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ABSTRACT. In this paper, we describe the recent work by Orlin[1] which gives
a strongly-polynomial O(nm)-time algorithm for max flow, where m is the
number of edges in our graph and n is the number of nodes. This is the best
asymptotic running time that has been attained for the max-flow problem.
The algorithm’s central idea is to reduce the number of nodes in the graph we
are concerned with by an amount depending on the capacities of edges, and
then to run the fastest-known scaling algorithm — that of Goldberg and Rao|[2]
— on the new graph. The max-flow on the new graph can then be used to find

a max-flow on the original graph.

1. INTRODUCTION

The max flow problem is an important problem in combinatorial optimization.
We state the problem as follows:

Consider a directed graph G = (N, A) with n = |N| nodes, m = |A| edges,
and non-negative integer-valued edge capacities u;; in which the largest capacity is
bounded by U. There are two special nodes in G, a source s and a sink t. The flow
on edge (¢,7) is denoted as z;;, where for each edge (4, j) we require z;; > 0, and
the flow satisfies the conservation constraint:

Z Ty — Z xi; =0 Vie N\(s,t).
(i,5)€EA (ji)eA
A flow is feasible if it also satisfies the capacity constraints, x;; < u;; V(i,7) € A.
The value of a flow z is the net flow out of the source, which is equal to the net
flow into the sink. In the max flow problem, we seek a feasible flow with the largest
possible value.

The fastest strongly polynomial algorithm was published by King et. al. [3]; this
has a running time of O(nm10g,,, /( 10gn) 7). When m = Q(n'*) for any € > 0, the
running time of this algorithm is O(nm). The fastest weakly polynomial algorithm,
published by Goldberg and Rao[2], has a running time of O(Amlog(n?/m)) per
scaling phase, where A = Inin(nz/ 3 ml/ 2). This algorithm uses log U scaling phases,
each of which reduces the difference between the current s-t cut capacity and the
minimum s-t cut capacity by a factor of 1/2. Karzanov[4] proves using the method
of preflows that the max flow problem can be solved in O(n?) time.
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Orlin[1] shows that max flows can always be found in O(nm) time by providing
an O(nm + m3/1%1og? n)-time algorithm; when m = O(n(1%/15)=¢) this running
time is O(nm). Since King et. al. [3] find a max flow in O(nm) time for all other
m, namely, m > n't€, Orlin’s algorithm establishes that the max flow problem can
be solved in O(nm) time for all n and m.

This paper summarizes and clarifies some of the ideas in Orlin’s paper without
going into too much technical detail regarding specific implementations of subrou-
tines and data structures. References are provided for the reader who wishes to
investigate these matters more closely.

2. ADDITIONAL NOTATION AND ASSUMPTIONS

We will now define a few properties that will used frequently in the rest of this
paper. The residual capacity of an edge (i, j) is r;; = u;; —x;; +j;, and it expresses
the amount of additional flow that can be sent from i to j, given a flow z. We will
denote the vector of residual capacities as r and the residual graph by G,.

An s-t cut [S,T] is a partition of N into S and T such that s € Sand ¢t € T. An
edge (i,7) is a forward edge of [S,T] if ¢ € S and j € T. Similarly, an edge (i, 7) is a
backward edge of [S,T] if j € S and i € T. The capacity of an s-t cut is u(S,T) =
> ies jer Wi and the residual capacity of an s-t cut is 7(S,T) = 3, cq jer Tij-

Finally, we assume that there is, in fact, a feasible flow in the network we are
studying. If there were not such a flow, then we could detect this condition using
a breadth-first search; thus, this case is uninteresting.

3. OVERVIEW OF ALGORITHM
We now give an overview of the algorithm.

3.1. Improvement Phases. Our algorithm will proceed via a sequence of im-
provement steps. Each improvement step will take as input a flow, specified by
a vector r of residual capacities (so for each edge (4, ), = contains an entry 7;;);
and an s-t cut, specified by the subset of nodes S which contains s and the subset
of nodes 7" which contains ¢. We denote this input as (r,S,T). The procedure
Improve(r,S,T), detailed in Section 5, implements each improvement phase. The
output of this procedure is a new flow, specified by a vector ' of residual capacities,
and a new s-t cut, specified by subsets S, 7' C V.

We want to quantify the extent of improvement accomplished by each improve-
ment phase. To do so, we let A be the residual capacity of the s-t cut (S,T'), which
we denote by r(S,T). We note that the max flow-min cut theorem implies that A
is an upper bound on the max-flow in the residual graph; we therefore refer to A as
the flow bound. For reasons that will become clear later, we also associate to each
phase a number I'; which we call the compactness parameter. We will choose I' so
that 0 < T' < A. We also require that each improvement phase satisfy the improve-
ment property: A’ < T'/(8m), where A’ = ¢/(S’,T"). In particular, A’ < A/(8m),
so the flow bound improves by a factor of at least 8m after each phase.
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3.2. Critical Nodes, Compact Network. The essential idea used to make this
algorithm fast is, in each phase, to single out some nodes of our graph G as being
D-critical, or simply critical if the value of T is clear. (That is, while talking about
a particular improvement phase, which has a fixed value of I, we may simply
use the term critical, leaving the value of T' implicit). These are, intuitively, the
nodes adjacent to edges with significant amounts of residual capacity. Let C be
the number of I'-critical nodes in a particular improvement phase. We show in
Theorem 3 that the number of such nodes, over all improvement phases, is O(m).
We then just need to upper bound the time spent by the algorithm per I'-critical
node in each improvement phase. That is, let T' be the time taken by the algorithm
during a particular improvement phase. We want to prove the upper bound T'/C =
O(m?!/16) (where the tilde means we ignore log factors of m and n). Note that given
this upper bound, the time to run the total algorithm is O(m-m15/16) = O(m31/16),
as there are O(m) critical nodes over all improvement phases. Finally, using our
assumption that m = O(n'%/15—¢) for some positive €, we find that the running
time of our algorithm is O(m - n!=<(15/16)) = O(mn).

We prove the upper bound T/C = O(m15/ 16) by considering two cases. The
first case is if there are many critical nodes (C' > m%1%), in which case we can
accomplish the goal of this improvement phase by running O(logn) Goldberg and
Rao scaling phases, and T'//C' is upper bounded because C is large. The second case
is if there are few critical nodes (C' < m?®/16). In this case we create a new network,
called the compact network, whose nodes are the critical nodes, and which has
O(m) edges. We find a flow on this network, and use this to find an approximate
max-flow on the original network. We use the fact that the compact network has
only C nodes and m edges to upper bound T'/C.

There is an intuitive way to see why the running time of this algorithm is in-
dependent of U. The output of each improvement phase is an s-t cut whose ca-
pacity is at most 1/(8m) times that of the s-t cut which was the input to this
phase. Since the edge capacities are integers, the smallest capacity an s-t cut
can have is 1 (assuming there is a possible flow). The largest capacity an s-t cut
can possibly have is mU. Therefore, there are at most logg,, mU < 1+ logU
improvement phases. If we need few improvement phases, we may as well have
used Goldberg-Rao. So, assume that there are ©(logU) improvement phases, so
the average number of critical nodes per improvement phase is O(m/logU). We
emphasize this statement because it is the key to the strongly-polynomial run-
time of this algorithm: we construct compact networks with C' nodes, where C
scales inversely with logU. If logU < m™/16, then again the Goldberg-Rao algo-
rithm completes in time O(mn). So, assume that log U > m7/*6. Since the time
needed to run the Goldberg-Rao algorithm on a graph with C nodes and O(C?)
edges is 0(08/3 logU), it follows that the total time needed to run the algorithm is
O((m/1ogU)¥/3logU) = O(m3/3(log U)~5/3) = O(m®/3~(7/16):(5/3)) = O(m31/16),
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As we noted above, our assumption that m = O(n'6/15~¢)

O(mn).

implies that this is

4. CONSTRUCTING THE COMPACT NETWORK

We denote the compact network by G. = (N, A.). In order that the max-flow
value in the compact network be close to the max-flow value in the original network,
we choose the I'-critical nodes to be those with significant residual capacities coming
in or out of them. To make this precise, we introduce a number of definitions.

4.1. Cuts in the Compact Network. Because improvement steps in our algo-
rithm, and scaling steps in the Goldberg-Rao algorithm, require a cut as input, we
explain how we will obtain a cut in the compact network from an s-t cut in the
original network, and vice versa. This will guide our construction of the compact
network.

First, we show how to get a cut in the compact network from an s-t cut in the
original network. Take an s-t cut [S,T] of the original network. We call the cut
[S¢, Te] of G, defined by S. = SN N, and T, = T'N N, the cut induced by the s-t
cut [S,T).

Next, we show how to obtain an s-t cut [S,T] in the original network from a cut
[S¢, Te] in the compact network. We note that our algorithm proceeds by finding a
cut [Se, T,] in the compact graph with small capacity, and then uses this to find an
s-t cut in the original network with small capacity. So, the capacity of the induced
cut in the original network should not be much more than that of [S.,T.]. We
introduce the concept of abundant edges in order to satisfy this condition.

Recall that A is the flow bound. So, if an edge has capacity greater than A, then
we will not include it in the s-t cut which is the output of the current improvement
phase. (If we did, then the s-t cut would have capacity greater than A). This
motivates the following definition.

Definition 1. An edge (4, ) is said to be A-abundant if r;; > 2A. An edge (3, j)
is said to be A-anti-abundant if 7;; > 2A. A path in G, is an abundant path if it
consists entirely of abundant edges. Denote the set of abundant edges by A, and
the set of anti-abundant edges by A_ 4.

We frequently drop the A’s if the value of A is obvious; for instance, we may
simply write that an edge is abundant.

Using this definition, we can give a procedure for inducing s-¢ cuts in the original
network from cuts [S,, T¢] in the compact network. Namely, let S be the subset of
N consisting of nodes which are reachable from a node in S, via an abundant path
in Gy; let T'= N\S.

We will now use these procedures for inducing cuts to guide our construction of
the compact network. Orlin[1] shows that the capacities of the induced cuts do not
differ significantly from the capacities of the original cuts.
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4.2. Contraction. As we have argued, we frequently do not need to consider abun-
dant edges. Therefore, our first step in creating the compact graph is to contract
many such edges. The concept of contraction was introduced by Goldberg and
Rao|[2, 1]. We need the following definition.

Definition 2. The abundance graph G, is the subgraph of G whose nodes are N
and whose edges are the A-abundant edges.

At the beginning of an improvement phase, we contract each directed cycle of
the abundance graph to a single node. We also contract abundant external edges,
where external edges are edges adjacent to either s or t. Any edge coming into /
going out of one of these contracted nodes in the original abundance graph will have
a corresponding edge coming into / going out of the new node. We also have to
modify the flow in the new graph. The exact details of contraction are discussed in
Goldberg and Rao. The important facts about this process, as stated by Orlin[1],

are:

(1) the flows in the expanded and contracted graphs have the same value;
(2) we can expand a contracted graph (essentially reversing the process of con-
traction);
(3) the time taken, per improvement phase, for contraction and for expansion
is O(m).
As we show in Lemma 5, the number of improvement phases is O(m?/3), so the
total time on contractions and expansions is O(m®/?) = o(m3'/1%), and therefore
these operations are not bottleneck operations.
Note that one consequence of contracting cycles is that if (4, ) is in the modified
abundance graph (which I henceforth simply refer to as the abundance graph), then
(4,1) is not.

4.3. Compaction. We will now provide the definitions necessary for identifying
I'-critical nodes.

Definition 3. An edge (i, j) is said to be I-medium if I'/(64m?) < u;; + u;;, and
neither (4, ) nor (j,4) is A-abundant.

Definition 4. Let 7,,:(i) and #;,(¢) denote, respectively, the total residual capacity
of anti-abundant edges going out of/into node i. Then, node ¢ is I-critical if it is
incident to a I-medium edge or if |foy: (i) — 7in(i)] > T'/(16m?). Nodes which are
not I'-critical are called I'-compactible.

With these definitions, we can now define the compact graph. The nodes of the
compact graph are the I'-critical nodes. Denote the set of these nodes by N.. The
edges may be divided into three classes. Writing A, for the edge set of the compact
graph, we write A, = A; U A U A3. Edges in A; are called original edges, and
they correspond to edges between critical nodes which are in the original network;
the residual capacity of these edges are unchanged from their residual capacity in
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the original network. Edges in As are called abundant pseudo-edges. There is such
an edge between critical nodes ¢ and j if there is a path in the abundance graph
from ¢ to j. The residual capacity of this edge is 2A. Finally, edges in Aj, called
anti-abundant pseudo-edges, are created by the following procedure, adapted from
[1].

1 Input: (r, )

2 Result: Some capacity is transferred from anti-abundant edges in the

original graph to anti-abundant pseudo-edges in the compact
graph
3 Let H be the subset of edges of A_,; incident to I'-compactible nodes;
4 foreach (i,7) € H do
5 ‘ Gij = Tij;
6 end
7 while H # () do
8 select a node ¢ of H with no incoming edges;
9 use depth first search to find a path P that starts at node ¢ and ends
at a node ¢ such that £ € N, or £ has no outgoing edge (or both);
10 let 6 = min(q;i, : (4, k) € P);
11 if (4,¢) € N. then

12 Az = Az U (i, 0);

13 €0 = 0;

14 end

15 forall the (j,k) € P do
16 ‘ djk = qjk — 0;

17 end

18 delete each edge (j, k) from H such that ¢, = 0;
19 forall the pairs (i,j) € N, do

20 aggregate all edges in As from ¢ to j in a single edge (4, j);
21 end
22 end

Algorithm 1: Transfer Capacity

Note: rg, in line 13 is the residual capacity of edge (¢, ) in the compact graph
(before we aggregate the edges together in line 20).

This algorithm keeps the capacity of certain paths between critical nodes which
travel only over anti-abundant edges: namely, those paths which travel only through
compactible nodes, except for at the endpoints of the path. So, we lose capacity
when going from the original network to the compact network when we have a path
of anti-abundant edges which cannot be extended to a path of anti-abundant edges
that starts and ends on a critical node. We call this capacity lost capacity.

Let P be the set of paths found in this procedure which start and end at critical
nodes (so their capacity is not lost), and let Q be the set of paths found in this
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procedure which do not start and end at critical nodes (so their capacity is lost).
We want to bound the difference in min-cut capacities between the original and
compact networks. Our first step toward this is to bound the amound of residual
capacity that was lost.

Lemma 1. The amount of lost residual capacity was less than T'/(16m).

Proof. Let qout(j) and ¢, (j), respectively, be the residual capacity out of / into
compactible node j at some iteration of the capacity transfer procedure. Let
D(4,9) = qout(j) — qin(j). When we begin the capacity transfer, |®(j,q)] =
|Pout(5) — Pin(§)] < T/(16m?). In the end, ®(j,q) = 0 because ¢ = 0. Note
that ® only changes when we transfer capacity from paths in Q.

First, suppose that 7,,:(j) — 7in(j) > 0. Because j is not in N, we will only ever
end a path at j if there are no outgoing edges from j. But, this will never be the
case, as every path that does not start at j will change r,,:(j) and 7;,(j) by the
same amount. So, if there are incoming edges to j, then there are outgoing edges
from j. Now, suppose we start a path at j. When j is selected to begin a path in line
8, we must have g;,(7) = 0, 50 Gout (j) = Fout(j) — Fin(j) < T/(16m?). So, the total
amount of residual capacity lost due to paths starting at some compactible node
is at most I'/(16m?). A similar argument shows that the total amount of residual
capacity lost due to paths ending at some compactible node is at most I'/(16m?).
Since every path with lost capacity either begins or ends at some compactible node,
the total amount of lost capacity is less than or equal to nI'/(16m?) < T'/(16m). O

4.4. Time to Create the Compact Network. We now upper bound the time
needed to create the compact network. Before we do so, however, we must briefly
mention a number of subroutines we use in this process.

First, we mention how we are able to quickly find which nodes are connected by
paths in the abundance graph.

Definition 5. The transitive closure of a graph G = (V, E) is G = (V, E), where
there is an edge (i,7) € E if there is a path in G from i to j.

Our algorithm will maintain the transitive closure of G, over the course of all
improvement phases. The following lemma shows that edges are only ever added to

G b over the course of our improvement phases, so that we may use the algorithm
of Italiano[5] to maintain this transitive closure.

Lemma 2. If (4,5) is A-abundant at the beginning of the A-improvement phase,
then (i,7) is also A’'-abundant at the beginning of the A’-improvement phase if
A< A

Proof. This is obvious from 7;; > 2A, since the change in flow across (i, j) is at
most A, so after the A-improvement phase r;; > A > 2A. O

Next, we note that our current construction of the compact network allows for
|As| to become large. We want the number of edges in the compact graph to be
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O(m). Note that |A;] < m and |A3| < m, since each iteration of the capacity
transfer algorithm deletes one edge from the original graph. Orlin[1] describes a
technique that allows him to reduce the size of As to be less than or equal to
C = O(m) (as is shown in Theorem 3).

9/16

Theorem 1. Suppose that each compact network has at most m nodes. Then,

the time it takes to create G, is O(m?/®).

From the discussion of Section 3.2, we see that the hypothesis of this theorem is
indeed satisfied.

Proof. As already mentioned, contraction and expansion takes O(m) time. Deter-
mining which nodes are critical takes time O(m). Then, we find A; in O(m) time.
We can find Ay in O(C?) = O(m?®) time by inspecting the transitive closure of
the abundance graph. Orlin[l] proves that he can find As in O(mlogn) time. O

4.5. Transferring Flows from Compact to Original Network. Orlin[1] gives
a procedure for efficiently obtaining a flow on the original network, given a flow
on the compact network. The details are not very interesting. However, he also
shows that if the compact graph flow is close to optimal, then so is the flow on the
original graph — shortly, we will clarify the sense in which this is true. First, we
need a couple of lemmas.

Lemma 3. Suppose that P is a path in the original graph from i to j which contains
only anti-abundant edges. Suppose that [S,T) is an s-t cut in G, with no abundant
forward edge. If i € S and j € T, then P has ezxactly one edge crossing the cut
[S,T). If i ¢ S or j €T, then no edge of P crosses [S,T].

Proof. If i € S and j € T, then there is obviously one edge in P crossing the cut.

If there were more than one, then there would also be a backward edge in P — that

is, there is a backward anti-abundant edge, so there is a forward abundant edge.
The proof for the other cases is similar. (I

This lemma is used to prove the next lemma:

Lemma 4. Suppose that [S., T,] is an s-t cut in G, with no abundant forward edges.
Let [S,T) be the induced cut of G. Thenr.(Se,Te) < r(S,T) < re(Se, Te)+T'/(16m),
where r. is the vector of reduced capacities in the compact graph.

Proof. Use Lemma 3 to create a correspondence between edges crossing the cut
[S,T] and paths in P U Q which cross the cut. Each such edge in P transferred
its capacity to an edge in the cut (S, T.), while the edges in Q lost their capacity.
By Lemma 1, the amount of lost residual capacity from the edges in Q is less than
r/(16m). O

The following theorem follows easily:
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Theorem 2. Take (y¢,Se,Te), where y. is a flow in the T'-compact network G.
and [Se, T¢] is a cut in G, with r(S¢,T.) < v+ «, where v is the value of y.. Let
y,S, T be the induced flow and s-t cut in G. Then, y has a flow value of v and
r(S,T) <r(Se, Te) +T'/(16m) = v+ o +T'/(16m).

4.6. Number of Critical Nodes. Before moving on to discuss the improvement
phase, we prove the following important theorem.

Theorem 3. The number of I'-critical nodes over all improvement phases is O(m).

Proof. We do not count the number of I-special nodes, as the proof that the num-
ber of T'-special nodes, over all improvement phases, is O(m) consists of much
unenlightening algebra. The reader is referred to [1].

On the other hand, the proof that the number of nodes adjacent to I'-medium
edges over all phases is O(m) is elegant. In fact, we prove that an edge can be
I-medium for at most 3 consecutive phases. Suppose that there is an edge (%, j)
that is I-medium: u;; + uj; > I'/(64m3). Let A’ be the flow bound at the next
phase. Then, u;; + uj; > A’/(8m?). Continuing this way, we see that if A* is the
flow bound two phases after A’, then w;; + uj; > 8A*. At this point, (z,7) or (j,%)
must be A*-abundant, so (i,7) is not I'*-medium (where I'* is the compactness
parameter associated to A*). O

5. IMPROVEMENT PHASE

We begin our algorithm with an arbitrary feasible flow and s-t cut .

We now describe the steps taken during an improvement phase. This algorithm
is adapted from Orlin[1]. We first define a A-optimal flow to be a flow whose s-t
cut capacity differs from that of the minimum s-¢ cut capacity by a factor of A.
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Input: (r,5,7T)

Result: An improved approximate residual flow

A:=r(ST);

let C’ be the number of A-critical nodes (C' is the number of I'-critical

W N =

nodes);

if C > m"/'% then

let T' = A;

7 find a I'/(8m)-optimal flow in G, using O(logn) Goldberg-Rao scaling

()

phases;
Ise if m!/3 < C < m?16 then
let I' = A;
10 let G denote the I'-compact network;
11 find a I'/(16m)-optimal flow y on G, using O(logn) Goldberg-Rao

@

scaling phases;
12 let y be the induced I'/(8m)-opt flow on G,;

13 update the residual capacities;
14 else if C < m!/3 then
15 choose the minimum value I'" such that the number C of I'-critical

nodes in the network is less than m!/3

)

16 let G denote the I'-compact network;

17 find an optimal flow y on G, using an O(C?)-time max-flow algorithm;
18 let y be the induced T'/(16m)-opt flow on G,;

19 update the residual capacities;

20

Algorithm 2: Improve Approximate Flow
Lemma 5. The number of improvement phases is O(m2/3).

Proof. There are O(m) T-critical and (I'/2)-critical nodes over all improvement
phases. The algorithm makes it clear that in all 3 cases, the number of T'/2-critical

1/3

nodes is at least m"/°. So, the number of improvement phases is O(mz/ 3. g

Lemma 6. The time to create all of the compact networks is O(nm + m*3/24),

Proof. This proof is largely uninteresting. We prove the interesting part: we can
find T' in O(m + nlogn) time, when we are in the third case. For each node 4,
look at the adjacent edges and find the greatest I' for which ¢ is in the I'-compact
network. Sort all of the nodes by these values and select the smallest T" so that the

compact network contains at most m!/? nodes. (I

Lemma 7. The algorithm determines the optimal or approximately optimal flows
in all of the compact networks in O(m31/16) time.
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Proof. In the first case, we need O(logn) Goldberg-Rao scaling phases, each of
which takes time T = O(m3/?), so T/C = O(m'/1%). In the second case, we
need O(logn) Goldberg-Rao scaling phases, each of which takes time T' = 0(02/3 .
C?) = O(C®/3), s0 T/C = O(C?/3) = O(m'/19). In the third case, we need time
T = O(C3), and T/C = O(C?) = O(m?/3). Since, over all phases, there are O(m)
critical nodes, the total time is O(m31/16). (]

Lemma 8. The total time it takes to transform the flows in compact networks to
the flows in the residual networks is O(nm +m®/3logn).

Proof. This is based on the procedure for transforming the flows, which we have
not provided. However, this proof is not difficult and can be read in Lemma 10 of
Orlin’s paper[1]. |

All of these results, plus the discussion in Section 3.2, prove the following theo-
rem:

Theorem 4. The running time to find a mazimum flow is O(m31/16). If m =
O(n'9/15=¢) for any € > 0, the running time is O(nm).

6. CONCLUSION

Orlin[1] has provided a strongly-polynomial algorithm that finds a max-flow in
O(mn) time when m = O(n'®/*=¢) for any ¢ > 0. Together with the O(mn) time
algorithm of King et. al.[3], this shows that for any m and n, there is an O(mn)
time algorithm for max-flow with integer capacities.
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