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Problem Set 8

MIT students: Thisproblemsetis duein lectureon Wednesday, November 14.

SMA students: This problemsetis dueafterrecitationon Friday, November 16.

Reading: Chapters15,16,23

Both exercisesand problemsshouldbe solved, but only the problems shouldbe turnedin.
Exercisesareintendedto helpyoumasterthecoursematerial.Eventhoughyoushouldnot turn in
theexercisesolutions,youareresponsiblefor materialcoveredby theexercises.

Mark the top of eachsheetwith your name,the coursenumber, the problemnumber, your
recitationinstructorandtime,thedate,andthenamesof any studentswith whomyoucollaborated.

MIT students: Eachproblemshouldbedoneonaseparatesheet(or sheets)of three-holepunched
paper.

SMA students: Eachproblemshouldbedoneonaseparatesheet(or sheets)of two-holepunched
paper.

Youwill oftenbecalleduponto “giveanalgorithm” to solveacertainproblem.Yourwrite-up
shouldtake the form of a shortessay. A topic paragraphshouldsummarizetheproblemyou are
solvingandwhatyour resultsare.Thebodyof youressayshouldprovide thefollowing:

1. A descriptionof thealgorithmin Englishand,if helpful,pseudocode.

2. At leastoneworkedexampleor diagramto show morepreciselyhow youralgorithmworks.

3. A proof (or indication)of thecorrectnessof thealgorithm.

4. An analysisof therunningtimeof thealgorithm.

Remember, your goal is to communicate.Graderswill be instructedto take off pointsfor convo-
lutedandobtusedescriptions.

Exercise 8-1. Do exercise15.4-4on page356of CLRS

Exercise 8-2. Do exercise16.2-2on page384of CLRS.

Exercise 8-3. Do exercise16.2-3on page384of CLRS.
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Exercise 8-4. Do exercise23.1-8on page567of CLRS.

Exercise 8-5. Do exercise23.2-2on page573of CLRS.

Problem 8-1. Typesetting

In this problemyou will write a program(realcodethat runs!) to solve thefollowing typesetting
scenario.Because of the trouble you may encounter while programming, we advise you to
START THIS PROBLEM AS SOON AS POSSIBLE.

You have an input text consistingof a sequenceof � wordsof lengths
�����������
	
	
	�����


, wherethe
lengthof aword is thenumberof charactersit contains.Yourprintercanonly print with its built-in
Courier10-pointfixed-widthfont setthatallows a maximumof � charactersper line. (Assume
that

����� � for all ����� �
	
	
	�� � .) Whenprinting words � and ����� on thesameline, onespace
character(blank)mustbeprintedbetweenthetwo words. In addition,any remainingspaceat the
endof theline is paddedwith blanks.Thus,if words � through� areprintedon a line, thenumber
of extraspacecharactersat theendof theline (afterword � ) is

� ���������
 !"$# � � " 	

Therearemany waysto divide a paragraphinto multiple lines. To producenice-lookingoutput,
we wanta division thatfills eachline asmuchaspossible.A heuristicthathasempiricallyshown
itself to beeffective is to chargea costof thecubeof thenumberof extra spacecharactersat the
endof eachline. To avoid theunnecessarypenaltyfor extra spaceson the last line, however, the
costof thelast line is % . In otherwords,thecostlinecost &'� � �)( for printing words � through� on a
line is givenby

linecost &'� � �)(*�
+,,- ,,.
/ if words � through� do notfit on a line,% if �0� � (i.e., lastline),1 � ���2������3  "4# � � "�576 otherwise

	
The total cost for typesettinga paragraphis the sumof the costsof all lines in the paragraph.
An optimal solution is an division of the � words into lines in sucha way that the total cost is
minimized.

(a) Arguethatthis problemexhibitsoptimalsubstructure.

(b) Recursively definethevalueof anoptimalsolution.

(c) Give an efficient algorithmto computethe costof an optimal solution. Analyzethe
runningtimeandstoragespaceof your algorithm.

(d) Write code(in any programminglanguageyou wish1) to print anoptimaldivision of
thewordsinto lines.For simplicity, assumethata word is any sequenceof characters
thatarenot blanks.Thus,a word is a substringstrictly betweentwo spacecharacters
or boundedby thebeginningor endof theinput.

1Thesolutionwill bewritten in C.
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For part (d), you shouldturn in a printout of the codeyou have written andthe outputof your
programon the input sampleswhich areprovided at the endof the problemset. Use two val-
uesof � (the maximumnumberof charactersper line), namely � � 8:9 and � � ;7% , on
eachinput sample. You can download theseinput samplesfrom the 6.046 webpage(http:
//theory.lcs.mit.edu/classes/6.046). If, for somereason,you needto type the
samplesin yourself,pleasebe carefulaboutreproducingtext accurately. For example,substitut-
ing doublequotesin placeof two singlequoteswill result in a differentlayout. Rememberthat
collaboration,asusual,is allowedto solveproblems,but youmustwrite yourprogramby yourself.

(e) Supposeinsteadthat the costof a line is definedasjust the numberof extra spaces.
Thatis, whenwords � through� areput ona line, thecostof thatline is

linecost <=&=� � �>(*�
+,- ,. / if words � through� donot fit ona line,% if �0� � (i.e., lastline),� �����?�@� 3  "$# � � " otherwiseA

andthatthetotal costis still thesumof thecostsof all linesin theparagraph.Givean
efficientalgorithmthatfindsanoptimalsolutionin this case.

Problem 8-2. Scheduling to minimize average completion time

Supposeyou are given a set B of � tasks,wheretask � requiresC � units of processingtime to
complete,onceit hasstarted.Youhaveonecomputeronwhichto runthesetasks,andthecomputer
canrun only onetaskat a time.

A schedule assignswhich tasksrun duringwhat timeson thecomputer. For any schedule,let D �
denotethecompletion time of task � , that is, thetime at which task � completesprocessing.Your
goalis to find aschedulethatminimizestheaveragecompletiontime, thatis, minimizing

��

!� # � D �E	

(a) Supposetherearetwo taskswith C � �GF and C � �IH . Consider(1) the schedulein
which task1 runsfirst, followedby task2 and(2) theschedulein which task2 runs
first, followedby task1. In eachcase,statethevaluesof D � and D � andcomputethe
averagecompletiontime.

(b) Give analgorithmthatschedulesthetaskssoasto minimize theaveragecompletion
time. Eachtaskmustrun nonpreemptively, that is, oncetask � is started,it mustrun
continuouslyfor C � units of time. Prove that your algorithmminimizesthe average
completiontime,andstatetherunningtimeof youralgorithm.

Supposenow that the tasksarenot all availableat once. That is, eachtaskhasa release time J �
beforewhich it is not availableto beprocessed.Supposealsothatwe allow preemption, so that
a taskcanbesuspendedandrestartedat a later time. For example,a task � with processingtime
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C � �LK maystartrunningat time 1 andbepreemptedat time 4. It canthenresumeat time 10 but
bepreemptedat time 11 andfinally resumeat time 13 andcompleteat time 15. Task � hasrun for
a total of 6 timeunits,but its runningtimehasbeendividedinto threepieces.

(c) Give analgorithmthatschedulesthetaskssoasto minimize theaveragecompletion
timein thisnew scenario.Provethatyouralgorithmminimizestheaveragecompletion
time,andstatetherunningtimeof youralgorithm.

Input sample 1. (FromA Capsule History of Typesetting, by Brown, R.J.)
Thefirst practicalmechanizedtypecastingmachinewasinventedin 1884by OttmarMergen-

thaler. His inventionwascalledthe”Linotype”. It producedsolid linesof text castfrom rows of
matrices.Eachmatricewasa blockof metal– usuallybrass– into which animpressionof a letter
hadbeenengravedor stamped.The line-composingoperationwasdoneby meansof a keyboard
similar to a typewriter. A laterdevelopmentin line compositionwasthe”Teletypewriter”. It was
inventedin 1913. This machinecould be attacheddirectly to a Linotype or similar machinesto
controlcompositionby meansof a perforatedtape.Thetapewaspunchedon a separatekeyboard
unit. A tape-readertranslatedthepunchedcodeinto electricalsignalsthatcouldbesentby wire to
tape-punchingunits in many citiessimultaneously. Thefirst majornews eventto make useof the
Teletypewriter wasWorld War I.

Input Sample 2. (Froman 1882 issue of the London Graphic.)
The processof electrotypingmay be briefly describedasfollows: The wood block or color

plateis placedin a bedof wax, which hasbeenmelted,andallowed to cool until it hasarrived
at theproperconsistency. It is thensubmittedto a greatpressurein a pressof hydraulicor other
construction. In this way a facsimileof the original is producedbut with every detail reversed.
Thiswasimpressionis thencoveredwith athin coatingof blacklead,suchbeingagoodconductor
of electricity, andis hungby meansof abrassrod in a largebathfilled with asolutionof sulfateof
copperandsulfuric acid. Sideby sidewith this bathis a powerful batteryof Smee’s construction,
thatis to sayzinc,andplatinizedsilver in dilutesulfuricacid.Thecurrentgeneratedby thisbattery
is put into connectionwith the wax mold hungin the bath,andalsowith a sheetof copperalso
hungsideby sidewith themold. Theeffect of theelectricityis in thefirst placeto decomposethe
copperandin thesecondplaceto attracttheparticlesof copperto themold. In a shorttime a thin
coatingof copperhasformedalongthe mold, of which it is againthe reverse,andconsequently
the exact facsimileof the original block. The shell, as it is called, is thenfilled up at the back
with metalin orderto make thesurfaceperfectlyhardandsuitablefor printing. After beingmade
smoothanduniform in thicknessby meansof lathesandplaningmachines,it is mountedupon
woodandis readyfor themachine.

Input Sample 3. (Of unknown origin.)
The InternationalTypographicalUnion, wasdescribedas,”the oldestunion in America,and

organizedto preventtheuseof laborsaving improvements.” Theunionfoughthardfor its members
andwhentimeswerehardwouldsendmoney andtrain fareto unemployedTypesetters,anddirect
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themto placeswhereprospectswerebetter. Whenpresetadvertisingcopy beganto beprovided
by advertisers,in the late nineteenthcentury, the union requiredthat this type could be usedas
receivedonly if a unionTypesetterwasemployedto reset,print, proof, andthrow away thesame
copy. Theunionleaderwhonegotiatedthis requirementis reportedto havebeenaMr. Bogus,and
this redundantmake-work typesettingwascalled”bogus” typeandaddeda word to thelanguage.
(Thereare otherexplanationsfor the word, but nonecontradictsthis one). Even as late as the
1980s,mosttype wasseton leadcastingmachines,andthe productionmanagerat the SanJose
Newscomplainedthathis reporters’storieswerebeingretypedby ”400-dollaramonthsecretaries
who type80 wordsa minuteanddon’t make mistakes,andthenretypedat 40 wordsa minuteon
Linotypemachinesby 800-dollaramonthTypesetterswho domakemistakes.”

Input sample 4. (From Out of Their Minds, by Shasha,Lazere. Springer-Verlag,New York,
1995,page99.)

Throughouthis life, Knuth hadbeenintriguedby themechanicsof printing andgraphics.As
a boy at Wisconsinsummercampin the 1940s,he wrote a guide to plantsand illustratedthe
flowerswith a styluson theblueditto paperthatwascommonlyusedin printing at that time. In
college,herecallsadmiringthe typefaceusedin his mathtexbooks.But hewascontentto leave
the mechanicsof designingandsettingtype to the experts. ”I never thoughtI would have any
control over printing. Printing wasdoneby typographers,hot lead,scarystuff. Thenin 1977,I
learnedaboutnew printing machinesthat print charactersmadeout of zerosandones,just bits,
no lead. Suddenly, printing wasa computerscienceproblem. I couldn’t resistthe challengeof
developingcomputertoolsusingthenew technologywith which to write my next books.” Knuth
designedandimplementedTeX, acomputerlanguagefor digital typography. Heexploredthefield
of typographywith characteristicthoroughness.For example,hewrotea papercalled”The letter
S” in which he dissectsthe mathematicalshapeof that letter throughthe ages,andexplainshis
severaldayeffort to find theequationthatyieldsthemostpleasingoutline.

Here is what Sample1 shouldlook like whentypesetwith � � HM% . Feel free to usethis
outputto debugyour code.

Total cost=5304
[43] The first practical mechanized type casting
[38] machine was invented in 1884 by Ottmar
[42] Mergenthaler. His invention was called the
[43] "Linotype". It produced solid lines of text
[46] cast from rows of matrices. Each matrice was a
[45] block of metal -- usually brass -- into which
[46] an impression of a letter had been engraved or
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[46] stamped. The line-composing operation was done
[47] by means of a keyboard similar to a typewriter.
[43] A later development in line composition was
[46] the "Teletypewriter". It was invented in 1913.
[42] This machine could be attached directly to
[41] a Linotype or similar machines to control
[46] composition by means of a perforated tape. The
[45] tape was punched on a separate keyboard unit.
[46] A tape-reader translated the punched code into
[48] electrical signals that could be sent by wire to
[50] tape-punching units in many cities simultaneously.
[45] The first major news event to make use of the
[31] Teletypewriter was World War I.


