6.111 Lecture 12

Today: Arithmetic: Addition & Subtraction

1.Binary representation
2.Addition and subtraction
3.Speed: Ripple-Carry

4 .Carry-bypass adder
5.Carry-lookahead adder
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1. Binary Representation of Numbers

How to represent negative numbers?

e Three common schemes:
— sign-magnitude, ones complement, twos complement

« Sign-magnitude: MSB = 0 for positive, 1 for negative
— Range: -(2N-1-1) to +(2N-1 - 1)
— Two representations for zero: 0000... & 1000...
— Simple multiplication but complicated addition/subtraction

 Ones complement: if N is positive then its negative is N
— Example: 0111 =7, 1000 = -7
— Range: -(2N1 - 1) to +(2N-1 - 1)

— Two representations for zero: 0000... & 1111...

— Subtraction is addition followed by ones complement
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Negative Numbers: Twos Complement

Twos complement = bitwise complement + 1

0111 — 1000 + 1 = 1001 = -7
1001 — 0110 + 1 = 0111 = +7 -3

= Asymmetric range

= Only one representation for zero
= Simple addition and subtraction -6
= Most common representation

1000 0111

« N bits g

_ON-19N-2| «=e | =e= | «=e | 23 | 22 | 21 | 20

_— '\
“sign bit” Range: - 2N-1 {0 2N-1 -1 “decimal” point
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Twos Complement: Examples & Properties

* 4-bit examples:

" 4 0100 -4 1100 4 0100 4 1100 )
+3 0011 + (-3) 1101 - 3 1101 + 3 0011
7 0111 -7 11001 1 10001 -1 1111

\ /

[ Katz’93, chapter 5]
-8-bit twos complement example:
11010110 = -27 + 26 + 24 + 22 + 21 = - 128 + 64 + 16 + 4 + 2 = - 42

‘With twos complement representation for signed integers, the same
binary addition procedure works for adding both signed and unsigned
numbers.

By moving the implicit location of “"decimal” point, we can represent

fractions too:
1101.0110=-23+22 + 20 + 2-2 + 2-3=-8+4+1+0.25 +0.125 = -2.25
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2. Binary Addition & Subtraction

Addition:

Here's an example of binary addition as one might do it by
“hand”:

1101~ Carries from previous

column
Adding two N- 1101
bit numbers + 0101
produces an
(N+1)-bit result\ 10010 E E
. ] ] ] . ero FA cio
We've already built the circuit that implements one column: 5
b
So we can quickly build a circuit two add two 4-bit numbers...
Aa Ba Al B2 Al B1 Al B0 e o
N I N ER SR ER Ripple-

) FA cT o FA cT o FA cT o FA CIi Car‘ry ,
i T : ; L adder
54 S|3 5|2 S|1 S|EI
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Subtraction: A-B = A + (-B)

Using 2's complement representation: -B = ~B + 1

B3

B2

= bit-wise complement

o= o

So let's build an arithmetic unit that does both addition and
subtraction. Operation selected by control input:

E1

=0

I
1 ?

L1

| V

L1

] V

u o—SUBTRACT

| V

A E

o FA cI

g

A E

o FA cI

g

A E

o FA cI

g

—

S
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Condition Codes

Besides the sum, one often wants four

other bits of information from an ﬁo compare A and Iﬂ
arithmetic unit: perform A-B and use
Z (zero): result is = O condition codes:
big NOR gate . .
N (negative): result is < O Syt SI'_gT"ed e
C (carry): indicates an add in the most IIEQE) ?(N@V)
significant position produced a carry, B
e.g., 1111 + 0001
from st FA GE  ~(NOV)
V (overflow): indicates that the answer T  ~(Z+(N&V))

has too many bits to be represented

correctly by the result width, e.g., Unsigned comparison:

0111 + 0111 I|:-Er3 g+Z
B GEU ~C

V=COUT, _,@CIN _,
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3. Speed: tpy of Ripple-carry Adder

/

A oz

. | |
|

An-l Bn-l An?  Bn-? A2 B2 Al BE1 Al =0
I R B I R S T B
A E A E iy E o E o E
C—00 FA T izl FA T p_E_ = e FA T ] FA T
b I | b =] b=
Sn-1 Sn-2 52 51 50

Worse-case path: carry propagation from LSB to MSB,

e.g., when adding 11..111 to 00..001.

too = (N-1)*(tpp 0r * Trp and) * Troxor = O(N)
NG % \ )
CI,.; to Sy

g
CI to CO

(N-1)t.

tadder carry sum

6.111 Fall 2006

®(N) is read
“order N" :
means that the
latency of our
adder grows at
worst in
proportion to
the number of
bits in the
operands.
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Faster carry logic

Let's see if we can improve the speed by rewriting the equations
for Coyr:

z? ? Cour = AB + ACyy + BCpy
C Full = AB (4« B)on h G B and
. u s _ where G = AB an
Adder G, ‘g"'PCIN P=A+B
l generate propagate
S
Generate (G) = AB /Ac'rually, Pis usualb
defined as P = A®B
Propagate (P) =A© B which won't change
Cout but will allow us
C (G P) = (G + PC. to express S as a
o’ L simple function :

S(G, P)

P C. \ S = P&Cp /
L
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Virtex IT Adder Implementation

Cout
[

QuT

SHET'N LUT: A©®B

SOPIN A\ ﬁ RCY
\ 0 I ™y = SOPOUT
O Dual-Port YEMIX
O Shift-Reg — YE
Gd Ad
Ga aa  OLUT
— ao ORaM
OROM .
A At o Y=A®B®®Cin
WG > WG4 -
WG waGa 1
w2 = WE2 mes <1 DY
WG = WG OFF
b2 T OLATCH
ALITDIG -
MK o] Ql——q
¥
CE— GE
CLK— CK
SR REV
BY |:>—|__O I
SLICEWE[2:0] WG SHIFTOUT \ SR
= WE2:0] —> DIG
WE \
— CLK
WSF . .
Dedicated carry logic
c—]
cLK D—'j] Shared between
¥ & v Registers . .
- D—El: 1 half-Slice = 1-bit adder

™ CaEnE1_01_cansd

Cin
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Virtex IT Carry Chain

couT
& 1020 of the next cLB

(First Carry Chain)

1

lﬂ'arT\ MUXCY
3 FF
LUT p

[P —

SLICE 51

b cin

CouT

Pg'_—“ MUXCY
3 FF
Lut D

|

Fal:l\ MUXCY
3 FF

LUT D
[~

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
I l—/gll\ MUXCY
' | ¥ FF
LuT
| ..—J
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
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couT

LuT H
s
|
l—/O—L,\ MUXCY
LuT i
b
|
4 cn
cout
on—':-\ MUXCY
Lut [* y
L
PE—
l_,/o_L\ MUXCY
FF
LuT Y
!
P—

SLICE S0

$lo CIM of 52 of the next CLB

1—,’6"—\‘\ MUXCY

SLICE 53

SLICE 52

(Second Carry Chain)

1 CLB =4 Slices = 2, 4-bit adders

/ 64-bit Adder: 16 CLBs

A[63:0]
UL viea)

B[63:0] —

\/

(—>  Y[64]

A[63:60] .
B[63:60] CLB15 Y[63:60]
Al7:4] ]

B[7:4] CLB1 Y|[7:4]

A

A[3:0]

B[3:0) CLB0

Y|[3:0]

CLBs must be in same column
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4. Carry Bypass Adder

P,G P.G P.G P.G - CancomputeP, G
Pl 1G P |6, P |G, P ]G Inparallelforall bits

c.7| CIS | CIS [~ CIS (| CIS [~

Co,o C 1 Co,2 Co,3

BP= P,P,P,P,

Key Ildea: if (P, P, P, P;) then C, ;= C;,
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16-bit Carry Bypass Adder

BP=P,P,P,P,

BP=P,P.;P:P, BP=P,P,P P,

BP=P,,P;P,/Ps
P.G P.G

RN

PG| |rG r,c| |pG| |PG| |pG

xRk =N
cidzlcrdeh T’Eg S /S{Eﬁ o
8 Coo Co10 ]

0,12 Coi3 Co14 ] T
> »

j 0
>
N
o

O W

What is the worst case propagation delay
for the 16-bit adder?

Assume the following for delay each gate:
P, G from A, B: 1 delay unit

P, G, C,to C_ or Sum for a C/S: 1 delay unit
2:1 mux delay: 1 delay unit
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Critical Path Analysis

I BP=P,P,P,P, BP2=P,P,P.P, BP3= P,P,P,,P,, BP4=P,,P,,P,,P,s
p‘s PG| |P.G pc| [r.c pc| |PG| [Pc| [re
Ci,o I = I * * * * Co,11
' / < / »(0 >0
Coo  Con p
o, o, 0,9 co,10 > Co,12 Co,13 Co,1 »|1 f
v Co,15

For the second stage, is the critical path:
BP2=0 or BP2=17?

Message: Timing Analysis Is Very Tricky —
Must Carefully Consider Data Dependencies For
False Paths
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Carry Bypass vs Ripple Carry

Ripple Carry: tadder = (N'1) tcarry + tsum
Carry Bypass: t,44er = 2(M-1) to, 0y + toym + (NIM-1) t s

tadder M = bypass

word size

ripple adder

N = number
of bits being
added

bypass adder

4.8
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5. Carry Lookahead Adder (CLA)

* Recall that Coyt =6 +P Cy where G =ABand P = A 9 B

* For adding two N-bit numbers:

Cn = 6n1 + PaiiCiy
= 6N + Pt Gz + Pyit PaiaCea

- GN—I + PN-I GN-Z + PN—I PN_ZGN_3 + ..+ PN—I ...POCIN

SN— _
—

Cy in only 3 gate delays™ :
1 for P/G generation, 1 for ANDs, 1 for final OR

*assuming gates with N inputs

* Idea: pre-compute all carry bits combinatorially
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Carry Lookahead Circuits

Y

6.111 Fall 2006

Cp—
Py —

-

)~
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The 74182 Carry Lookahead Unit

G, Pso Gra 35—  Gig Gisnp—
% W Poy © Piig " Pisia
74182 carry nrt iR gzﬁz L1:8 ;f’sg.s/ =

lookahead unit

&
i :

i S ¥ . .

G, —{1 16 - Vee

5 ; o o 15

i 182 BpEb ! 1] T I 1m

POUH PUHY U

e B 12 f=Cppy

Fs_ 6 11 —Cn,‘_y

P—7 10=G

GND—] 8 9|=Cps; 1/,:"“ L Cy tort—C12 g p
Cs Active low example:
C‘nix = a)m+ —OC\

= high speed carry lookahead e
generator | "
= used with 74181 to extend carry = (QO+PO}(GOHC,) = GO+ BOG,
lookahead beyond 4 bits ZCa= Gyt Pyl
= correctly handles the carry polarity Coty = Cg =Gy + PpyGyyp+ PryP3Cip = Grp + PryC,
of the 181 Chiz= Ca=Gy 5+ P 15Gry + P 14P74Ga + Py P74P3 G

B Gl 1:0 + P| I:[}(‘n
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Block Generate and Propagate

G and P can be computed for groups of bits (instead of just
for individual bits). This allows us to choose the maximum
fan-in we want for our logic gates and then build a
hierarchical carry chain using these equations:

C = 6G.. + P..C “generate a carry from bits I thru
J+1 LJ =1 / K if it is generated in the high-order

- (J+1,K) part of the block or if it is
GIK G‘T S PJ +1.K GH generated in the low-order (I,J) part
P.. =P..P of the block and then propagated
IK IJ " J+1K thru the high part”

where I < J and J+1 < K

G a b a, b,
i, K j=l, k | | i |
t "
. G P/G generation 1 [ 1
E )
. F; i |
r g, F.Cﬂ g,] Py
ik 1s* |level of 5
G, lookahead
: : . G 1 tp
Hierarchical building block o1 o

6.111 Fall 2006 Lecture 12, Slide 19



8-bit CLA (P/G generation)

E]" bil" aI.E tiﬁ ITE E[r& aﬂl bﬂ- 33 I!;|I3 32 b? 31 JIJ1 aﬂ' bl:l
Ll L I i Y
ger ol e - = i i i 5
| i 1 1 i 1.l -l B 1 1 1
L i i F o . A
g? p? 1 r i 1 r _J L Q1 i p1 gﬂ1 rpﬂ
2 2 2 2
Gﬁ '.r1 rPﬁ.? G&.ﬁr 1Fa,5 Gz,:ar "PE..'J Gﬂ.1r 1Fﬁ:
LOQZ(N) 2 2
G T 1P G [ P
4,7 4,7 0.3 0.3 & 't..‘ G,ur.k Pj+1_k
v 2 EE + +
L 1 5 : G{ ;
G'-'-‘ ?+ *Pﬂ 7 ! PJ i
g.' = a’bj. pf =4d + br P;. E = i ik
C G,=G  +P, .G
From Hennessy & Patterson, Appendix A kR ek T
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8-bit CLA (carry generation)

c, C. Ce c, l:'j_ E.E‘ c, C.}
A A
b i iy
A g, g, 9z L %
A G5 = L& o
Py s
Log,(N) |G,
e,
9.3
Gy 5
%
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8-bit CLA (complete)

s, .3 s,
[ a, 1!'.!5r 4, br [ 4, bu
i 11 Y 1
A A A A A A A A
r 1 {C?j I 46, .i‘r Lcﬁj I L, | I.AJ,—_| ‘ b C, i"‘r M.‘:Tj | 45,
B — B H B
e
.E | | ] 1
. JL,,_-,5 II LC‘ LR 1 r rr CJ
J l ]
|
B i]

s=a@b@c | G
AslP=a+D B =P
9=2aDb, = ‘f,r

g, P, ¢ G X F‘_._K ¢
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Summary

Negative numbers:
- Twos Complement -B = B+1 _
- Addition & Subtraction use same adder

Ripple Carry Adder:
_ e s e
_ tadder - (N'1) tcarry + tsum S OIS CI8 [+ CIS [+ CIS ﬁi&
> 1

.

Carry Bypass Adder:
_ tadder ~ (M'1) tcarry + tsum T (NIM'1) 1:bypass

Carry Lookahead Adder: - ;.
— taader = 2 l0g,(N)t,, -
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