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Problem Set 7 Solutions

MIT students: This problemsetis duein lectureon Monday, November 5.

SMA students: Thisproblemsetis dueafterthevideo-conferencingessioron\Wednesday, Noven
ber 7.

Reading: Chaptersl7

Both exercisesand problemsshould be solved, but only the problems shouldbe turnedin.
Exercisesareintendedo helpyou masterthe coursematerial. Eventhoughyou shouldnotturnin
the exercisesolutions,you areresponsibldor materialcoveredby the exercises.

Mark the top of eachsheetwith your name,the coursenumbey the problemnumber your
recitationinstructorandtime, thedate ,andthenamesof any studentsvith whomyoucollaborated.

MIT students. Eachproblemshouldbedoneonaseparatshee{or sheetspf three-holgounched
paper

SMA students: Eachproblemshouldbedoneon aseparatsheeior sheetspf two-holepunched
paper

Youwill oftenbecalleduponto “give analgorithm”to solve a certainproblem.Your write-up
shouldtake the form of a shortessay A topic paragraplshouldsummarizethe problemyou are
solvingandwhatyour resultsare. The body of your essayshouldprovide thefollowing:

1. A descriptionof thealgorithmin Englishand,if helpful, pseudocode.

2. At leastoneworkedexampleor diagramto shav morepreciselyhow your algorithmworks.
3. A proof(orindication)of the correctnessf thealgorithm.

4. An analysisof therunningtime of thealgorithm.

Rememberyour goalis to communicate Graderswill beinstructedto take off pointsfor corvo-
lutedandobtusedescriptions.

Exercise 7-1. Do exercisel7.1-1onpage409of CLRS.
Solution:

No, asequencef MULTIPUSH operationsould make theamortizedboundO (k).
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Exercise 7-2. Do exercisel7.3-4on page416of CLRS.
Solution:

The total costof executingn stack operations,assumingthe stack begins with s, objectsand
finisheswith s,, objectsis boundedoy 2n + sy — s,,.

Exercise 7-3. Do exercisel7.3-7on page416of CLRS.
Solution:

You usean unsortedarray soinserttakesO(1) worst-casdime. For DELETE-LARGER-HALF,
you usethelineartime medianalgorithmto find the median thenyou usePARTITION to partition
thearrayaroundthe median thenyou deletethe largersideof the partitionin O(1) time.

Fortheamortizedanalysisjnserteachitemwith 2 tokensonit. WhenyouperformaDELETE-LARGER-HALF
operationgachitemin thelist paysl tokenfor the operation. Whenyou deletethelargerhalf, the

tokenson theseitemsareredistritutedon the remainingitems. If eachitem on thelist startswith

2 tokens,they eachhave oneafterthe medianfinding, andtheneachitemin the deletedhalf gives

its token to one of the remainingitems. Thus,thereare alwaystwo tokensper item andwe get
constantamortizedime.

Exercise 7-4. Do exercisel7.4-1onpage424of CLRS.
Solution:

To keepinsertiontime reasonablelnsertioninto a dynamicopen-addreskashtablecanbe made
torunin O(1) time by expandingwhena > .8 andcontractingvhena < .2.

Problem 7-1. Reducing the spacein the van Emde Boas structure

In this problem,we will usehashingto modify the van Emde Boasdatastructurepresentedn
lecturein orderto reduceits spaceusage.

Recall the problemstatement:In the fixed-universe successoiproblem, a data structuremust
maintaina dynamicsubsetS of theuniverselU = {0, ..., u — 1}. Thedatastructuremustsupport
the operationsof insertingelementsnto S, deletingelementdrom S, finding the successofnext
elementin S) from ary elementin U, andfinding the predecessofprevious elementin S) from
ary elementn U.

Recall the outline of the van Emde Boasdatastructure: The universeU = {0,...,u — 1} is
representely awidgetof sizeu. EachwidgetW of size|W| storesanarraysub[W] of \/W re-
cursive subwidgetssub[IW][0], sub[W1][1], .. ., sub[W][\/W — 1] eachof size\/m. In addition,
eachwidgetW storesa summarywidgetsummary[W|] of size\/W, representingvhich subwid-

getsarenonempty Eachwidget W alsostoresits minimum elementmin[WW] separatelyfrom all
the subwidgetsFinally, eachwidgetW maintainghe valuemax[W] of its maximumelement.
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For referencethe van Emde Boasalgorithmsfor insertionandfinding successorin O(lglgu)
time aregivenasfollows. For ary widgetW, andfor ary z in the universeof possibleelements

in W, definehigh(z) andlow(z) to be nonngative integerssothatz = high(z),/|W| + low(z).

Thus, high(z) andlow(z) areboth lessthan /|1 |, andrepresenthe high-orderandlow-order
halvesof thebits in thebinaryrepresentatioof x.

VEB-INSERT (z, W)

1 ifz <min[W]

2  then exchanger <» min[\W]

3 if subwidgetsub[W][high(x)] is nonemptythatis, min[sub[I¥|[high(z)]] # NIL
4 then VEB-INSERT (low(z), subjw][high(z)])

5  ese min[sub[W]high(x)]] « low(z)

6 VEB-INSERT (high(z), summary[IV])

7 if x > max(IV]

8 thenmax([W]+«+ z

VEB-SUCCESSOR(z, W)

1 ifz <min[W]

2 thenreturn min[i¥]

3 if low(z) < max[sub[W][high(z)]]

4  then j «+— VEB-SuccEessor(low(z), sub[W]lhigh(x)])
5 return high(x)\/W—i-j

6  ese i+ VEB-Successor(high(z), summary[WV])

7 return i/ |W| 4+ min[sub[I¥][]]

(a) Arguethatthe van EmdeBoasdatastructureuseso(u) space.(Hint: Derive arecur
rencefor the spaceS(u) occupiedby awidgetof sizewu.)

Solution:

ThespaceS(u) occupiedby thedatastructures givenby therecurrence

S(u) = (1+vu)S(Vu) + O(Vu)
becausén eachwidgetthereare,/u recursve subwidgets] recursve summarywid-
get,andanarrayof sizeO(\/u).

Firstwe provethatS(u) < c;u — c2 by thesubstitutionrmethod.Assumeby induction
thatS(k) < c1k — cp forall £ < u. Then

Sw) < (1+Vu)(avu—c)+0Wu)
= cVu+cu—cy — cov/u + O(Vu)
= cu— ((02—01 —O(l))\/ﬂ—i-cz)
< qu,
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providedthatc, is choserlargeenough.Theconstant; mustbechoserlargeenough
to satisfythebasecase.

Secondwe prove that S(u) > cu by the substitutionmethod. Assumeby induction
thatS(k) > ck for all k < u. Then

S) > (1+vu)evu+O0(Wu)
= cvu+cu+ 0K u)

> cu.

The constant mustbe chosersmallenoughto satisfythe basecase.

Considerthefollowing modificationsto the vanEmdeBoasdatastructure.

1. Emptywidgetsarerepresentetty the valueNiL insteadof beingexplicitly representethy a

recursye construction.

. Thestructuresub[I¥] containingthe subwidgets

sub[IW][0], sub[W][1], ..., sub[W][\/|W| — 1]

is storedasa dynamichashtable (asin Section17.4of CLRS)insteadof anarray Thekey
of asubwidgetsub[W|[i] is ¢, sowe canquickly find theith subwidgetsub[IV ][] by a single
searchn the hashtablesub[WV/].

. Asaconsequencef thefirsttwo modificationsthehashtablesub[177] only storeghenonempty

subwidgets.The NIL valuesof the empty subwidgetsare not even storedin the hashtable.
Thus,thespaceoccupiedby thehashtablesub[1¥] is proportionato thenumberof nonempty
subwidgetsof V.

Whene&erwe insertanelemeninto anempty(NiL) widget,we createawidgetusingthefollowing
procedurewhich runsin O(1) time:

CREATE-WIDGET () > Returnsanew widgetcontainingjusttheelementz.

1

DU WN

allocatea widgetstructurel?/

mnW]| « z

max[W] < z

summary[W] < NIL

sub[W] < anew emptydynamichashtable
return W

In the next two problemparts,you will develop the insertionand successooperationsfor this
modified van Emde Boas structure. It sufficesto simply describethe necessarychangesrom
the VEB-INSERT andVvEB-SUCCESSOR operationgletailedabove. In any case you shouldgive
specialattentionto theinteractionwith the hashtablesub[¥].
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(b)

(©

(d)

(€

Give anefficient algorithmfor insertinganelementinto the modifiedvan EmdeBoas
structureusingCREATE-WIDGET asasubroutine.

Solution:

The algorithmis similar to VEB-INSERT. One main changeis that the two cases
aredistinguishedasedon testingwhethera particularkey is storedin the hashtable
sub[W]. A secondmain changes thatwhenthekey is not in the hashtable,a new
widgetis createdusing CREATE-WIDGET. We summarizewith the pseudocode:

MODIFIED-INSERT (z, W)
1 ifW=NnNIL
2  then W <« CREATE-WIDGET(z)
3 ese if x < min[W]
4 then exchanger < min[IV]
5 if thehashtablesub[I1V] hasanentryfor key high(x)
6 then MoDIFIED-INSERT (low(z), sub[W][high(x)])
7 else W' <~ CREATE-WIDGET(z)
8 insertinto hashtablesub[W] the subwidgef?’ with key high(z)
> Setssub[W]lhigh(z)] < W'

9 MoDIFIED-INSERT (high(x), summary[W])
10 if x> max[W]
11 then max(W] <z

Give anefficientalgorithmfor finding the successoof anelemenin the modifiedvan
EmdeBoasstructure.

Solution:

The algorithmis identicalto VEB-SUCCESSOR, exceptthatreferencedo sub[I7][i]
translateinto searchen the hashtablesub[17] for key i.

Usingknown results,arguethatthe runningtime of your modifiedinsertionandsuc-
cessoralgorithmsrun in O(Iglgu) expectedtime, underthe assumptiorof simple
uniform hashing.

Solution:

Eachrecursve call usedto performO(1) instructionsandnow additionallyperforms
O(1) additionalhash-tableperationsThus,undertheassumptiorof simpleuniform
hashing,the total costgoesup by an expectedconstantfactorfrom the normalvan
EmdeBoasstructure.

Prove thatthe spaceoccupiedby the modifieddatastructureis O(n). Youmayignore
the possibility of deletionsandassumehatonly insertionsandsuccessooperations
areperformed.

Solution:
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Eachwidget by itself (ignoring its subwidgetsand summarywidgets) takes O(1)
space.We storea widgetonly if its min field is occupiedby an element. The hash
tableincreasegshe spaceby a constantfactor (amortizingover the constantcost of

eachsubwidgets)Thusthe spacds O(n).
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Problem 7-2. Thecost of restructuring red-black trees

Thereare four basicoperationson red-blacktreesthat perform structural modifications node
insertions nodedeletionsyotations,andcolor modifications.We have seenthat RB-INSERT and
RB-DELETE useonly O(1) rotations hodeinsertionsandnodedeletiongo maintainthered-black
propertiesput they may make mary morecolor modifications.

(a) Describealegal red-blacktreewith n nodessuchthatcalling RB-INSERT to addthe
(n 4+ 1)st nodecauses(lgn) color modifications. Thendescribea legal red-black
treewith n nodesfor which calling RB-DELETE on a particularnodecauses$2(lgn)
color modifications.

Solution:

For RB-INSERT, considera completered-blacktree with an even numberof levels
in which nodesat odd levels are black and nodesat even levels arered. Whena
nodeis insertedasa child of oneof the leaves,thenQ(lgn) color changeswill be
neededo fix the colorsof nodeson the pathfrom the insertednodeto theroot. For
RB-DELETE, considemcompletered-blackireein whichall nodesareblack. If aleaf
is deleted thenthe”double blacknesswill be pushedall theway up to theroot, with
a color changeat eachlevel (case2 of RB-DELETE-Fixup), for a total of Q(lgn)
colorchanges.

Althoughtheworst-casenumberof color modificationsperoperationcanbe logarithmic,we shall
prove thatary sequencef m RB-INSERT andRB-DELETE operation®n aninitially emptyred-
blacktreecauseg)(m) structuraimodificationsn theworstcase.

(b) Someof the caseshandledby the mainloop of the codeof both RB-INSERT-FIXUP
andRB-DELETE-FIXuP areterminating: onceencounteredthey causethe loop to
terminateafter a constantnumberof additional operations. For eachof the cases
of RB-INSERT-FIXuP and RB-DELETE-FIXUP, specifywhich areterminatingand
which arenot. (hint: Look at Figures13.5,13.6,and13.7).

Solution:

All casesxceptfor casel of RB-INSERT-FIXup andcase?2 of RB-DELETE-FIXUP
areterminating.

We shallfirst analyzethe structuralmodificationswhenonly insertionsareperformed.Let 7" bea
red-blackiree,anddefine®(7’) to bethenumberof rednodesn 7. Assumethat1 unit of potential
canpayfor thestructuraimodificationgperformedby ary of thethreecase®f RB-INSERT-FIXUP.

(c) Let T' be the result of applying Casel of RB-INSERT-FIXuP to T. Argue that
(T =9(T)-1.

Solution:
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Casel of RB-INSERT-FIXUP reduceshe numberof rednodesbhy one,afactthatcan
beseenin Figure13.4in CLRS.Hence®(7") = ®(T) — 1.

(d) Nodeinsertioninto ared-blacktreeusingRB-INSERT canbe brokendown into three
parts.List thestructuraimodificationsandpotentialchangesesultingfrom lines1-16
of RB-INSERT, from nonterminatingase®f RB-INSERT-FIXuUP, andfrom terminat-
ing casef RB-INSERT-FIXUP.

Solution:

Lines 1-16 of RB-INSERT causeonenodeinsertionanda unit increasdan potential.
The nonterminatingcaseof RB-INSERT-Fixup (Casel) makesthreecolor changes
and decreaseshe potentialby one. The terminatingcasesof RB-INSERT-FIXUP
(Case2 and3) causeonerotationeachanddo not affect the potential.

(e) Usingpart(d), aguethattheamortizedhumberof structuralmodificationgperformed
by ary call of RB-INSERT is O(1).

Solution:

Thenumberof structuraimodificationsandamountof potentialchangeresultingfrom
lines 1-16 of RB-INSERT andfrom the terminatingcasesf RB-INSERT-FIXUP are
constantsotheamortizedcostof thesepartsareconstant.Thenonterminatingaseof
RB-INSERT-FIXuP mayrepeatup to O(lgn) times,but its amortizedcostis 0, since
by our assumptiorthe unit decreasén the potentialpaysfor the structuralmodifica-
tionsneededThereforetheworst-casemortizedcostof RB-INSERT is constant.

We now wish to prove thatthereareO(m) structuralmodificationswhentherearebothinsertions
anddeletions Let usdefine,for eachnodez,

0 if zisred,

1 if z is blackandhasnoredchildren,
0 if z isblackandhasoneredchild,

2 if z is blackandhastwo redchildren.

w(z) =

Now we redefinethe potentialof ared-blackireeT” as

€T

andlet 7" bethetreethatresultsfrom applyingany nonterminatingcaseof RB-INSERT-FIXUP or
RB-DELETE-FIXUPtOT.

(f) Shawv that®(7") < ®(T) — 1 for all nonterminatingcasesof RB-INSERT-FIXUP.
Arguethattheamortizednumberof structuralmodificationgperformedoy ary call of
RB-INSERT-FIXUPis O(1).
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(9)

(h)

Solution:

From Figure 13.4, we seethat Casel of RB-INSERT-FIXUP malkes the following
changego thetree:

e Changesa blacknodewith two redchildrento ared node(nodeC), resultingin
a potentialchangeof —2.

e Changesirednodeto ablacknodewith oneredchild (nodeA in thetopdiagram;
nodeB in thebottomdiagram) resultingin no potentialchange.

e Changesrednodeto ablacknodewith noredchildren(nodeD), resultingin a
potentialchangeof 1.

The total changein potentialis —1, which paysfor the structuralmodificationsper
formed,andthustheamortizedcostof Casel (nonterminatingase)s 0. Becausdhe
terminatingcasesof RB-INSERT-FIXUP causeconstantstructuralchangesandcon-
stantchangen potential,sincew(v) is basedsolely on nodecolor andthe numberof
color changesausedy terminatingcasess constant.The amortizedcostof the ter-
minatingcasesgs at mostconstant.Hence the overall amortizedcostof RB-INSERT
Is constant.

Shaw that®(7") < ®(T') — 1 for all nonterminatingcasesof RB-DELETE-FIXUP.
Arguethattheamortizednumberof structuralmodificationsperformedby ary call of
RB-DELETE-FIXUP is O(1).

Solution:

Figure 13.7 shavs that Case2 of RB-DELETE-FIXuP makesthe following changes
tothetree:

e Changes blacknodewith noredchildrento arednode(nodeD), resultingin a
potentialchangeof —1.

e If Bisred,thenit losesablackchild, with no effect on potential.

e If B is black,thenit goesfrom having no red childrento having onered child,
resultingin a potentialchangeof —1.

Thetotal changean potentialis either—1 or —2, dependingnthecolorof B. In either
casepneunitof potentialpaysfor thestructuraimodificationgperformedandthusthe
amortizedcostof Case2 (nonterminatingcase)s at most0. Becausehe terminating
case®f RB-DELETE causeconstanstructuralchangesndconstanthangen poten-
tial, sincew(v) is basedsolelyon nodecolor andthe numberof color changesaused
by terminatingcasess constant. The amortizedcost of the terminatingcasess at
mostconstantHence theoverallamortizedcostof RB-DELETE-FIXUP is constant.

Completeheproofthatin theworstcaseary sequencef m RB-INSERT andRB-DELETE
operationgerformsO(m) structuralmodifications.

Solution:
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Sincetheamortizedcostof eachoperationis boundedabove by a constantthe actual
numberof structuraimodificationgor any sequencef m RB-INSERT andRB-DELETE
operation®naninitially emptyred-blackireecause?(m) structuralmodificationsin
theworstcase.



