
6.825 Quiz 1 Fall 2004

Solutions

1. Propositional logic

(a) If you had a complex sentence in propositional logic and you thought it was probably
unsatisfiable, what method would you use to verify that? Why?

Answer: Use a complete method, like DPLL (of course, it also has to be sound), because it can
guarantee that a sentence is unsatisfiable. It is also OK to use resolution-refutation to
derive a contradiction, because resolution-refutation is complete for propositional logic.

(b) What would you do differently if you thought it probably had many satisfying assign-
ments and wanted to find one?

Answer: Randomized SAT solvers like GSAT or WalkSAT (which use local search) are empirically
likely to be much faster than DPLL when there are multiple satisfying assignments.

2. First-order logic
Consider the following sentences:

• If a jar is sterile, then there are no live bacteria in it.

• There are live bacteria in the yogurt cup.

• The yogurt cup is a jar.

• The yogurt cup is not sterile.

• If there are no live bacteria in a jar, then it is sterile.

(a) Write each of these sentences in first-order logic, using predicates Jar, Sterile, Bacterium,
Live, and In, and the constant symbol YogurtCup.

Answer:

∀x.Jar(x) ∧ Sterile(x) ⇒ ¬∃y.Bacterium(y) ∧ In(y, x) ∧ Live(y) (1)
∃x.Bacterium(x) ∧ In(x, Y ogurtCup) ∧ Live(x) (2)

Jar(Y ogurtCup) (3)
¬Sterile(Y ogurtCup) (4)

∀x.Jar(x) ∧ (¬∃y.Live(y) ∧Bacterium(y) ∧ In(y, x)) ⇒ Sterile(x) (5)

(b) Convert those sentences to clausal form.
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Answer:

¬Jar(x) ∨ ¬Sterile(x) ∨ ¬Bacterium(y) ∨ ¬I(y, x) ∨ ¬Live(y) (6)
Bacterium(Bob) (7)

In(Bob, Y ogurtCup) (8)
Live(Bob) (9)

Jar(Y ogurtCup) (10)
¬Sterile(Y ogurtCup) (11)

¬Jar(x) ∨ Live(F (x)) ∨ Sterile(x) (12)
¬Jar(x) ∨Bacterium(F (x)) ∨ Sterile(x) (13)

¬Jar(x) ∨ In(F (x), x) ∨ Sterile(x) (14)

(c) How can you show that a set of sentences entails another sentence?

Answer: You can show that KB |= S by showing that KB ` S: negate the sentence S and
show using FOL inference rules (resolution, paramodulation) that KB ∧ ¬S leads to a
contradiction (empty clause). This shows that the set of interpretations under which
KB holds is a subset of the set of interpretations under which S holds.

(d) How can you show that a set of sentences does not entail another sentence?

Answer: You can show that KB 6|= S by showing the existence of an interpretation under which
KB holds but S does not. Showing that resolution-refutation cannot reach a contra-
diction does not work in general because if KB 6|= S, resolution-refutation may never
terminate due to semi-decidability of FOL.

(e) Do the first three sentences entail the fifth? Show your answer using one of the two
methods you just described.

Answer: No, they do not. Consider the universe U = {Y ogurtCup,Keg, SpongeBob} and the
interpretation:

I(jar) = {< Y ogurtCup >,< Keg >}
I(Bacterium) = {< SpongeBob >}

I(In) = {< SpongeBob, Y ogurtCup >}
I(Live) = {< SpongeBob >}

I(Sterile) = {}

Under this interpretation, (1) through (3) hold, but (5) does not (Keg is a jar with no
live bacteria in it, and it is not sterile).

3. Independence relations
Draw a Bayesian network graph that encodes the following independence relations, or show
that no such graph exists.

(a) • A is independent of B
• A is independent of C given B
• A is not independent of C
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Answer: The last two statements taken together imply that the graph is fully connected, there is
no direct link between A and C, and the structure where B is a common effect of A and
C is not possible. This leaves three possible structures.

i. B is a common cause of A and C. But this is not possible because then A is not
independent of B.

ii. The structures A → B → C and C → B → A, neither of which are possible because
A is not independent of B in either.

(b) • D is independent of B given A
• B is independent of C
• B is not independent of D
• B is not independent of C given D

Answer: There are multiple such structures, including at least the following:
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4. Bayesian network inference
Consider the Bayesian network below.
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(a) What is the size of the largest CPT in this network?

Answer: No node has more than two parents, so the largest CPT is a function of three variables.
Assuming the variables are binary, the CPT has 23 = 8 entries. We may choose to only
store 4 of these, taking advantage of the fact that the rows in the CPT sum to 1.

(b) What nodes can be ignored while computing Pr(H|M)?

Answer: J,K, L, N,O, P .

(c) Give a minimal expression for Pr(G|A) in terms of CPTs stored in the network.

Answer:

Pr(G|A) =
Pr(G, A)
Pr(A)
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=
∑

B,C,E,F Pr(G|C,F ) Pr(C|B) Pr(F |B,E) Pr(B|A) Pr(E|A) Pr(A))
Pr(A)

=
∑

B,C,E,F

Pr(G|C,F ) Pr(C|B) Pr(F |B,E) Pr(B|A) Pr(E|A).

(d) What is the time complexity of the problem of finding the elimination order that gener-
ates the smallest-size largest factor?

Answer: This is an NP-hard problem, so the complexity is exponential in the number of variables.

(e) If you were computing Pr(P |B = b) for a very unlikely value of b, would you prefer
importance sampling or Gibbs sampling? Why?

Answer: Importance sampling would work well. The evidence (B) appears early in the topological
ordering, so most samples would be relevant.

(f) If you were computing Pr(B|P = p) for a very unlikely value of p, would you prefer
importance sampling or Gibbs sampling? Why?

Answer: Gibbs sampling would be a better choice. The evidence (P) appears very late in the
variable ordering, so likelihood weighting would suffer from generating samples with
very small weights.

(g) When is the clique tree inference algorithm more efficient than variable elimination?

Answer: Clique tree inference is more efficient when more than 2 queries need to be supported.
It takes about twice the work of variable elimination to calibrate the clique tree.

(h) Once the cliques are calibrated, how can you compute the marginal distribution over a
single variable that occurs in multiple cliques?

Answer: Pick any clique that contains the query variable, and sum all other variables out of the
clique potential.

5. Hidden Markov models
Consider the following HMM with states A,B, C and observations X, Y .

• The initial state distribution is (.8, .1, .1) over A,B, C respectively.

• The state transition probabilities are as follows:
A B C

A 0.5 0.0 0.5
B 0.333 0.333 0.333
C 0.333 0.333 0.333

• The observation probabilities are:
X Y

A 0.99 0.01
B 0.1 0.9
C 0.93 0.07

Now suppose that the sequence of observations X, Y,X is seen.
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(a) We would like to calculate the conditional marginal distributions Pr(S1|X, Y,X), Pr(S2|X, Y,X),
Pr(S3|X, Y,X). In the notation of Russell & Norvig, the first three forward messages are
fv[0] = [.8 .1 .1]T , fv[1] = [0.8849 0.0112 0.1039]T and fv[2] = [0.0659 0.4730 0.4611]T .
Compute fv[4]. Which marginal distribution does this represent?

Answer: fv[4] = αO3T
T fv[3] where T is the transition matrix above and O3 is the diagonal

observation probability matrix for O = X, which is:
0.99 0 0

0 0.1 0
0 0 0.93

Thus we get:
fv[4] = [0.4924 0.0450 0.4626]T

This represents the distribution P (S3|X, Y,X).

(b) The first backward message is, of course, [1 1 1]T . The next one is [0.9600 0.6733 0.6733]T .
How many more do you need to compute to find all the conditional marginal distributions
mentioned above? Compute them.

Answer: We just need to compute one more. Let b[4] = [1 1 1]T and b[3] = [0.9600 0.6733 0.6733]T .
Then:

b[2] = TO2b[3]

where O2 is the observation matrix:
0.01 0 0

0 0.9 0
0 0 0.07

And we get:
b[2] = [0.0284 0.2209 0.2209]

(c) Write down all the conditional marginal distributions. What are the most likely values
for each of these?

Answer: The conditional marginals are (where we’re taking elementwise product over vectors):

P (S1|X, Y,X) = αfv[1]b[2] = [0.4968 0.0489 0.4543]T

P (S2|X, Y,X) = αfv[2]b[3] = [0.0914 0.4601 0.4485]T

P (S1|X, Y,X) = αfv[3]b[4] = [0.4924 0.0450 0.4626]T

The most likely values are S1 = A,S2 = B,S3 = A.

(d) Is this the same as the most likely state sequence? Provide a proof that it is or is not.

Answer: This is not the same as the most likely state sequence, since the state sequence A,B, A
has zero probability of occurring (the transition from A to B is impossible).

(e) Does filtering or smoothing give you a more accurate estimate of the state occupation
probabilities in an HMM? Why? Why would you ever do the one that’s less accurate?

Answer: Smoothing is more accurate than filtering, since it takes “future” information about
observations into account (or updates previous state probabilities based on hindsight).
Filtering is useful in online problems, where you need to make a decision based on an
estimate of the current state probability without having the benefit of seeing the future.
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