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Abstract

The computational power of concurrent data types has
been the focus of much recent research. Herlihy showed
that such power may be measured by examining the
type’s ability to implement wait-free consensus. Jayanti
argued that this “ability” could be measured in differ-
ent ways, depending, for example, on whether or not
read/write registers could be used in an implementa-
tion. He demonstrated the significance of this distinc-
tion by exhibiting a nondeterministic type whose ability
to implement consensus was increased with the avail-
ability of registers. We show that registers cannot in-
crease the computational power (to implement consen-
sus) of any deterministic type or of any type that can
implement 2-process consensus. These results signifi-
cantly impact upon the study of the wait-free hierar-
chies of concurrent data types. In particular, the com-
bination of these results with other recent works shows
that Jayanti’s hy, hierarchy is robust for deterministic

types.

*This author was supported in part by the National Science
Foundation under grants CCR-9106627 and CCR-9301454. Au-
thor’s address: College of Computing, Georgia Institute of Tech-
nology, Atlanta, Georgia 30332-0280.

tThis author was supported in part by a scholarship from the
Hariri Foundation.

3 This author was supported in part by the W. F. Kellogg Foun-
dation under a grant to the Center for Scientific Applications of
Mathematics at Spelman College. Author’s address: Computer
and Information Science Program, Spelman College, 350 Spelman
Lane SW, Post Office Box 333, Atlanta Georgia 30314-0339.

Permission to copy without fee all or part of this material is
granted provided that the copies are not made or distributed for
direct commercial advantage, the ACM copyright notice and the
title of the publication and its date appear, and notice is given
that copying is by permission of the Association of Computing
Machinery. To copy otherwise, or to republish, requires a fee
and/or specific permission.

PODC 94 - 8/94 Los Angeles CA USA
© 1994 ACM 0-89791-654-9/94/0008.$3.50

354

1 Introduction

Achieving consensus in the presence of processor failures
is of fundamental importance in distributed comput-
ing. A large body of research has studied algorithms for
achieving consensus in three domains: (1) synchronous
message-passing systems, (2) asynchronous message-
passing systems, and (3) asynchronous read/write mem-
ory systems. While the first domain has produced a
large number of deterministic algorithms, it has been
shown that such algorithms do not exist in the other
two [4-7,14]. Because of these results, researchers also
consider algorithms for consensus in asynchronous sys-
tems with primitives more powerful than simple reads
and writes [1,2,7,9-12,14,17,19).

Another reason for taking this approach stems from
the study of wait-free implementations of concurrent
data types. Here, researchers ask questions such as
the following: “is there a wait-free implementation of
type T1 using objects of type T3?” A concurrent im-
plementation of a data type is wait-free if any process
can complete any operation on the type in a finite num-
ber of its own steps, regardless of the behavior of other
processes. Wait-free implementations are desirable in
asynchronous systems because they prevent slow pro-
cesses from slowing down faster ones; in addition, they
tolerate any number of stopping failures. Herlihy [7]
showed a direct connection between a type’s ability to
implement wait-free consensus and its ability to provide
wait-free implementations of other types. In particular,
he showed that consensus is universal: for any n > 0,
if type T can implement wait-free consensus in systems
with n processes, then T can provide a wait-free im-
plementation of any type in such systems. In light of
this result, Herlihy evaluated the power of a data type
by assigning it a consensus number; this is the maxi-
mum number of processes for which the type can imple-
ment wait-free consensus. Herlihy thus cast the universe
of concurrent data types into a hierarchy, each level of
which contains types with a particular consensus num-
ber.

Jayanti [9] refined this study by asking the following



question: what does it mean to say that a type can im-
plement wait-free consensus? He argued that an answer
required addressing the following questions:

1. Can more than one object of the type be used in
the implementation?

2. Can read/write registers also be used in the imple-
mentation?

Because these questions can be answered together in
four different ways, Jayanti identified four possible hier-
archies of types, one of which corresponds to Herlihy’s
assignment of consensus numbers (answering “no” to
question 1 and “yes” to 2). He called these hy, b}, by,
and hf,. A subscript “1” indicates that only one object
of a type can be used, while a subscript “m” indicates
that many can be used. A superscript “r” indicates that
registers may be used, while its absence indicates that
they may not. Using this notation, Herlihy’s hierarchy
is hj.

Given these four hierarchies, Jayanti naturally asked
if they were distinct and, if so, which best measured
the computational power of different data types. He
argued that it is desirable for a hierarchy to be robust.
Informally, a hierarchy is robust if no collection of types
at low levels can implement a type at a higher level.
Jayanti showed that none of hy, h}, and hn could be
robust if it were not equal to A . He then showed that
both h] and h, were different from hl;, proving that
only A%, might be robust (h, cannot equal A}, if either
hm or A} does not). Jayanti left the robustness of hj,
as an open question.

Recall that Jayanti’s hierarchy h,, was defined by an-
swering “yes” to question 1 above and “no” to ques-
tion 2; it differs from Al on whether or not registers
may be used in implementations of consensus. Jayanti
proved hy, # hE, (and Ay to not be robust) by exhibit-
ing a type that was at different levels in the two hier-
archies. This type was specified nondeterministically;
that is, there is (at least) one sequence of operations on
the type for which more than one behavior is possible.
This raises an obvious question: can the same result
be shown with a deterministic type? Since most com-
monly used concurrent data types are deterministic, a
positive answer to this question would imply that the
non-robustness of hy would hold even for the class of
deterministic types.

We answer this question in the negative. That is, we
show that the two hierarchies give equal values for any
deterministic type. Thus, the nondeterminism used by
Jayanti is necessary. It is thus possible that A, is robust
for the class of deterministic types. The above result is
first proven for types that are oblivious; objects of such
types are not aware of the identities of processes access-
ing them. Most research in this area has concentrated
on such types. Our results also hold for types that are
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not oblivious; such types are aware of (and may use)
the identities of processes accessing them.

We also demonstrate other results relevant to the use
of registers in implementing wait-free consensus. For all
types (even nondeterministic ones), the two hierarchies
can differ only at the first level: if either assigns a type a
value greater than 1, then the other assigns it the same
value.

These results confirm that, in most cases, registers do
not play a special role in achieving wait-free consensus.
In another paper [17], we show (as a corollary) that
Jayanti’s hierarchy Al is robust for deterministic types.
Combined with the results of this paper, we conclude
that h,, is robust for these types.

Our results are proven through the introduction of
a new concurrent data type called the one-use bit. An
object of this typeis a bit, initially 0, that can be read at
most once and set to 1 at most once. Our main results
stem from the following:

1. A finite number of one-use bits can implement a
read/write register in a wait-free implementation
of consensus (this is shown in Section 4).

2. Almost any type can be used to implement a one-
use bit (this is shown in Section 5).

These results show that almost any type can be used to
implement one-use bits. Thus, the availability of regis-
ters does not increase the ability of such a type to do
consensus (if one is allowed multiple objects of the type).
The existence of types that cannot implement one-use
bits do not invalidate the results mentioned above be-
cause, as will be seen, they are too weak to implement
2-process consensus with or without registers.

2 Background

This section presents the definitions and background
material necessary to present and interpret the results
of this paper.

2.1 Types

A type is a 5-tuple T = (n,Q, I, R,8). The components
are (1) n, the number of “ports” the type has (this lim-
its the number of processes that may access the type),
(2) @, a (possibly infinite) set of states; (3) I, a set
of access invocations; (4) R, a set of access responses;
and (5) 4, a transition function. T may be either de-
terministic, in which case § : @ x N, x I = @ x R, or
nondeterministic, in which case § : Q@ x N, xI — 29%E 1
This specification of a type indicates how processes may
access an object of type T (using invocations in I), how
the object communicates to processes (using responses
in R), and what are the legal sequential histories of the

N, ={1,2,...,n}.



type (specified by §). If an object of type T is in state ¢
when invocation 7 € I appears on port j € N,, then
the object changes to state ¢' and returns response r
over port j if and only if {(¢',r) = §(q, ,%) (if T is deter-
ministic) or {¢',r) € §(q,7,%) (if T is nondeterministic}).
A type is oblivious if, for all ¢ € Q, j1,j2 € Np, and
i € I, 6(q,71,%) = 6(g,J2,%). An oblivious type does not
distinguish identical accesses by different processes. For
oblivious types, we often abuse notation and omit the
second (port number) input to the transition function.
A sequential history of T from a state gp is a
sequence of alternating states and port-invocation-
response triples (starting with go) such that certain con-
ditions are met. In particular, consider the sequence

H = qo; (j1,%1,71); q1; (2032, 72)3 Q23 - -

(for al k, g € Q, jx € Np, ix € I, and r;, € R). Tt
must be the case that, for all k, (gr,7x) = 0(qk, Jr, %)
(if T is deterministic) and (gr,?%) € 6(qr, Jr i) (if T
is nondeterministic). We say that state ¢’ is reachable
from ¢ if ¢’ appears in some serial history from q. If H
ends after k port-invocation-response triples, then the
length of H, denoted |H]|, is k.

An instantiation or object of type T in a system must
specify, for each port, which process (if any) accesses
the object through that port. At most one process may
use a port. If T is oblivious and there are at most n
processes in the system, then the assignment of “port
numbers” is irrelevant.

The ability of a type to solve consensus is central
to this paper. We define consensus as a type and
then consider the ability of different types to imple-
ment an object of the consensus type. The n-process
binary consensus type T¢ , is an oblivious type defined
to be (n,Q,I,R,d), where @ = {L1,0,1}, I = {0,1},
R = {0,1}, and

§(L,0) = (0,0)
8(L,1) = (1,1)
6(a,b) = ({(a,a) for any a,be€ {0,1}

Usually, objects of the type are chosen to have state |
initially. If a process’s initial value is 0 (or 1, respec-
tively), it performs invocation 0 (or 1, respectively).
Note that the first invocation on the object determines

all future responses. This response is sometimes called
the consensus value of the object.

2.2 Implementations

This section defines what it means for one type to be
implemented by others. Informally, an implementation
is a set of objects (appropriately initialized) and deter-
ministic programs that operate on these objects. There
is one program for each process and for each invocation
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for the type being implemented. More formally, let T' =
(n,Q,I,R,d) and let § = {04,03,...,0nr,} be a set of
objects such that O; is of type T; = (n;,Q;,I;, R;,9;).
An implementation of T in state ¢ € Q from S for
n processes is a tuple of initial states (g1,¢2,...,qm)
(¢ € Q;) and a deterministic program Pj, for each
i; € I and each k € N,,. The implementation should
specify, for each object O;, the port number of each
process in the system that accesses O;; at most m;
processes can do so. Each program of the implemen-
tation specifies how the implementing objects are to be
accessed and what response should be returned to the
invocation associated with that program.

An implementation is correct if all resulting histories
are linearizable with respect to the specification of T
starting from state g [8].2 It is wait-free if, in all fair
histories, all invocations of the deterministic programs
terminate in a finite number of steps.®> (For further
details of these definitions, consult Herlihy [7] or Jayanti
[9].) We say that there is an implementation of T from
S for n processes if such an implementation exists for
allg € Q.

If there is an implementation of T ,, from S, we say
that § implements n-process consensus.

2.3 The Universality of Consensus and
Walit-Free Hierarchies

Herlihy [7] demonstrated that the consensus types T »
are universal in the following sense. There is a wait-free
implementation of any type T using registers and ob-
jects of type T, ,, for systems of n processes. Because of
this, Herlihy proposed evaluating different types by as-
signing them consensus numbers. The consensus num-
ber of type T is the largest number n for which some
number of registers and a single object of type T can
implement T ,,.

Jayanti [9] questioned two of Herlihy’s assumptions
in assigning consensus numbers: whether or not regis-
ters should be used in the implementations of T , and
whether or not multiple objects of a type can be used.
To explore the impact of different choices here, he de-
fined four wait-free hierarchies:

e hi(T) > n if one object of type T can implement
N-Process CONSensus.

e WY {T) > n if some number of registers and one ob-

ject of type T can implement n-process consensus.

¢ hyn(T) > nif some number of objects of type T can
implement n-process consensus.

2 A recent paper considers an alternative to linearizability that
is appropriate for certain aspects of the study of asynchronous
computability [15].

3 A history is fair if each process either halts explicitly or per-
forms an infinite number of operations.



o kL (T) > n if some number of registers and objects
of type T can implement n-process consensus.

Herlihy’s assignment of consensus number corresponds
to Jayanti’s hierarchy hA]. It is clear from these def-
initions that, for all types T', 1 < hy(T) < BY(T) <
R (T) and 1 < h(T) € hu(T) < B, (T). In addi-
tion, standard techniques can be used to show that, if
T = (n,Q,I,R,é), then h(T) < n (where h is any of
the hierarchies given above).

Ideally, the assignment of a consensus (or hierarchy)
number to a type should be a good measure of the type’s
computational power. The larger the number assigned,
the more power the type has to implement other types.
Indeed, Herlihy’s result on the universality of consen-
sus shows that, if h(T) = n > h(T') (where h is any
of the hierarchies given above) and T’ has at most n
ports, then there is an implementation of 7' using some
number of registers and objects of type T'.

Given four different ways of assigning these values, it
makes sense to consider which is best. Jayanti identified
a desirable property of hierarchies that he called robust-
ness. Hierarchy h is robust if, for every choice of n, T,
and § = {T1,T3,...,Tn}, the relations A(T) > n and
h(T;) < n (for 1 < j < m) imply that there is no imple-
mentation of T using objects of types in §. Robustness
implies that there is no way to combine “weak” types
of implement a “strong” type.

Jayanti showed that none of h;, hj, and by could be
robust if it were not equal to h,. He then showed that
both A} and h, were different from hl , proving that
only hf, might be robust (h; cannot equal b, if either
hy or k] does not). Jayanti left the robustness of AT,
as an open question.

Jayanti’s proof that hy, # hl, was based on the ex-
istence of a type T with hy(T) = 1 and AL (T) > 2.
This type is nondeterministic. The remainder of this
paper considers restricted classes of types for which h,,
is shown equal to h,. For these classes, hy, is robust if
and only if Ay, is.

3 One-Use Bits

The main results of this paper stem from the imple-
mentation and use of a new concurrent date type called
the one-use bit. Objects of this type are one-bit regis-
ters that can be read only once and written only once.
Section 4 shows that objects of this type can be used
to implement general multi-reader, multi-writer, multi-
value registers, while Section 5 shows that it is easy to
implement this type.

The one-use bit type Ty = (21 Q1a; I1u, Rlu,61u> is
defined as follows:

Quu = {UNSET,SET,DEAD}
Ly, = {read,write}
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Ry, = {0,1,0k}

014 (UNSET, read)
014 (SET, read)
014 (DEAD, read)

{(pEAD,0)}
{{pEAD, 1)}
{(pEAD,0), (DEAD, 1)}

14 (UNSET, write)

{{sET, ok)}
01u(SET, write) = {(DEAD,ok)}
01u(DEAD, write) = {(DEAD,ok)}.

Only read operations return informational responses;
any such operation sends the object to the state DEAD.
The object can never leave this state and, because of
the nondeterminism, no further information about the
bit can be obtained at this point. After two write op-
erations, the object also goes to the state DEAD.

Note that, although the specification of this type is
nondeterministic, this nondeterminism will play no role
in our use of the type (Section 4); a read will never be
invoked when the object is in state DEAD. Note also
that, as specified, this type is oblivious. In all our uses
of the type, only one process performs write and only
one performs read. Thus, the object could have been
specified as a 2-port, non-oblivious type without loss of
applicability.

4 Using One-Use Bits

Although one-use bits are apparently weaker than gen-
eral multi-use multi-value registers, we can show that,
within the context of wait-free implementations of con-
sensus, they are equally powerful. This can be shown
through three observations:

1. General read/writeregisters can be simulated using
single-reader single-writer multi-use bits.

2. For any n, any wait-free implementation of n-
process consensus, and any single-reader single-
writer bit b, there are bounds 7, and wy such that b
is read and written no more than r;, and w; times,
respectively, in any execution of the implementa-
tion.

3. If there are bounds on the number of times that a
multi-use bit b can be read and written, then b can
be simulated by a finite number of single-use bits.

These facts are shown in Sections 4.1-4.3 below.

4.1 Simulating General Read/Write Registers

A large body of literature has considered the definition
and implementation of a variety of different kinds of
read/write registers and the relationships between these



kinds. The registers required by Herlihy [7] and Jayanti
[9] are atomic, multi-reader, multi-writer, and multi-
value. Researchers have also considered registers that
are regular (weaker than atomic), single-reader, single-
writer, and one-bit. The following paragraph gives a
very incomplete account of the large volume of results
that that have been produced, mentioning only those
that are necessary for the results of this paper.

Lamport [13] showed that there is a wait-free im-
plementation of multi-reader, single-writer, regular bits
from single-reader, single-writer, regular bits. Burns
and Peterson [3] showed that there is a wait-free im-
plementation of multi-reader, single-writer, atomic bits
from multi-reader, single-writer, regular bits. Peter-
son [16] showed that there is a wait-free implementation
of multi-reader, single-writer, atomic, multi-value regis-
ters from multi-reader, single-writer, atomic bits. Pe-
terson and Burns [18] showed that there is a wait-free
implementation of multi-reader, multi-writer, atomic,
multi-value registers from multi-reader, single-writer,
atomic, multi-value registers. Since atomic registers are
stronger than regular registers, it follows from all these
results that there is a wait-free implementation of multi-
reader, multi-writer, atomic, multi-value registers from
single-reader, single-writer, atomic bits. (All the im-
plementations mentioned above exist for any number of
processes.)

4.2 Access Bounds in Wait-Free Consensus

Consider some deterministic type T such that AL (T') >
n. This means that there is a wait-free implementation
of T; , in a system with n processes that uses some
number of registers and objects of type T. As noted in
the previous section, we can assume that these registers
are single-reader single-writer bits. We show that, for
each bit b, there exist constants 7, and w; such that in
no execution of the implementation is the bit read more
than r; times or written more than w; times.

We can consider the executions of the implementa-
tion (from state L) as a collection of trees. Each node
of a tree corresponds to some configuration of the im-
plementing objects (the bits and the objects of type T')
and the “program counters” of the n processes in their
implementing functions. The roots of the trees corre-
spond to possibleinitial configurations: the initial states
of the implementing objects and the vector of invoca-
tions that the n processes will use to first access the
Te,n object (each may be 0 or 1); that is, each process
is at the “entry point” of one of its two implementing
functions. (Notice that two root configurations can dif-
fer only with respect to the “entry points” selected by
the processes; the implementing objects have the same
states in all such configurations, as the implementation
must specify a unique initial state for each object.) A
configuration € is the parent of C; if C; results from
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C, through the execution of one low-level operation by
one process in its first invocation on T, . (If a config-
uration can be reached via multiple paths, it appears
multiple times.) Any configuration in which some pro-
cess accesses the T, object a second time does not
appear in a tree. Thus, a configuration in which all n
processes have completed their first invocations is a leaf
node.

We consider only first invocations because any later
invocations by a process must return the same response
as first (see Section 2.1). Thus, the process can store
the first response locally and need not access any of the
implementing objects after its first invocation on the
T.» object.

Consider any one of these trees. We will show by
contradiction that it is finite. Assume that it is not.
This means that a form of Kénig’s Lemma applies:

Lemma 1 (K&nig): If an infinite rooted tree has a
bound on the fan-out of its nodes, then there is an infi-
nite path from the root.

The fan-out of our trees is bounded by n. Any node
has at most n children, one for each process. This is
because, as noted above, the processes are deterministic,
as are registers and the type T'.

Konig’s Lemma now implies that there is an infinite
path from the root. This path corresponds to some
execution of the implementation. This means that there
is an execution in which some process never completes
its first invocation on T ,. This contradicts the fact
that the implementation is wait-free.

The tree described is thus finite; let d be its depth,
the maximum length of a path from the root. Consider
now all the trees defined above. There are 2™ such trees.
This is because the initial states of the implementing
objects are the same in all trees, and only the choice of
the entry points of the n processes can vary. Let D be
the maximum d over all the trees. This means that, in
each execution in which each process accesses the T,
object at most once, at most D steps are executed. By
the argument given above, this means that at most D
accesses are invoked on any implementing object in any
execution of the implementation. This means that, by
choosing 7, = wy = D, we know that, in no execution
of the implementation, does any process read bit b more
than rp times or write it more than ws times.

4.3 Implementing Multi-Use Bits

This section shows how any single-reader, single-writer
bit that is accessed a bounded number of times can be
implemented with a finite number of one-use bits. Sup-
pose that bit b is initialized to v, is read at most 7}
times, and is written at most w; times. Because b is
written by only one process, we assume that it is only
written when its value is being changed.



The implementation uses r,(wy + 1) one-use bits.
These form an (wp + 1) x 7 array

bits[1...wp +1,1...74],

all elements of which are initially 0. Each row corre-
sponds to a write and each column to a read. (This
means that the last row is not actually necessary. It is
included here to simplify the presentation of the read
routine.) The reader maintains two local integer vari-
ables ¢z, and j,, while the writer maintains local ¢,, and
Jw; these are all initially 1. A write is performed by flip-
ping all the bits in the row corresponding to the write:

for j, :=1 to r, do
bits[in, ju) =1

T =1y +1

return(ok)

A read is performed by looking for a row that contains
an unflipped bit:

while bits[i,, j»] = 1 do
ir:=1,+1

Jri=Jr+1

return((v + (i, — 1)) mod 2)

Each read examines a different column to ensure that no
one-use bit is read more than once. After an execution
of a read, ¢, contains the index of the first row that
has not been completely flipped. This means that bit b
has been written 7, — 1 times, so the returned value is
(v+ (ir — 1)) mod 2 (recall that v is b’s initial value}.

A formal proof of the correctness of this implementa-
tion is deferred to the full paper.

5 Implementing One-Use Bits

This section illustrates two cases in which one-use bits
can be implemented. These are non-trivial determin-
istic types and types above level 1 in hierarchy hy,.
Section 5.1 first shows how non-trivial oblivious deter-
ministic types can implement one-use bits. Section 5.2
extends this to the general case of any type. Section 5.3
shows how higher-level types in hy, can implement one-
use bits.

5.1 Non-Trivial Oblivious Deterministic Types

Most, but not all, deterministic oblivious types can
implement one-use bits. Some types, however, are so
weak as to be {rivial and are incapable of implement-
ing any interesting type. Consider, for example, a type
T = (n,Q,I,R,d) such that |R| = 1. Because the
type must return the same response to every invocation,
there is no way that it can supply any useful informa-
tion. Formally, an oblivious type T = (n,Q,I,R,d) is
trivial if, for every state ¢ € ¢ and every invocation
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i € I, there is a response ry; € R and state ¢’ such that
8(g,1) = (¢',74:) and, for every state p reachable from g,
there is a state p' such that §(p,7) = (p/,74). A trivial
type, once initialized, returns the same response to each
occurrence of a given invocation; processes can gain no
information by accessing an object of the type. A type
that is not trivial is non-trivial. We now show that any
non-trivial oblivious deterministic type can implement
a one-use bit.

Let T = (n,Q,I,R,§) be a non-trivial oblivious de-
terministic type. This means that there are states
¢,p,¢',p’' € Q, invocation ¢ € I, and responses 74,7, €
R such that p is reachable from q, d(g,2) = (¢’,rq),
d(p,i) = (p',7p), and rp # 7q. It is not hard to see that
p and ¢ can be chosen such that p is reachable from ¢
in one step, that is, so that there is some invocation ¢’
and response 7’ such that 6(g,i’) = (p,r').

We can now give an implementation of a one-use bit.
We use one object O of type T, initialized to state g. A
read of the bit is performed as follows:

invoke i on O

if response is r4 then
/* O is still in state ¢ */
return(0)

else
/* O was in state p */
return(1)

A write is performed as follows:

invoke ¢/ on O
return(ok)

Intuitively, state ¢ corresponds to UNSET, p to SET, and
any other state to DEAD. It is not hard to see that
the above procedures correctly implement a one-use bit
(note that, after the first read, any value can be properly
returned by subsequent reads).

5.2 Non-Trivial Deterministic Types in
General

The previous section showed that any non-trivial oblivi-
ous deterministic type can implement one-use bits. The
proof given there depended on the obliviousness of the
type being used. This section generalizes that result for
types that are not necessarily oblivious.

A type is trivial if, for all start states and all ports,
all sequences of invocations on that port always return
the same sequence of results regardless of any invoca-
tions performed (and the order in which they are per-
formed) on other ports. Thus, for any non-trivial type
T = (n,Q,I,R,J), there is at least one start state ¢, a
sequence of invocations on one port (without loss of gen-
erality port 1), and two sequential histories H; and H,
from g that contain the same sequence of invocations on



port 1 such that one of the invocations in the sequence
returns different values in the two schedules. Call H,
and H; a non-trivial pair. Without loss of generality,
we assume that the invocation returning different values
is the last invocation on port 1. Let 7= (i1,42,...,%k)
be the sequence of invocations on port 1 in the two his-
tories. Note that different sequences of operations may
be invoked en ports other than port 1 in H; and Ho.

Consider any sequential history H from g in which
the invocations on port 1 are 7. The history’s return
value is the result returned by ig.

For the remainder of this section, we will assume that
H,, H,, and ¢ are such that |H)| + |H;| is minimal
among the non-trivial pairs. The following sequence of
lemmas demonstrate certain properties of H; and Ha.
These properties allow T to be used to implement one-
use bits.

Lemma 2: One of H; and Hy has length k; that is, it
consists only of invocations on port 1.

Proof: Let H be the history from ¢ consisting only
of the invocations in 7 on port 1. Because the return
values of H; and H, differ, the return value of H must
differ from at least one of them, say H,’s. In this case,
H and H, are also a non-trivial pair. Since |H;|+ |H,|
is minimal, |H| + |Hz| = k + |Hz| 2 |Hi| + |Ha, so
|H:| > k. Since H; must contain the k operations on
port 1, |Hy| = k. o

From now on assume that H; contains only the k&
invocations on port 1 and that H, contains at least one
invocation on another port (the latter because otherwise
H; = H, and they have the same return value).

Lemma 3: The last k invocations in Hs are all on
port 1.

Proof: Let m = |H,| (m > k) and assume that one
of the last k& invocations in H; in on some port other
than port 1. The last invocation in H, must be i3 on
port 1; otherwise, this invocation can eliminated, re-
sulting in a shorter Hj, with H; and H being a shorter
non-trivial pair. Suppose that the last j invocations in
H; are on port 1 (k > j > 1) and that the (m — j)th
is on some other port, say 2. Define a sequence of his-
tories, H3, H3,...,Hj as follows: HY = Hj,, and Hj*!
results from inverting the order of (m — (j — #))th and
(m — (j — i) + 1)st operations in H]. That is, each his-
tory successively moves the operation on port 2 (which
is (m — 7)th in HY) one step later.

Let £ > 0 be least such that H and H**! have differ-
ent return values (if no such ¢ exists, then Hj has an in-
vocation on port 2 as its last and forms a non-trivial pair
with Hj, contradicting the above observation that both
histories must end with invocations on port 1). Let ¢’ be
the state of the object after the first m~j—1 invocations
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of Hy (notethat m—j—1>k—j—1=(k-1)—j > 0).
Let H] and H; be the last j + 1 operations of H? and
H%', Then H) and H) have different return values
from ¢’ and thus form a non-trivial pair. Note that
|Hi|+|H3l = 2(7+1) < 2k = k+k < |H1|+ |H>|. This
contradicts the minimality of H; and H;. We conclude
that the last k invocations in H, are on port 1. a

Lemma 4: The length of Hy is k + 1; that is, Hy con-
sists of one invocation (say i,) on some port (say 2)
followed by k invocations on port 1.

Proof:  Assume that |Hzl =m > k+ 1. Let H bea
history from g consisting of the first m — (k+1) > 1
invocations of Hy (none on port 1) followed by the last
k invocations (all on port 1); |H| = m — 1. If the return
value of H is the same as that of H,, then H; and H are
a shorter non-trivial pair, giving a contradiction. Thus,
the return value of H is different from that of H;. Let
¢’ be the state of the object after the first m — (k + 1)
invocations of Hz. Let H; and Hj be histories from ¢’
containing the last k and last k + 1 invocations in H;
and Hj, respectively. The return value of Hj is the same
as that of H; and the return value of Hj is the same as
that of H;. These differ, so H}, and H) are a non-trivial
pair. But |H]|+|Hj| = k+(k+1) < k+m = |Hy|+|H|,
again contradicting minimality. Thus, |[H,|=k+1. O

Lemma 4 establishes that an object O of any non-
trivial deterministic type can be used by two processes
to simulate a one-use bit. (Recall that, in Section 4,
only two processes ever access such a bit in any of our
uses of the type, one writing and one reading.) The
reading process is connected to port 1 and performs a
read as follows:

invoke  on O

if return value is that of H; then
/* writer has not written */
return(0)

else
/* writer has written */
return(1)

The writing process is connected to port 2 and simply
performs the one invocation z,, from H, on that port:

invoke i,, on O
return(ok)

Note that the reader may get a return value that is
neither Hy’s nor H;’s. However, this still indicates that
the writer has written, so 1 can be returned.

5.3 High-Level Types in h,,

Let T be any type such that hn(T) > 2. This means
that there is an implementation of 2-process consensus



using only objects of type T (without registers). We
now show that, even if T is nondeterministic, T can
implement one-use bits.

Let O be an object of type T 2, initialized to state L,
as implemented by objects of type T. A read of a one-
use bit is performed as follows:

invoke 0 on O
let » be response
return(r)

A write is performed as follows:

invoke 1 on O
return(ok)

Basically, the reader proposes 0, meaning “read pre-
cedes write,” while the writer proposes 1, meaning
“write precedes read.” If the consensus value is 0, then
the write could not have completely preceded the read,
so the read can be linearized before the write and return
0. If the consensus value is 1, then the read could not
have completely preceded the write, so the read can be
linearized after the write and return 1. (Note that this
implementation returns the same response to all reads
by the reader; this is permitted by the nondeterministic
specification of one-use bits.)

6 Applications to Wait-Free Hierarchies

The above results have two important applications to
wait-free hierarchies, given below in Theorem 5.

Theorem 5: Suppose that one of the following holds of
type T':

o T is deterministic;
o h,(T)>2.
Then hy,(T) = b (T).

Proof: Let T be atype with one of the above proper-
ties. Recall that 1 < hn(T) < AL (T) for all types T. Tt
thus suffices to show that h (T) < hn(T). The proof
is divided into three cases:

e T is deterministic and trivial. This means that, no
matter how an object of type T is initialized, any
sequence of invocations by a process always returns
the same sequence of responses. The object can
thus be trivially implemented locally. This means
that, if AL (T') > n, then registers alone can imple-
ment n-process consensus. Since registers cannot
implement 2-process consensus [4,7,14], this implies
that bl (T') = 1. Since h(T) 2> 1, AL (T) < hp(T)
as desired.
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¢ T is deterministic and non-trivial. If A (T) > n,
then objects of type T and registers can imple-
ment n-process consensus. As noted in Section 4.1,
the registers can be single-reader, single-writer bits.
Section 4.2 showed that there is bound on the num-
ber of times each bit may be used and Section 4.3
showed that, if this is the case, each such bit may be
simulated by a finite number of one-use bits. Sec-
tion 5.2 showed that objects of any non-trivial de-
terministic type can implement one-use bits. Thus,
objects of type T can implement n-process con-
sensus without using registers. This implies that
hm(T) > n and, therefore, hL (T) < hn(T) as de-
sired.

¢ hn(T) > 2. As noted above, if AL (T) > n, then
objects of type T and one-use bits can implement
n-process consensus. Section 5.3 showed that ob-
jects of type T can implement one-use bits. Thus,
objects of type T can implement n-process con-
sensus without using registers. This implies that
hw(T) > n and, therefore, bl (T) < hn(T) as de-
sired.

In all cases, AL (T) < hn(T). This implies that
h(T) = B, (T). m]

Theorem 5 shows that Jayanti’s choice of a type T to
distinguish hy, and h] was not accidental: it had to a
nondeterministic type with by, (T) = 1 and AL (T) > 2.

7 Conclusions

The results of this paper show that, for two large classes
of concurrent data types, Jayanti’s wait-free hierarchies
hm and hY, are equal. One of these is the class of deter-
ministic types, which is of considerable interest.

These results are of more than theoretical curiosities.
They show that, in most cases of interest, registers are
not “special” when it comes to implementing wait-free
consensus. If convenient, they can be used to simplify
the reasoning process: various arguments made with
the assumptions that registers are available (e.g., about
the hierarchy h] ) apply when they are not (e.g., to the
hierarchy hy,); the converse is also true.

In particular, these facts pertain to Jayanti’s robust-
ness property. His proof that hy, is not robust does not
apply, for example, to deterministic types. In fact, we
have shown in another paper that k] is robust for de-
terministic types [17]. The results of this paper show
that hy, is also robust for these types.
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