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Problem Set 8 Solutions

MIT students. This problemsetis duein lectureon Wednesday, November 14.

SMA students. Thisproblemsetis dueafterthevideo-conferencingessioron\Wednesday, Novem-
ber 14.

Reading: Chapterl5, 16,23

Both exercisesand problemsshould be solved, but only the problems should be turnedin.
Exercisesareintendedo helpyou mastertthe coursematerial. Eventhoughyou shouldnotturnin
the exercisesolutions,you areresponsibldor materialcoveredby the exercises.

Mark the top of eachsheetwith your name,the coursenumbey the problemnumber your
recitationinstructorandtime, thedate,andthenamef ary studentsvith whomyou collaborated.

MIT students. Eachproblemshouldbedoneonaseparatsheefor sheetspf three-holgounched
paper

SMA students: Eachproblemshouldbedoneon aseparatsheeior sheetspf two-holepunched

paper

Youwill oftenbecalleduponto “give analgorithm”to solve a certainproblem.Your write-up
shouldtake the form of a shortessay A topic paragraplshouldsummarizethe problemyou are
solvingandwhatyour resultsare. The body of your essayshouldprovide thefollowing:

1. A descriptionof thealgorithmin Englishand,if helpful, pseudocode.

2. At leastoneworkedexampleor diagramto shav morepreciselyhow your algorithmworks.
3. A proof (or indication)of the correctnessf thealgorithm.

4. An analysisof therunningtime of thealgorithm.

Rememberyour goalis to communicate Graderswill be instructedto take off pointsfor corvo-
lutedandobtusedescriptions.
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Exercise 8-1. Do exercisel5.4-4onpage3560f CLRS
Solution:
Whencomputinga particularrow of the c-table,only the previousrow is needed Only two rows

needto bekeptin memoryatatime.

m = length[X], n = length[Y]. If m < n computetheLCS-LENGTH (Y, X) otherwisecompute
LCS-LENGTH(X,Y). In eithercaseusethe methodgivenin Exercise?? to useO(min(m,n))
space.

Actually only onerow needbe keptin memoryat a time. Whenan elementof the currentrow
is computedjt shouldbe storedin atemporaryvariable. After the next elementis computedthe
previouselementmaybe placedin therow.

Exercise 8-2. Do exercisel6.2-2on page384of CLRS.
Solution:

m; ; representshetotal valuethatcanbe takenfrom thefirst i itemswhenthe knapsackcanhold
J-

Exercise 8-3. Do exercisel6.2-3on page384of CLRS.

Solution:

Go greedy Take the item with maximumvalue. This item also hasthe smallestweight and
therefore the largestwv; /w; ratio. Onewouldn't ever take somethingbesideghe optimal choice
becausehe optimal choiceweighsat mostas muchandis worth asleastas muchasary other
item.

Exercise 8-4. Do exercise23.2-2on page573of CLRS.
Solution:

Useanarray(or afield) to storethe distanceof eachnodefrom the growing tree. Simply search
the entirelist to find the nodewith leastdistance.ThereareV iterationseachtaking © (V) time
(for thesearch¥or atotaltime of ©(V?).

Problem 8-1. Typesetting

In this problemyou will write a program(real codethatruns!) to solve the following typesetting
scenario.Because of the trouble you may encounter while programming, we advise you to
START THISPROBLEM AS SOON ASPOSSIBLE.

You have an input text consistingof a sequencef n words of lengths/y, 4, ..., ¢,, wherethe
lengthof awordis thenumberof character# contains.Your printercanonly print with its built-in
Courier10-pointfixed-widthfont setthatallows a maximumof M characterperline. (Assume
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that/; < M foralli = 1,...,n.) Whenprintingwords: and: + 1 on the sameline, onespace
characte(blank) mustbe printedbetweerthe two words. In addition,ary remainingspaceat the
endof theline is paddedwith blanks.Thus,if words: through; areprintedonaline, the number
of extraspacecharactersit theendof theline (afterword j) is

J
M—j+i-Y t.
k=1

Therearemary waysto divide a paragraphnto multiple lines. To producenice-lookingoutput,
we wantadivision thatfills eachline asmuchaspossible.A heuristicthathasempiricallyshovn
itself to be effective is to chage a costof the cubeof the numberof extra spacecharacterat the
endof eachline. To avoid the unnecessarpenaltyfor extra spacesn the lastline, however, the
costof thelastline is 0. In otherwords,the costlinecost(:, j) for printing words: through; ona
line is givenby

00 if words: throughj do notfit onaline,
linecost(i, j) = { O | \ if j =n (i.e.,lastline),
(M —j+i—Yi Ek) otherwise

The total costfor typesettinga paragraphs the sum of the costsof all lines in the paragraph.
An optimal solutionis an division of the n wordsinto linesin sucha way thatthe total costis
minimized.

(a) Arguethatthis problemexhibits optimalsubstructure.
Solution:

Notethatlinecost(s, j) is definedto beoc if thewordsi throughj donotfit onaline to
guarante¢hatnolinesin theoptimalsolutionoverflow. (Thisreliesontheassumption
thatthe lengthof eachword is not morethan A/.) Secondnoticethatlinecost(i, j)
is definedto be 0 whenj = n, wheren is the total numberof words;only the actual
lastline haszerocost, not the recursve lastlines of subproblemswhich, sincethey
arenotthelastline overall, have the samecostformulaasary otherline.

Now, consideranoptimal solutionof printingwords1 throughn. Let i be theindex

of the first word printedon the last line of this solution. Thentypesettingof words
1,...,i — 1 mustbe optimal. Otherwise ,we could pastein an optimal typesetting
of thesewordsandimprove the total costof solution,a contradiction.Also notethat
the samecut-and-paste argumentcanbe appliedif we take i to be the index of the

first word printedon the kth line, where2 < k < n. Thereforethis problemdisplays
optimalsubstructure.

(b) Recursvely definethevalueof anoptimalsolution.

Solution:
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Let ¢(j) bethe optimal costof printing words 1 throughj. Frompart(a), it is clear
thatgiventhe optimal: (i.e., theindex of thefirst word printedon the lastline of an
optimalsolution),we have

c(j) = c(i — 1) + linecost(i, j) .

However, sincewe do notknow what; is optimal,we needto considerevery possible
i, Soour recursve definition of the optimalcostis

c(j) = min {c(i — 1) + linecost(i, )} .
1<i<y

To accommodatéhis recursve definition,we definec(0) = 0.

Give an efficient algorithmto computethe costof an optimal solution. Analyzethe
runningtime andstoragespaceof your algorithm.

Solution:

We calculatethe valuesof the array ¢ from index 1 to n, bottomup, which canbe
doneefficiently sinceeachc(k) for 1 < k& < j will be availableby thetime c(5) is
computed.To keeptrackof theactualoptimalarrangemendf thewords,we recordan
arrayp, wherep(k) is thei (in therecursve definition of ¢) which led to the optimal
c(k). Then,afterthearraysfor ¢ andp arecomputedthe optimal costis ¢(n) andthe
optimalsolutioncanbefoundby printingwordsp(n) throughn onthelastline, words
p(p(n) — 1) throughp(n) — 1 onthenext to lastline, andsoon.

A goodoptimizationcanbe obtainedby noticing thatcomputinglinecost(i, j) takes
in generalO(j — i + 1) time becausef the summationin the formula. However, it
is possibleto do this computationin O(1) time with someadditionalpre-processing.
We createan auxiliary array L[0 . . . n], where L[i] is a cumulative sumof lengthsof
words1 through:.

Lo] = 0

Lli] = Lli—1]+4= f:e,c

Filling in thisarraytakesO(n) timeusingrecursion.In orderto thencomputdinecost(i, )
in O(1) time, we modify theformulaasfollows:

00 if words: throughy; do notfit into aline,
0 if 7 =mn (i.e. lastline),

linecost (7, j) = {
(M —j+i—(L[j] — L[i —1]))* otherwise
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This algorithmuses©(n) spacefor the arraysandrunsin O(n?) time, sinceeach
value of ¢ takesup to n calculationsas eachvalue of  is considered.By noticing
thatatmost| (M + 1)/2] wordscanfit on asingleline, we canreducerunningtime
to O(nM )—anothersignificantimprovement—byconsideringonly those; for which
j— | (M +1)/2] +1 <i < jwhencalculatingeache(y).

(d) Write code(in ary programminganguageyou wish') to print an optimal division of
thewordsinto lines. For simplicity, assumehata word is ary sequencef characters
thatarenot blanks. Thus,aword is a substringstrictly betweertwo spacecharacters
or boundedby the beginningor endof theinput.

Solution:

The following codeis written in C. It is a straightforvard implementationof the
O(nM) algorithmdescribedn part (c). The programtakesasargumentsthe name
of theinputfile anda valuefor M, readsthe input wordsfrom the file, computegshe
optimalcost,andthenreconstruct&noptimalsolution,whichis printedout.

/* 6.046 Spring 1998 Problem 6-1(d) */

/* NOTE: This is an inplenentation of the Q(nM algorithm */
/* DI SCLAI MER: No effort has been nmade to streaniine nenory */
/* managenent or mcro-optimze performance. */

/* standard header files */
#i ncl ude <stdi o. h>
#include <limts. h>

/* arbitrary data size limts, so no dynanm c allocation needed */
#define WORD _NUM 1024 /* arbitrary nmax for nunber of input words */
#define WORD LENGTH 32 /* arbitrary max for length of input words */
#define LINE_LENGTH 80 /* arbitrary max for length of output lines */

/* macros */
#define max(A, B) ((A) > (B) ? (A : (B))

/* gl obal array of words */

char words[ WORD NUM+1] [ WORD LENGTH]; /* array for input words */

i nt auxL[ WORD_NUMt1] ; /* auxillary array for conputing |engths
of lines - Mw/

/* function prototypes */
long linecost(int n, int M int i, int j);
| ong dynamic_typeset(int n, int M int p[]);

IThesolutionwill bewrittenin C.
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/* main expects two argunents: the input file name and M */
int main (int argc, char *argv[]) {
FILE *ifile; /* input file */
int pfWORD NUM; /* array of howto get mn costs */
char |ines[ WORD NUMt1][LINE LENGTH]; /* buffer for output lines */
int M /* output line length */
int n; /* nunber of input words */
char read_word[ WORD LENGTH]; /* for use during reading */
int i, j, k, |I; /* aux vars used during construction of sol u-
tion */

/* verify argunents */

if(argc '=3) /* verify nunber of argunents */
exit(1);
if(!'(ifile = fopen(argv[1], "r"))) /* open input file */
exit(2);
if(!sscanf(argv[2], "%", &) /* get length of output line */
exit(3);
/* read input words */
n = 1;
while(!feof (ifile)) {
if(1l == fscanf(ifile, "%", read word)) { /* assunes input word fit

strcpy(words[ n++], read_word);
i f(n == WORD_NUM
break; /* no nore roomfor words */

}
}
n--;
[*fill in auxillary array of word | engths */
auxL[ 0] = O;

for(k = 1; k <= n; k++)
auxL[ k] = auxL[k-1] + strlen(words[k]);

/* conmpute and output mn cost */
printf("COST = % d\n", dynam c_typeset(n, M p));

/* construct and output the actual solution */
] n, /* start at last |line and work backwards */
| 0;
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do {
| ++;
lines[I][0] =0; /* line starts off as enpty string */
for(i =p[j]; i <=7j; i++) { /* words i..] make up a line */
strcat(lines[l], words[i]);
strcat(lines[I], "™ "); /* space in between words */
}
j =p[j] - 1, I* recurse ... */
/[* ... and construct next line */
}
while(j '=0); /* just finished first line */
for(i =1; i >0; i--) /* output lines in right order */
printf("%l:[%]\t%\n", |-i+1, strlen(lines[i])-1, lines[i]);

}

[**** algorithm c part *****/

/* returns min cost and a mn solution in p[] */
| ong dynam c_typeset(int n, int M int p[]) {
int i, j;
/* need an extra space for c[0], so c is indexed from1l to n,
/* instead of fromO to n-1 (like p) */
| ong c[ WORD_NUMt1] ;
c[0] = 0; /* base case */
for(j =1; j <=mn; j++) { /* fill in c[] bottomup */
c[j] = LONG_MAX;
[* find mMni (only ook at the (M 2) possibilities) */
for(i = max(1, j+1-(Mr1)/2); i <=j; i++) {
long Ic = linecost(n, M i, j), cost =c[i-1] + lc;
if(lc >-1 & cost < c[j]) {
clj] cost; /* record the cost (c indexed from1l) */
P[] i; /* record the mini (p indexed fromO0) */

}

}
}

return c[n]; /* mn cost of all n words */

}

/* conpute cost of a single line, i and j indexed fromOQ */
long linecost(int n, int M int i, int j) {
int k;
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|l ong extras = M- j + i; /* conpute nunber of extra spaces */
extras -= ( auxL[]] - auxL[i-1] );
i f(extras < 0)

return -1; /* signal infinity */

else if(j == n) /* last line (non-recursive defn of last line) */
return O;
el se

return extras*extras*extras; /* assunes result fits in a long */

}

Hereis sampleoutput. Pleasenotethatfor somesamplesandvaluesof M thereexist
several differentoutputswith optimal cost. Belowv we have includedeachsamplefor
eachfor thetwo valuesof M.

Sample 1, Line length = 40

COST = 2588

:[40] Typesetting is defined as the production
[38] of type, and is therefore a nmechanica
[38] and creative craft. There are nunerous
[34] ways to set type, the early way of

[40] doing it being called "hot type" because
[36] it was done by heating nolten netal.

[37] Originally type was set by hand, this

[ 33] involved arrangi ng the individual

[40] letters on a tray, line by |line. Because
:[35] these letters could be arranged and
11:[39] noved about they were known as "novabl e
12:[35] type". Up until the 1880s, this was
13:[34] the only nethod of conposition and
14:[38] the nunber of typefaces and fonts were
15:[39] few. Johann CGutenberg is a fanmous nane,
16:[37] and contrary to popul ar belief he did
17:[37] not invent the printing press, or the
18:[36] ink or novable type. He did however,
19:[35] perfect the art of handsetting with
20:[39] novable type. It is odd why Gutenberg' s
21:[34] name is so well known, considering
22:[36] that he was not thought to be one of
23:[38] the leading contributers to the art of
24:[37] communi cation. There were nmany others
25:[39] who invented and created nmuch nore than
26:[38] CGutenberg, but it is his nane which is

©CONOOARWNE
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27:[37] attached to so many of these historic
28:[38] events, many of which he didn’t do. In
29:[39] Typographic Ml estones, by Allan Hal ey,
30:[38] he tells of a theory which states that
31:[37] CGutenberg was not the first to invent
32:[34] typography. This theory tells of a
33:[37] man naned Lourens Coster who was from
34:[36] Holland. Supposedly one day during a
35:[35] walk in the woods he busied hinself
36:[37] by cutting letters out of beech bark,
37:[36] and when he returned honme he deci ded
38:[38] to put them next to each other to form
39:[38] words and sentences. For entertai nment
40: [ 38] purposes he inked them and put them on
41:[37] paper to anuse his grandchildren. The
42:[40] rurmour has it that he later used letters
43:[38] cast fromnetal in place of the wooden
44:[39] ones and actually printed entire books,
45:[34] until Qutenberg stole the idea and
46: [ 38] becane rich off his "invention", while
47:[19] Coster got nothing.

Sample 1, Line length = 72

COST = 1651

1:[68] Typesetting is defined as the production of type, and is there-
fore a

2:[71] nechanical and creative craft. There are numerous ways to set ty
3:[68] early way of doing it being called "hot type" because it was don
4:[168] heating nolten netal. Originally type was set by hand, this invo
5:[71] arranging the individual letters on a tray, line by line. Be-
cause these

6:[69] letters could be arranged and noved about they were known as "no
7:[66] type". Up until the 1880s, this was the only method of conpositi
8:[67] and the nunber of typefaces and fonts were few. Johann CGuten-
berg is

9:[67] a fanmous nane, and contrary to popul ar belief he did not in-
vent the

10:[67] printing press, or the ink or novable type. He did how

ever, perfect

11:[67] the art of handsetting with novable type. It is odd why CGuten-
berg’ s

12:[71] name is so well known, considering that he was not thought to b
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13:[69] the leading contributers to the art of comrunication. There wer
14:[67] others who invented and created nuch nore than Gutenberg, but i
15:[71] his name which is attached to so many of these historic events,
16:[71] which he didn’t do. In Typographic M| estones, by Allan Ha-

l ey, he tells

17:[67] of a theory which states that Gutenberg was not the first to in
18:[72] typography. This theory tells of a man nanmed Lourens Coster who
19:[72] Holland. Supposedly one day during a walk in the woods he bus-

i ed hinself

20:[66] by cutting letters out of beech bark, and when he returned hone
21:[71] decided to put them next to each other to formwords and sen-
tences. For

22:[71] entertainnent purposes he inked them and put them on pa-

per to anuse his

23:[69]

grandchil dren. The rumour has it that he later used |et-

ters cast from

24 [ 68]
tire bo
25:[67]
vention
26: [ 25]

Sanpl e
COST =
: [ 35]
[ 36]
[37]
[ 38]
[37]
[37]
[ 36]
[ 34]
[39]
[ 32]
11:[ 35]
12: [ 37]
13: [ 32]
14: [ 36]
15: [ 37]
16: [ 39]
17:139]
18: [ 40]

©CONOTAEWNE

netal in place of the wooden ones and actually printed en-
oks,
until Qutenberg stole the idea and becane rich off his "in-

whi |l e Coster got nothing.

2, Line length = 40
2026
The first practical nmechanized type
casting machine was invented in 1884
by Gtmar Mergenthaler. His invention
was called the "Linotype". It produced
solid lines of text cast fromrows of
matrices. Each matrice was a bl ock of
netal -- usually brass -- into which
an inpression of a letter had been
engraved or stanped. The |ine-conposing
operati on was done by neans of a
keyboard simlar to a typewiter. A
| at er devel opnent in |ine conposition
was the "Tel etypewiter”. It was
invented in 1913. This nachi ne coul d
be attached directly to a Linotype or
simlar machines to control conposition
by neans of a perforated tape. The tape
was punched on a separate keyboard unit.
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19:[36] A tape-reader translated the punched
20:[39] code into electrical signals that could
21:[38] be sent by wire to tape-punching units
22:[40] in many cities simultaneously. The first
23:[35] major news event to nmake use of the
24:[31] Teletypewiter was World War |

Sanmple 2, Line length =

COST = 940

1:[67] The first practical nechanized type casting machi ne was in-
vented in

2:[69] 1884 by Otmar Mergenthaler. His invention was called the "Linot
3:[72] It produced solid Iines of text cast fromrows of matri-

ces. Each matrice

4:170] was a block of nmetal -- usually brass -- into which an im
pression of a

5:[69] letter had been engraved or stanped. The |ine-conposing op-
erati on was

6:[72] done by neans of a keyboard simlar to a typewiter. A later dev
7:[64] in line conposition was the "Tel etypewiter”. It was in-

vented in

8:[70] 1913. This machine could be attached directly to a Lino-

type or simlar

9:[66] machines to control conposition by nmeans of a perforated tape. T
10: [ 70] tape was punched on a separate keyboard unit. A tape-reader tra
11:[70] the punched code into electrical signals that could be sent by
12:[71] tape-punching units in many cities sinmultaneously. The first nma
jor news

13:[56] event to nake use of the Teletypewiter was World War 1.

Sample 3, Line length = 40

COST = 2011

1:[35] Throughout his life, Knuth had been
2:[38] intrigued by the nechanics of printing
3:[35] and graphics. As a boy at Wsconsin
4:[36] sunmer canp in the 1940s, he wote a
5:[35] guide to plants and illustrated the
6:[39] flowers with a stylus on the blue ditto
7:[40] paper that was comonly used in printing
8:[36] at that time. In college, he recalls
9:[38] admring the typeface used in his math
10: [ 37] texbooks. But he was content to | eave
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11:[38] the mechani cs of designing and setting
12:[37] type to the experts. "I never thought
13:[39] | would have any control over printing.
14:[34] Printing was done by typographers,
15:[36] hot lead, scary stuff. Then in 1977,
16:[37] | | earned about new printing machi nes
17:[39] that print characters made out of zeros
18:[39] and ones, just bits, no | ead. Suddenly,
19:[40] printing was a conputer science problem
20:[34] | couldn’'t resist the chall enge of
21:[35] devel opi ng conputer tools using the
22:[34] new technology with which to wite
23:[34] ny next books." Knuth designed and
24:[36] inplenented TeX, a conputer |anguage
25:[39] for digital typography. He explored the
26:[39] field of typography with characteristic
27:[37] thoroughness. For exanple, he wote a
28:[39] paper called "The letter S" in which he
29:[39] dissects the mat hematical shape of that
30:[37] letter through the ages, and expl ai ns
31:[34] his several day effort to find the
32:[38] equation that yields the nost pleasing
33:[8] outline.

Sample 3, Line length = 72

COST = 1191

1:[65] Throughout his life, Knuth had been intrigued by the mne-

chani cs of

2:[70] printing and graphics. As a boy at Wsconsin summer canp in the
3:[71] he wote a guide to plants and illustrated the flowers with a st
| us on

4:[169] the blue ditto paper that was comonly used in printing at that
5:[71] In college, he recalls admring the typeface used in his math te
6:[71] But he was content to | eave the nmechanics of designing and set-

ting type

7:[72] to the experts. "I never thought | would have any control over p
8:[71] Printing was done by typographers, hot |ead, scary stuff. Then
9:[71] | |earned about new printing nachines that print charac-

ters made out of

10:[69] zeros and ones, just bits, no |lead. Suddenly, printing was a co
11:[71] science problem | couldn't resist the challenge of de-

vel opi ng conput er
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12:[66] tools using the new technology with which to wite ny next book
13:[67] Knuth designed and inplenmented TeX, a conputer |anguage for dig
14:[67] typography. He explored the field of typography with characteri.
15:[68] thoroughness. For exanple, he wote a paper called "The let-
ter S" in

16:[67] which he dissects the mathenmati cal shape of that letter through
17:[67] ages, and explains his several day effort to find the equa-
tion that

18:[33] yields the nost pleasing outline.

For part(d), you shouldturnin a printoutof the codeyou have written andthe outputof your pro-
gramontheinput sampleswhich areprovidedat the endof the problemset. Usetwo valuesof M
(themaximumnumberof characterperline), namelyM = 72 andM = 40, oneachinputsample.
Youcandownloadthesenputsamplegromthe6.046webpagédt t p: / /t heory.l cs. m t. edu/ cl asses/
If, for somereasonyou needto type the samplesn yourself,pleasebe carefulaboutreproducing

text accurately For example,substitutingdoublequotesin placeof two single quoteswill result

in adifferentlayout. Remembethatcollaborationasusual,is allowedto solve problems put you

mustwrite your programby yourself.

(e) Supposensteadthatthe costof aline is definedasjust the numberof extra spaces.
Thatis, whenwordsi throughj areputonaline, thecostof thatline is

00 if words: throughy do notfit onaline,
linecost'(7,7) = ¢ 0 _ if j = n (i.e.,lastline),
M—j+i—37_; 4 otherwise

andthatthetotal costis still the sumof the costsof all linesin the paragraphGive an
efficientalgorithmthatfindsanoptimalsolutionin this case.

Solution:

We usea straightforward greedyalgorithm,which putsasmary wordsaspossibleon
eachline beforegoingto the next line. Thealgorithmclearlyrunsin lineartime.

We needto showv thatany optimal solutionhasthe samecostasthe solutionobtained
by this greedyalgorithm. Considersomeoptimalsolution. If this solutionis thesame
asthe greedysolution,thenwe aredone. If it is different,thenthereis someline
which hasenoughspaceeft over for the first word of the next line. In this casewe
move thefirst word of line 7 + 1 to the endof line ;. This doesnot changethe total
cost,sinceif thelengthof theword movedis [, thenthereductionto the costof line ;
will bel + 1, for theword andthe spacebeforeit, andtheincreaseof the costof line
i+ 1 will alsobel + 1, for theword andthe spaceafterit. (If themovedwordwasthe
onlywordonline ¢+ 1, thenby moving it to thepreviousline thetotal costis reduced,
a contradictionto the suppositiorthatwe have anoptimalsolution.) As long asthere
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arelineswith enoughextraspacewe cankeepmoving thefirst wordsof thenext lines
backwithoutchanginghetotal cost. Whentherearenolongerary suchlines,we will
have changedur optimal solutioninto the greedysolutionwithout affectingthetotal
cost. Therefore the greedysolutionis anoptimalsolution.

Problem 8-2. Scheduling to minimize aver age completion time

Supposeyou are givena setS = {aj,ay,...,a,} of tasks,wheretaska; requiresp; units of

processingime to complete,onceit hasstarted. You have one computeron which to run these
tasks,andthe computercanrun only onetaskat a time. Let ¢; be the completion time of task
a;, thatis, the time at which taska; completegprocessing.Your goalis to minimize the average
completiontime, thatis, to minimize (1/n) >, ¢;. For example,supposeherearetwo tasks,a,

anda,, with p; = 3 andp, = 5, andconsiderthe schedulan which a, runsfirst, followedby a;.

Theney, = 5, ¢; = 8, andtheaveragecompletiontimeis (5 + 8)/2 = 6.5.

(a) Supposedherearetwo taskswith p; = 3 andp, = 5. Consider(1) the schedulen
which task 1 runsfirst, followed by task2 and(2) the schedulen which task?2 runs
first, followedby task 1. In eachcase statethe valuesof ¢; andc, andcomputethe
averagecompletiontime.

Solution:

For (1) theschedulen which task1 runsfirst, followedby task2:
CL =D :3and02 =p1+p =8

averagecompletiontime = (¢; + ¢2)/2 =11/2=5.5

For (2) thescedulein whichtask?2 runsfirst, followedby task1.:
co =py=>5andc; =py +p1 =8

averagecompletiontime = (¢; + ¢3)/2 =13/2=6.5

(b) Give analgorithmthatscheduleshetaskssoasto minimize the averagecompletion
time. Eachtaskmustrun nonpreemptiely, thatis, oncetask: is started,it mustrun
continuouslyfor p; units of time. Prove thatyour algorithm minimizesthe average
completiontime, andstatethe runningtime of your algorithm.

Solution:

Runtasksin shortesprocessindime order This canbe doneby sortingthe elements
using heapsort or memge sort and then schedulingthemin the order of increasing
schedulingimes. This algorithmtakesO (n 1g n).

This algorithmusesa greedystratay. It is shavn to be optimal asfollows: c,,, =
atetatete This costcanalsobeexpressedis(p; + (p1 + p2) + (p1 + p2 + ps3) +
et (Pt + pn)]%. p; is addedin the mosttimes,thenp,, etc. As aresult,
p1 shouldhave the shortestprocessingime, thenp,, etc. otherwise,you could cut
andpasten ashortemprocessindime andproducea fasteralgorithm. As aresult,the
greedypropertyholdsandour algorithmis correct.
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Supposenow thatthe tasksarenot all availableat once. Thatis, eachtaskhasa release time r;
beforewhichiit is not availableto be processedSupposealsothatwe allow preemption, sothat
ataskcanbe suspendedndrestartecat a latertime. For example,a task: with processingime
p; = 6 may startrunningattime 1 andbe preemptedattime 4. It canthenresumeat time 10 but
be preemptedhttime 11 andfinally resumeattime 13 andcompleteat time 15. Task: hasrunfor
atotal of 6 time units, but its runningtime hasbeendividedinto threepieces.

(c) Giveanalgorithmthatscheduleshe taskssoasto minimize the averagecompletion
timein thisnew scenario Provethatyouralgorithmminimizestheaveragecompletion
time, andstatethe runningtime of your algorithm.

Solution:

This problemalso exhibits the greedypropertywhich can be exploited by running
tasksin shortesremainingprocessindgime order Usea priority queuewhich priori-

tizesbasedn thetaskwith the shortestime remaining.Eachtime a new taskcomes
up, insertit into the queueandif it would take lesstime to do thattaskthenthe one
you areon, do the shortertask. Eachtime you finish a task,the next taskyou should
do is the onewith the leastremainingtime until completion. The priority queuecan
bemaintainedn O(n lg n) time.

This algorithmminimizesthe averagecompletiontime andthe proofis similar to part
b. If we do not scheduleusingthe greedyalgorithm basedon remainingprocessing
time, thenwe will be ableto swaptwo time slotswhich would thenimprove the sum
of the completiontimesandthusresultin a contradiction.For example,assumeyou
have two tasksat time ¢, wheretaski hasx processingime remainingand;j hasy
processingime remainingwherex > y. Assumefor the purposesf contradicction
that the optimal answerhastask: runningbeforetaskj. If i is donebefore; then
¢ =t+zande; =t + z + y. Theaveragecompletiontime is 22222 Howeverif j
weredonebefores, thenc; = ¢ +y + = andc; = t + y. Theaveragecompletiontime
IS now Qt“fy” which is lessthe averagecompletiontime for the “optimal” solution
sincezr > y. As aresult,thetaskwith thelowesttime remainingshouldbe donefirst.



