circle) = {<@>}

e I(Oval) = {<@>,<O>}

e I(hat) = {<A ,H>,<O,@>
<H,m>,<@ @>)

e I(Square) = {<A>}

6.034 - Spring 03+ 9

®

Slide 7.7.10

Y ou might say that entailment is too big ahammer. | don't actually care whether Sistruein al possible
interpretations that satisfy KB. Why? because | have a particular interpretation in mind (namely, our
little world of geometric shapes, embodied in interpretation I). And | know that KB holdsin I. So what |
really want to know iswhether Sholdsin .

Unfortunately, the computer does not know what interpretation | have in mind. We want the computer to
be able to reach valid conclusions about my intended interpretation without my having to enumerate it
(because it may be infinite).

For this particular example of 1, it's not too hard to check whether S holds (because the universeisfinite
and small). But, as we said before, in general, we won't be able even to test whether a sentence holdsin a
particular interpetation.

An Infinite Interpretation

KB : (vx.Circle(x) —» Oval(x)) A (v¥x.Square(x) - —0val(x))
S : vx.Square(x) - - 0val(x)

6.034 - Spring 03 » 11
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Side7.7.12
An Infinite Interpretation The universeis the positive integers (numbers 1, 2, etc.). This universeis clearly infinite.
KB : (vx.Circle(x) — Oval(x)) A (Vx.Square(x) - —O0val(x))
S : vx.Square(x) —» —0val(x)

U =41,2,3,.3

Slide7.7.13 % «

Let's let the circle relation stand for positive integers evenly divisible by 4. So it'sthe infinite set {4, 8, An Infinite Interpretation

12,16, ..}. KB : (vx.Circle(x) - Oval(x)) A (Vx.Square(x) - —0val(x))

S : vx.Square(x) —» -Oval(x)
Uy =1{1,23,.}
I,(circle)={4, 8, 12, 16, ...}
L. . Slide7.7.14
An Infinite Interpretation Welll let Oval stand for the even positive integers, {2, 4, 6, 8, ...}.
KB : (vx.Circle(x) - Oval(x)) A (Vx.Square(x) - —0val(x))
S : vx.Square(x) - —0val(x)
U, =1{1,2,3,.3
I,(circle)={4, 8, 12, 16, ...}
I,(oval) = {2, 4,6,8, ..}
@ 6.034 - Spring 03 » 14
Slide7.7.15 . .
And well let Squar e stand for the odd positive integers, {1, 3,5, 7, ...}. An Infinite Interpretation

KB : (vx.Circle(x) —» Oval(x)) A (v¥x.Square(x) - —0val(x))
S : vx.Square(x) - - 0val(x)

U, =4{1,23, .3}
I,(circle)={4, 8, 12, 16, ...}
I,(oval) = {2,4,6,8, ..}
I,(square)={1, 3,5, 7, ..}

@ 6.034 - Spring 03 » 15
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o ] Slide7.7.16
An Infinite Interpretation Now, doesK B holdin1,?
KB : (vx.Circle(x) — Oval(x)) A (Vx.Square(x) - —O0val(x))
S : vx.Square(x) —» —0val(x)
H 2 U1 = {1, 2, 3, }
*Does KB holdin L7 |1 4 ircie)={a, 8, 12, 16, ..}
I,(oval) = {2, 4, 6,8, ..}
I,(square)={1, 3, 5, 7, ...}
Slide 7.7.17 . .
We can't verify that by enumerating U and checking the sentences inside the universal quantifier. An Infinite Interpretation
However, we all know, due to basic math knowledge, that it does. KB: (vx.Circle(x) > Oval(x)) A (Vx. Square(x) — —Oval(x))
S : vx.Square(x) —» -Oval(x)
o 1w Uy =1{1,23,.}
*Does KB holdin L,? |1 45 e} =ta, 8, 12, 16, ..}
*Yes, but can’t answer |1 (oval) = {2, 4, 6, 8, ...}
via enumerating U I,(square)={1, 3, 5, 7, ...}
L. . Slide7.7.18
An Infinite Interpretation Similarly, we can see that Sholdsin 11, aswell. Unfortunately, we can't rely on our computers to be as

KB : (vx.Circle(x) —» Oval(x)) A (¥x.Square(x) - —Oval(x))| smart asweare (yet!). So, if we want a computer to arrive at the conclusion that Sfollows from KB, it

S : vx.Square(x) —» —Oval(x) will have to do it more mechanically.

s U, =41,2,3,.}
*Does KB holdin L,? ;45 e} =ia, 8. 12, 16, ..}
*Yes, but can't answer |1 (oval) = {2, 4, 6, 8, ...}
via enumerating U I,(square)={1, 3, 5, 7, ...}
¢S also holds in I,

* No way to verify

mechanically
@ 6.034 - Spring 03 » 18
Slide7.7.19 .
Let's think about adifferent S, which welll call S;: For every circle and every oval that isnot acircle, the An Argument for Entailment
circleis above the oval. KB : (vx.Circle(x) - Oval(x)) A (¥x.Square(x) —-» —Oval(x))

S, : Vx,y. Circle(x) AOval(y) A—Circle(y) - Above(x, y)

@ 6.034 - Spring 03 » 19
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Slide 7.7.20
An Argument for Entailment Back in I, our original geometric interpretation, this sentence holds, right?

KB: (vx. Clrsle(x) - Oval(x)) A(V)_(' Square(x) > -0val(x)) But does it "follow from" KB?Isit entailed by KB?
S, : vx,y. Circle(x) AOval(y) n—-Circle(y) - Above(x,y)

o [(Fred) =A

o [(Above) = {<H,A>,<@,O>}

o [(Circle) = {<@>}

e [(Oval) = {<@>,<O>}

o I(hat) = {<A B>,<O,@>
<H,E>,<@Q 0>}

e [(Square) = {<A>}

e holds(KB, I)
e holds(S;, I)

Slide7.7.21
No. We can see this by going back to interpretation | 1, and letting the interpretation of the "above" An Argument for Entailment
relation be greater-than on integers. KB : (vx.Circle(x) - Oval(x)) A (vx.Square(x) - —Oval(x))
S, : vx,y. Circle(x) A Oval(y) n—Circle(y) —» Above(x,y)
o [(Fred) =A u,=4{1,223, ..}
o I[(Above) = {<H,A>,<@,O>} I,(Circle)={4, 8, 12, 16, ...}
e I[(Circle) = {<@>} I,(Oval) = {2,4,6,8, ..}
o [(Oval) = {<@>,<O>} I,(Square)={1, 3, 5,7, ..}
s I(hat) = {<a,m>,<,@> I,(Above) = >
<m,m>,<@.@>}
e [(Square) = {<A>}
¢ holds(KB, I)
e holds(S;, I)
] Slide7.7.22
An Argument for Entailment Then Sholdsin I if al integers divisible by 4 are greater than all integers divisible by 2 but not by 4,
KB : (¥x.Circle(x) - Oval(x)) A (¥x.Square(x) - —Oval(x))| whichisclearly false.
S, : vx,y. Circle(x) AOval(y) n=Circle(y) - Above(x, y)
o [(Fred) =A U, =41,23, ..}
o [(Above) = {<H,A>,<@,O>} I,(Circle)={4, 8, 12, 16, ...}
o I(Circle) = {<@>} I(Oval) = {2,4,6,8, ..}
e I(Oval) = {<@>,<O>} I,(Square)={1, 3, 5, 7, ..}
o I(hat) = {<A,B>,<O,@> I;(Above) = >
<m,m>,<@.@>}
e [(Square) = {<A>}
¢ holds(KB, I) ¢ holds(KB, I,)
e holds(S;, I) o fails(Sy, I;)
@ 6.034 - Spring 03 « 22
Slide 7.7.23 u
So, athough KB and S both hold in our original intended interpretation I, KB does not entail S, because An Argument for Entailment
we can find an interpretation in which KB holds but S does not. KB : (vx.Circle(x) > Oval(x)) A (vx.Square(x) —» —0Oval(x))
S, : Vx,y. Circle(x) AOval(y) A—Circle(y) - Above(x, y)
o I(Fred) =A U, =41,2,3,.3
e [(Above) = {<H,A>,<@,O>} I,(Circle)={4, 8, 12, 16, ...}
e I(Circle) = {<@>} I,(Oval) = {2,4,6,8, ..}
e [(Oval) = {<@>,<O>} I,(Square)={1, 3, 5, 7, ..}
o I(hat) = {<a,H>,<,@> I;(Above) = >
<m,m>,<@.@>}
e I[(Square) = {<A>}
¢ holds(KB, I) ¢ holds(KB, I,)
e holds(S;, I) o fails(Sy, I;)
KB doesn’t entail S,!
@ 6.034 - Spring 03 » 23
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Slide 7.7.24
Proof and Entailment We can see from this example that entailment captures this general notion of a sentence following from a
set of assumptions; of being able to justify the truth of S based only on the truth of KB.
» Entailment captures general notion of “follows
from”
Slide 7.7.25 .
So, we like the notion of entailment, but we can't compute it directly. Proof and Entailment

¢ Entailment captures general notion of “follows
from”

¢ Can't evaluate it directly by enumerating
interpretations

@ 6.034 - Spring 03 » 25

Slide 7.7.26
Proof and Entailment So what do we do? Aswe did in propositional logic, we will stay in the domain of syntax, and do proofs
to figure out whether Sis entailed by KB.

e Entailment captures general notion of “follows
from”

e Can't evaluate it directly by enumerating
interpretations

* So, we'll do proofs

@ 6.034 - Spring 03 » 26
Side7.7.27 )
There are proof rules that are sound and complete, in the sense that if Sisentailed by KB, thereisa Proof and Entailment

finite proof of that. So, it's easier, in general, though not for every particular case, to do a proof of

general entailment than to test whether a sentence holds in a given interpretation.
e Entailment captures general notion of “follows

The next few segements of this material will show how to extend the notion of resolution refutation from from”

propositional logic to first-order logic. e Can't evaluate it directly by enumerating
interpretations

¢ So, we'll do proofs

eIn FOL, if S is entailed by KB, then there is a finite
proof of S from KB

@ 6.034 - Spring 03 » 27
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Slide7.7.28
Axiomatization We just argued that entailment is the right notion when we want to ask the question whether a sentence S

. . . . . follows from aKB. And that we're going to show entailment via proof.
o What if we have a particular interpretation, I, in

mind, and want to test whether holds(S, I)? But what if we have a particular interpretation in mind? We've seen that we can't in general, test whether

asentence holds in that interpretation. How can we use the ability to use proof to show entailment, in
order to test whether a sentence holds in an interpretation?

@ 6.034 - Spring 03 » 28

Slide 7.7.29
The answer is that we have to axiomatize our domain. That is, we have to write down a set of sentences, Axiomatization

or axioms, which will serve as our KB. . . . . .
o What if we have a particular interpretation, I, in

mind, and want to test whether holds(S, I)?
o Write down a set of sentences, called axioms, that
will serve as our KB

@ 6.034 - Spring 03 » 29

Slide 7.7.30

Axiomatization Ideally the axioms would be so specific that that there was a single interpretation, our intended

. . . . . interpretation, in which they held. In general, though, this will beimpossible. Y ou might be able to

* What if we have a particular interpretation, I, in constrain your axioms to describe domains that contain exactly 4 objects, but you'll never be able to say
mind, and want to test whether holds(S, 1)? exactly which 4. Y ou can often give axioms that put stringent enough requirements on the relationships

* Write down a set of sentences, called axioms, that between those objects that all of the interpretations in which the axioms hold are essentially the same as
will serve as our KB (isomorphic to) your intended interpretation.

e We would like KB to hold in I, and as few other
interpretations as possible

@ 6.034 - Spring 03 » 30
Slide7.7.31 , . A
No matter how constraining your axioms are, you can rely on the fact that if your KB holdsin your Axiomatization

intended interpretation and KB entails S, then S holds in the intended interpretation. . . . . .
o What if we have a particular interpretation, I, in

mind, and want to test whether holds(S, I)?

* Write down a set of sentences, called axioms, that
will serve as our KB

e We would like KB to hold in I, and as few other
interpretations as possible

¢ No matter what,
o If holds(KB, I) and KB entails S,
e then holds(S, I)

@ 6.034 - Spring 03 » 31
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Axiomatization

e What if we have a particular interpretation, I, in
mind, and want to test whether holds(S, I)?

e Write down a set of sentences, called axioms, that
will serve as our KB

e We would like KB to hold in I, and as few other
interpretations as possible

* No matter what,
o If holds(KB, I) and KB entails S,
e then holds(S, I)
o If your axioms are weak, it might be that
¢ holds(KB, I) and holds(S, I), but
* KB doesn‘t entail S

@ 6.034 - Spring 03 » 32

Slide 7.7.33

Let'swork through an example of axiomatizing adomain. We'l think about our good old geometric
domain, but, to simplify matters a bit, let's assume that we have the constant symbols A, B, C, and D.
And let our interpretation specify that A isthe square, B isthe circle, C isthetriangle, and D isthe oval.

Axiomatization Example
Above(A,C) KB,
Above(B, D) ‘,
@ 6.034 - Spring 03 » 34
Slide7.7.35

And well give some axioms that say how the hat function can be derived from Above: "for al x and y, if
x isabovey, then hat of y equalsx; and for al x, if thereisnoy such that y is above x, then hat of x

equals x”.

Slide 7.7.32

But that's only half of what we need. There might be some fact, S, about your intended interpretation that
you would like to be able to derive from your axioms. But, if your axioms are not specific enough, then
they might admit some interpretations in which S does not hold, and in that case, the axioms will not
entail S, even though it might hold in the intended interpretation.

Axiomatization Example

o
N

@ 6.034 - Spring 03 » 33

Slide7.7.34
We propose to axiomatize this domain by specifying the above relation on these constants: Above(A,C)
and Above (B, D).

Axiomatization Example
Above(4,C) KB,
Above(B, D)

vx,y. Above(x, y) - hat(y) = x A @

vx. (-3y. Above(y, x)) — hat(x) = x

@ 6.034 - Spring 03 » 35
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Slide 7.7.36
Axiomatization Exa mple These four axioms will constitute our KB. Now, we're curious to know whether it's okay to conclude that
the hat of A isA. It'struein our intended interpretation, and we'd like it to be a consequence of our
Above(A,C) KB, i
A axioms.
Above(B, D)
vx,y. Above(x, y) — hat(y) = x ‘ @
vx. (—3y. Above(y, x)) — hat(x) = x
S| hat(A)=A
Slide 7.7.37 < < =
So, does our KB entail S? Unfortunately not. Consider the interpretation | . It has two extrapairsin the Axiomatization Example
interpretation of Above. Our axioms definitely hold in this interpretation, but S does not. In fact, in this KB
interpretation, the sentence hat(A) = C will hold. Above(A, C) 2 e
Above(B, D)
vx,y. Above(x,y) - hat(y) = x . @
vx. (—3y. Above(y, x)) —» hat(x) = x
S| hat(A)=A oI(A) = H
*I,(B) = @
(O =A
¢ holds(KB,, I,) *,(D) =©
o fails(S, I,) oI,(Above) = {<H,A>,<@,O>,
KB, doesn't entail S <A m>,<O@>}
oI (hat) = {<A,B>,<O, @
<@,©>,<H,A>}
. . Slide 7.7.38
KB, is a Weakling! Just so we can see what's going on, let's go back to our Venn diagram for entailment. In this case, the

blue set of interpretations in which the KB holdsis not a subset of the green set of interpretationsin
which Sholds. So, it is possible to have an interpretation, I, in which KB holds but not S. KB does not

entail S (for it to do so, the blue areawould have to be a subset of the green), and so we are not licensed
to conclude S from K B.

How can we fix this problem? We need to add more axioms, in order to rule out |, as apossible
interpretation. (Our goal isto make the blue area smaller, until it becomes a subset of the green area).

all interpretations

@ 6.034 - Spring 03 » 38
Slide 7.7.39 < 5 .
Here's areasonable axiom to add: "for al x and y, if x isabovey theny is not above x". It says that Axiomatization Example: Another Try
above is asymmetric. With this axiom added to our KB, KB no longer holdsin I ,, and so our immediate Above(A, C)

problem is solved. Above(B, D) KB e
Vvx,y. Above(x, y) - hat(y) = x

vx. (-3y. Above(y, x)) — hat(x) = x A @
Vvx,y. Above(x, y) - - Above(y, x)

s Fatia =4

o fails(KB;, I,)

@ 6.034 - Spring 03 » 39
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Slide 7.7.40
Axiomatization Example: Another Try

w5 5
A ©

Vvx,y. Above(x, y) — hat(y) = x
vx. (—3y. Above(y, x)) — hat(x) = x
Vvx,y. Above(x, y) - —Above(y, x)

s [ hat(4) - A oIy(A) = H
A=
oI(C) = A
o fails(KB;, I,) oI,(D) =
* holds(KB;, I5) oI;(Above) = {<l,A>,<@,O>,
e fails(S, I,) . <@ m>}
¢ KB, doesnt entail S |° A(nat) = {:::::::)’.::}
@ 6.034 - Spring 03 » 40

Slide 7.7.41
Clearly, we're missing some important information about our domain. Let's add the following important
piece of information to our set of axioms: there is nothing above the square or the circle.

Slide 7.7.42
Axiomatization Example: One Last Time

o o
N

—3x. Above(x, A)

—3x. Above(x, B)

vx,y. Above(x,y) —» hat(y) = x

vx. (-3y. Above(y, x)) - hat(x) = x

s [Faith=4]

o fails(KB,, I3)
* KB, entails S
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Slide 7.7.43

So, when you are axiomatizing a domain, it'simportant to be as specific as you can. You need to find a
way to say everything that's crucia about your domain. Y ou will never be able to draw false conclusions,
but if you are too vague, you may not be able to draw some of the conclusions that you desire.

It turns out, in fact, that there is no way to axiomatize the natural numbers without including some weird
unintended interpretations that have multiple copies of the natural numbers.

Still this shouldn't deter us from the enterprise of using logic to formalize reasoning inside computers.
We don't have any substantially better alternatives, and, with care, we can make logic serve a useful
purpose.
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But we're not out of the woods yet. Now consider interpretation | 3, in which the circleis above the
square. KB holdsin I3, but S does not. So Sis till not entailed by | 3.

®

Axiomatization Example: One Last Time

Above(A,C)

Above(B, D)

—3x. Above(x, A)

—3x. Above(x, B)

vx,y. Above(x,y) —» hat(y) = x
Vvx. (—-3y. Above(y, x)) - hat(x) = x

s [Foith =4

KB,

0o
A ©
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If we let our new KB have these axioms aswell, then it failsin | 3, and does, in fact, entail S. Whew.

Axiomatization Example: One Last Time

Above(A,C)

Above(B, D)

—3x. Above(x, A)

—3x. Above(x, B)

vx,y. Above(x,y) —» hat(y) = x
Vvx. (—3y. Above(y, x)) - hat(x) = x

KB,

s [Foith=4]

o fails(KB,, I5)
* KB, entails S

0o
A ©

we'll prove S from KB, later.
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