Lecture «: Abstraction Functions

Iislislthelsecond!oflalpair! of!lectureslon!the!theory!underying!abstract! dataltypes,!
which!providesitwolkey!toolslfor!reasoninglinlalmodulariway!about!aldatalabstradion.!
Last! time!wellooked!at! rep invariants;!this!time!we!llook!at! abstraction functions.!1t&@
crucial'that!youlunderstandithelconcept!ofithelabstraction!function,!sincelit! lieslat!the!
heart! oflwhat!datalabstradion!islalllabout .!But!it @lessimportant! that! arelprokcient!in!
itsuse.Writing!downlthelbstraction!functionlisibighelp!whenfacedwithlanintricate!
rep, butlforlsimplerlrepsicanloftentbeldispensediwith. Inlcontrast, it Salwaysiworthwrit-
ing!down!the!replinvariant.

.l Judging Correctness

Recalllfromllastllecturelthelmutator!method!add which!takeslanelement!landiaddsit! to!
thelend!ofthellist:

8.11 public void add (Obgct o) {

812 Erntry e = new Entry (0, header. prev, header);
813 e.prev.next = e;

8.1.4 enext.prev = e;

8.1.5 }

Welchecked!that!thisloperaion!preserved!thelreplinvariant.!lit!producesialgaod!list.'But!
doeslit! produce!thelright!list?1t! correctly!spliceslalnew!entr ylinto!thellist,!but!doedlit!
splicelitlinto!thelright! position?ls!thelnew!elemert!inserted!into!thel start! or!thelend!
oflthellist?1t!looks!aglifl it @at!thelend, but!that! assumes'that! thelorder!oflentries!cor-

responds!to!thelorderloflelemerts.!t!'would!belquite!possible!(although! perhaps!albit!
perverse)tolstoretheklemensinlthereverselorder:tthatlis,!forlalistl!withlelementsiol,!
02,'03,!tolhave

8.16 p.header.next.element = 03
8.17 p.header.next.next.element = 02
8.18 p.header.next.next.element = 0l

Tolresolvethisiquestion,weheed!tolknow!'howltherepresentationlisinterpreted:that!is,!
howltolview!laninstanceloflLinkedListaslan!abstrad!sequenceloflelements.! ! isiswhat!
thelabgraction function!provides.!Recall!(from!7.1)that!thelabstradion!function!maps!
valuesloflthelrep!spaceitolvaluesioflithelabstract! space:in!thislcase, valueslofiLinkedList
tolabstract!lists.ITolsay'that'welexpect!elementstolappearlin'thelLinkedListstructurein!
their'natural!order,!'we!midt!write

8.1.9 A(|) =
8.1.10 if I.h eader.next = l.Lheader then
8.1.11 the empty sequene
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8.1.12 else

8.1.13 the sequere
8.1.14 <p.header.next.element, p.header.next.next.element, E
8.115 ending with the brst entry e such that e.next = l.header

We®e gven the astraction function informally. It®possible b write it more precisely
in a mahematical notation, but for 6170 inbrmal descriptions will su! ce.

Notethat, in addition to the dstraction function, we aso need the specibcation of the
method. If it had said hat the elemert should go a the sart rather than a the end, he
code would ke wrong. "e abstradion function and he spec go together, since they link
the code o the @stract view of the type ®en by he dient.

"e rep invariant, in contrast, can be used without ary reference to the spec. " isisa
merit of sorts: it means hat justwriting down the rep invariant, and noting dse, is vely
useful documentation of a type.

€ A Nifty Abstraction Function

You might get the impression hat abstraction functions skte the obvous; that just
looking & the rep, you could guesshow it should be interpreted. Much of the time, this
is adually true, and ér this reason abstradion functions ae less inportant than rep
invariants. (" isassumes, by he way, that a human being is interpreting the rep. If you
want to build a bol that analyzes cde automatically for compliancewith its spec D even
just that modibcations are within the scope permitted by a malibes clauses B you Wl
need to provide the tool with an dstraction function.)

Sometimes, however, a dever representation may have an irterpretation that isfar from
obvious. In this @ase, an dstraction function is a vey useful bit of documentation.

Suppose you vart to build aQueuedatatype whose objects ae immutable. t&not obvi-
ous how to implemert this e! ciently. We know how to implemert an immutable List;
the corsoperation simply creates a nav list whosetail is the old list, and the carand cdr
operdions do the opposite, breaking the list into the brst dement and the tail. * esnag
with a quaie is that the dements go on one end andotne o#the other.

A very dever solution is to enploy apair of immutable lists. ("i s idea is wdl-known in
the functional programming community; | learnt it from Bob Harper of Carnegie Mel-
lon.)" e keld declarations in &vamay look something like this:

821 class ImnutableQueue {

8.2.2 ImmutableList bak;
823 ImmutableList front;
8.2.4 E

8.25 }
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I elqueuelislbrokenin!two. Elemertslat!thelbackloflithelqueuelbppearlinithelistback, lin!
theirlnaturallorder.Elemertskt!thefrontlofithelqueuebppearlinithelistfront!inireversed
order.!We(e!just!described!thelastraction!function.!Albitimore!precisely,

8.26 A(q) =
8.27 A(g.bak)) ” rev(A(g.front))

Notelthat!theldelnition!usesithelabstraction!function!onllists.!l@n!assumingthesellists!
represent!mathematicallsequences,!landthat!reviislalfunction!that! reverseslalsequence,!
andlislthelconcatenation!operator.!l@!alsolassumingthat, lin! ourlabstract!model!of!a!
gueue,welthink!ofltheldlemertslaslordered!so!that!the!Hrstlelement!tolbelremoved!will!
belat!thelendof!the!list.

Here®howttheteplismanipulated. Tolenqueuelnklemert, wekimplylcorslititolthe back!
list.IToldequeuelan!elemert,!weltakelit! 0"l 'thelfront!listlusing!cadand!cdrif!thellistlis!
non-empty. lIflit @empty, wereverselthelbackllist,landmakelit! thefront!list,!landreplace!
thelback!list!by!helenpty!list.

Reversinglthelistitakesitime!proportional!tolitslength.!So,if!allot! oflqueueshave been!
performed!without!anlinterveningddequeuegalsingeldequeudoperaion!may'takelsome!
time.!But!note!that! each!element! can! only!participatelin! onelreversal.! ! eltotal! cost!
oflthelreversalsloverlthellifelof!thelqueuelis!proportional!to!the!number!oflelemerts!
dequeued.!So!thelcost!ofleach!operation!is,!averaged!overlall'theloperations,!constant!
time.! !islkind!oflanalysislisicalled!anlamortizedanalysis,!becauselthelcost!of!alsingle!
operation!is!@morti zed@ver!alllogerations.

».€ Specibcation Fields

I elabstrad!valueslofimany!abstract! datalty pesthavelatuple!structurelat!theltop-leve.!
Forlexample,alinelisialpairloflpoints;laimailingladdresslislainumber, lalstred ,!akcity!and!
alapcode;!a!lRLlis!alpotocol,!alhast!iname,!and!agsource!name.

Inltheselcases,!onelcan!specifylalsinge!function! that! maps!representation!objects!to!
tuples.! ! islisithelapproach!followed!bylour!textbook.!Butlit @conveniert landiperhaps!
morelnatural,to!break!thefunction!intolseveral!separatelfunctions,leachlviewed'as!de-
Pning!al€pecitcation!tteldO

For!example,'we!might! represent! alCad! datatype,!used!in! card! game!program,'by!a!
singelinteger!inlabeldlindex.! ! elreplinvariant!requiresindexibelinltherangeD..5b1.We!
might!have!two!speciBcation!belds!delmed!as!ollows:

8.3.1 c.suit = S(cindex div 13)

832 c.val =V (cindex mod 13)

8.3.3 where

834 S(0) = Hearts, S(1) = Spdes S(2) = ClubsS(3) = Dianonds
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835 V(1) = Ace V(2) = 2, E, V(11) = Jack, V(12) = Queen, V(0) = Kin

so that a Cad object with index bPdd of 3, for example, would correspond to the ! ree
of Hearts; 14 corresponds to the Ace of $ades. ! is abstraction function maps each
representation object cto apair (c.suit, c.val), but rather than writing it as a sindge func-
tion, we@e specibd it as two sparate ones, one br each specibPation beld.

li s sheme is © convenient that weOll se it even when hereisonly one sgcibation
pdd. Wee actually seen this many times before. When we eferred to the ith demert
of avestor vasv.dtg[ i], thisused a specibction Peld eltswhosevalue is a mahematical
sequence. It allowed usto talk aout the demerts of he vector without mentioning the
representation. Without the sgecibation beld, we would hae © write A(v) to denote
the vector@®elemert sequence, to distinguish it from the value ofv itself B a dva object
reference.

Our abstradion function for our immutable quaie now kecomes
8.36 g.elts = g.b&k.elts ” rev (g.front.elts)

Notethat therearetwo di" erert elts belds hee: the one on he let corresponding to the
abstraction function of quaues, and he two accurrences on the right corresponding to
the abstradion function of lists. For annotating wde, specibation belds are especially
conveniert. Using the mnvertion that we @an omit eplicit mention of this, we midt
write, for example

837 abstraction function
8.38 elts: sequene d elementsin queue in order from last to brst out
8.3.9 elts = bak.elts " rev(front.elts)

asa ommert in the Queuedass.
«.€ Benevolent Side E!ects
What is an olserver operaion? In our introductory lecture on representation inde-

pendenee and data abstradion, we delmed it as an ordion that does not mutate the
object. We an now dgve a moe liberal demition.

()
A /\A
op %@
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An operdion may mutate an object of the type so that the Eelds of the representation
change, while maimaining the @stract value it denoes. We can illustrate thisphenom-
enon in general wth a dagam:

le execution of the operdion op mutatestherepresentation of an obgct fromrltor2.
But rl and r2 are mgped by the astraction function Ato the same bstract value a, ©
the dient of the datatype cannot olserve that any change ha occurred.

Why would you want to make such a nutation? Usually the reason is to improve per-
formance. Suppose dients of a tble datatype often look up the same ky repeatedly. It
might then male £nsto cachethe key and its value & ahint when aget is performed.
On a sulsequernt get, the brst thing you do & deck to seif the key isthe one that was
justlooked up; if 0, you @n return the value without doing a ull lookup. ! e point is
that the dient of the datatype can®see that the value just obtained has been cached: all
it cares &out is that get is an observer in the ne that one get can®e" ect the \alue
returned by a &ter get.

In general, hen, we an allow olservers b mutatetherep, 2 long & the astract value
ispreserved. We will need to ensure that the rep invariant is not broken,and if we hae
coded the invariant as a meéhod checkRep, we $ould insert it at the start and end of
observers.

€ ldioms for Expressing Abstraction Functions

Writing abstraction functions is di# cult, because we do®have a language br talking
about abstract values. Sich a language, alled a formal specibcation language, would
also allow us to specify our operations more precisely. But in pradice,formal specibP@-
tion languages are not easy to use, 0 they are usually reserved for critical projects.

Nevertheless with a little pradice, it®possible © write fairly clear and sinple astrac-
tion functions. Here ae ssme tips.

First, baure out what the astract valueslookslike. If an astract value is a tiple of ®v-
eral \alues, examine each of these values and delme a separate specibction Peld for it.
Can the astract value e described with standard mathematical sts, ssquences and
relations? If , yoube in luck: you can now se whatever notation youde comfortable
with for constructing and manipubting those mahe-matical values. If not, you midt
decide to specify the abstradion function by example:that®what | did above with the
auxiliary functions S and V inhie CardSet example, lhdcking a sandard way to model
values sut as OkartsO

Second, pick a strdegy for mapping concrete objects to the @stract values you®e o-
sen. Here ae ©me ommon idioms:
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Compreherson. ! e set comprehension expression {x | P( x)} denotes the st of all
elementsx that sdisfy the property P. Suppose we have a st of integers in the range
0..255represented as an array of booleans (ie, a bit sting) stored in a Feld bitarr.
le nwe might write the astraction function like this:

8.5.1 s.elems = {i | s.bitarr[i]}

Recursion. Resursive epresentations ate usually best handled with recursive dstrac-
tion functions. Supposewe have a st represented asa binaty treg with bddsval (the
value of he treenode, null if the treeis empty), left (the let treg null for a leaf) and
right (the right tree null for a leaf). 'le n we might write the abstradion function
like this:

852 selems=if (t.val = null) then {} else {t.val} + t.left.elems + t.right.elens

where + s st union.

a

Projection. Sometimes it®easiest to write a formula that relates a part, or a frojec-
tionDof the mncrete object to a part of the astract value. SIppose we have a g-
quence datatype represented as an aray stored in a Feld eltarray, with a Feld max
giving the index of the highest array element that correspondsto an demert of the
abstract sequence.!e n, using a spciPation Peld elts that gives the abstrad se-
quence of dements, we might write the astraction function as two @nstraints:

853 size (selts) = smax + 1
854 for i: 0..size (selts) | s.elts [i] = s.eltarray [i]

By Example. Fnally, you can always fall back on simply illustrating the abstracion
function on an eample, and hoping hat the reader infers the generalzation cor-
rectly. ! isiswhat | did when diowing the éstradion for LinkedList

855 l.elts =

8.5.6 if .h eader.next = |.header then

857 the empty sequene

858 else

8.5.9 the sequene

8510 <p.header.next.element, p.header.next.next.element, E
85.11 ending with the brst entry e such that e.next = |.header

92



€ Summary

I elabstradion! function!specibes!how!thelrepresentation! oflan!abstract! dataltypelis!
interpretedlasanibstract!value.Togetherlwith'thelrepresentationlinvariant lit'allowsus!
tolreason!inlalmadular!fashion!about!the!@rrectness!oflan!opraion!of!theltype.

In! practice,'abstraction! functionslare!harder!tolwrite!than!representationlinvariants.!
Writing!down!alreplinvariant!islalways!iworthwhile,'landlyou'should!alwaysldo!it. \Writ-
ing!down!an!abstraction! function!is!often! useful,! even!if! only! donelinformally.! But!
sometimesthelabstrad!domainishard'tolcharaderize,andthekxtraworklofiwriting'an!
elaborate!dstradion!function!is!not!rewarded.!You!need!to!use!yourljudgnert.
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