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Today

Shortest paths
Negative-weight cycles
Triangle inequality
Relaxation algorithm
Optimal substructure



Shortest Paths
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Driving directions to Theater District - Times
Square, New York, NY

Suggested routes

1.184W 3 hours 53 mins
21 mi

2.190W 3 hours 58 mins
209 mi

3.1-395S and 1195 S 4 hours 13 mins
227 mi

This route has tolls.
' 32 Vassar St
Cambridge, MA 02139
1. Head southwest on Vassar St
r* 2. Tum right at Memorial Dr
“1 3. Tum left at Western Ave

“q 4.Tum left at Soldiers Field Rd

A 5. Take the 190 ramp
Toll road

f 6. Keep right at the fork and merge onto 1-90
w
Partial toll road

7 1. Take exit 9 to merge onto -84 W toward
US-20/Hartford/New York City

Partial toll road

" 8. Take exit 20 for 1-684 toward NY-22/White
Plains/Pawling

% 9. Keep left at the fork and merge onto 1-684 S
A 10. Merge onto Hutchinson River Pkwy S

11. Continue onto Cross County Pkwy (signs
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Shortest Paths
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How Long Is Your Path?

e Directed graph ¢ = (V, E)
 Edge-weight functionw : E - R
e Pathp=v, 2 v, -5 - > v,
 Weight of p, denoted w(p), is
w(vq, V2) + WV, v3) + - + W(Vg_q, Uk)

Example: @ —2 @ @ @

wp)=4—2—-5+1=—




My Path Is Shorter Than Yours

A shortest path from u to v is a path p of
minimum possible weight w(p) from u to v

The shortest-path weight 6 (u, v) from u to v
is the weight of any such shortest path:
d(u,v) = min {w(p) : p is a path from u to v}




You Can’'t Get There From Here

Get Directions My Maps
'r'v 36. Take exit 13B toward Halawa Hts.

G()()Sle maps  from 32 Vassar Street, Cambridge, MA to:tokyo japan - Search Maps |
« SPrint (2Send s Link
- o pas . 'T.si

Stadium
4 37.Merge onto I-H-201 E
4 38.Merge onto I-H-1 E

’_V 39. Take exit 23 for Punahou St toward
WaikikilManoa

r* 40.Tumright at Punahou St
r* 41.Take the 1stright onto S Beretania St
7 42.Take the 1st left onto Kalakaua Ave

43. Kayak across the Pacific Ocean
Entering Japan

<7 44.Tum left toward YR3E2755 4%
1 45.Tum left toward JRiH 2755 4%
<9 46.Tum left toward S iE2755 4%
> 47.Tumnright at RiE2755 4%

“7 48.Tum left at B & 1255 £k

r* 49.Tumright at 'RiE24 548

1 50.Tum left at F3RAT (32FE &) onto EiE
354545

r* 51.Tumright at hHEEET (3228) to
stay on BB 3645 £k

1 52.Take the ramp to i %5 A By H3E
Toll road

§ 53. Keep left at the fork, follow signs for B
and merge onto #48 § 8y #3E

Toll road

/* 54.Take exit =48J C T onthe right toward
EIRE - - e
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You Can’t Get There From Here

e [fthere is no path from u to v, then neither
is there a shortest path from u to v

* Define 6 (u, v) = oo in this case

Example:




The More I Walk,
The Less It Takes

e A shortest path from u to v might not exist,
even though there is a path from u to v
* Negative-weight cycle
C=U1—>U2—>°"—>Uk—>v1
has w(c) <0




The More I Walk,
The Less It Takes

e Define 6 (u, v) = —o if there’s a path from u
to v that visits a negative-weight cycle

e 5(u,v) = inf{w(p) : p is a path from u to v}

Example:




Single-Source Shortest Paths

 Problem: Given a directed graph ¢ = (V, E)
with edge-weight functionw : E = R, and a
source vertex s, compute 6(s,v) forallv e V

Example: 0 1




Shortest-Path Tree

e Ideally also compute a shortest-path tree
containing a shortest path from source s to
every v € V (assuming shortest paths exist)

— Represent by storing parent v.w foreachv € V
=Tlv] i eaclier CLR(S)
Example: 0 1




Sh(\)\rtest-Path

bicycle travel in

. & Nino Walker
San Francisco area

http://graphserver.sourceforge.net/gallery
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bicycle travel in
Seattle area




Single-Source Shortest-Path

Algorithms
 Relaxation algorithm (TODAY)

— Framework for most shortest-path algorithms
— Not necessarily efficient

 Bellman-Ford algorithm  (LECTURE 15)

— Deals with negative weights
— Slow but polynomial

e Dijkstra’s algorithm (LECTURE 16)

— Fast (nearly linear time)
— Requires nonnegative weights



Brute-Force Algorithm

distance(s, t):
for each path p from s to t:
compute w(p)
return p encountered with smallest w(p)

 Number of paths can be infinite:




(w’))l, ~ V\V\ :gV\Qﬁ N
Brute-Force Algorithm

distance(s, t): ##assume no negative-weight cycles

for each simple path p from s to t: < # edfts
compute w(p) <0

return p encountered with smallest w(p)

 Number of paths can be exponential:

2w - 2%

2™ paths from s to v,; O(n) vertices and edges




Relaxation

e In general, refers to letting a solution
(temporarily) violate a constraint, and
trying to fix these violations

Magic Geek

/www.youtube.com/
tch?v=Y12daEZTUYo




Triangle Inequality

e Theorem: Forall u,v,x € V, we have
S(u,v) <é6(u,x)+ 6(x,v).

d(u,v)

e Proof: Shortest path from u to v is at most
any particular path, e.g., the blue chain. =




Relaxation Approach

e Maintain distance estimate v.d =d] i older CLR(S
foreachv eV

e Goal: v.d =0o6(s,v)forallveV
e Invariant: v.d = 6(s,v)

 Initialization: |forpinV:

v.d = o
s.d=20

 Repeatedly improve estimates toward goal,
by aiming to achieve triangle inequality




Edge Relaxation

u.d
e Consider an edge (u, v)
w(u, v)
v.d
e 6(s,v) <6(s,u) +6(u,v) [triangle ineq.]
<d6(s,u) +w(u,v) [candidate path]
Swad vod ¢ u.d  + wluv
relax(u, v):

ifv.d >u.d +w(u,v):
v.d =u.d+ w(u,v)




Relaxation Algorithm

forvinV:

v.d = ©
s.d=0
while some edge (u,v) hasv.d > u.d + w(u, v):

pick such an edge (u, v)

relax(u, v):

ifv.d >u.d+w(u,v):
v.d =u.d+w(u,




Relaxation Algorithm
with Shortest-Path Tree

forvinV:
v.d = o©
@.m = None
s.d =0
while some edge (u,v) hasv.d > u.d + w(u, v):
pick such an edge (u, v)
relax(u, v):
ifv.d >u.d+w(u,v):
v.d =u.d+w(u,v)

@.T = W)




Relaxing Is Safe

 Lemma: The relaxation algorithm maintains
the invariant that v.d = 6(s,v) forallv € V.

e Proof: By induction on the number of steps.

— Consider relax(u, v) u.d

— By induction, u.d = §(s,u)
— By triangle inequality, w(u,v)
5(s,v) <6(s,u) +6(u,v)
<u.d+w(uv) v.d

—So settingv.d = u.d + w(u, v) is “safe” m



Infinite Relaxation

e [f a negative-weight cycle is reachable from s,
then relaxation can never terminate

o




Long Relaxation




Long Relaxation

8 4 2 1
0 00 00 00 00 00 00
e Analysis:

—relax(vy, v,) — 4 T(n)=2Tn—2)+3
—relax(v,,v3) — 2 T(n) = @(Zn/z)

— recurse on vz, Uy, ..., U, % Tln-3)

—relax(v{,v3) - 3

— recurse on Vs, Uy, ..., Uy, %T(W;,ﬁ



Are You Sure

This Is a Good Idea?

 Bellman-Ford algorithm: (LECTURE 15)

— Relax all of the edges
— Repeat ~|V| times

— Polynomial time!
e Dijkstra’s algorithm: (LECTURE 16)
— Relax edges in a growing ball around s

— Nearly linear time!
— (but doesn’t work with negative edge weights)



Optimal Substructure

 Lemma: A subpath of a shortest pathis a
shortest path (between its endpoints).

e

e Proof: By contradiction.

— If there were a shorter path from x to y,
then we could shortcut the path from u to v,
contradicting that we had a shortest path. =



