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Problem Set 7

MIT students: Thisproblemsetis duein lectureon Monday, November 5.

SMA students: Thisproblemsetis dueafterthevideo-conferencingsessiononWednesday, Novem-
ber 7.

Reading: Chapters17

Both exercisesand problemsshouldbe solved, but only the problems shouldbe turnedin.
Exercisesareintendedto helpyoumasterthecoursematerial.Eventhoughyoushouldnot turn in
theexercisesolutions,youareresponsiblefor materialcoveredby theexercises.

Mark the top of eachsheetwith your name,the coursenumber, the problemnumber, your
recitationinstructorandtime,thedate,andthenamesof any studentswith whomyoucollaborated.

MIT students: Eachproblemshouldbedoneonaseparatesheet(or sheets)of three-holepunched
paper.

SMA students: Eachproblemshouldbedoneonaseparatesheet(or sheets)of two-holepunched
paper.

Youwill oftenbecalleduponto “giveanalgorithm” to solveacertainproblem.Yourwrite-up
shouldtake the form of a shortessay. A topic paragraphshouldsummarizetheproblemyou are
solvingandwhatyour resultsare.Thebodyof youressayshouldprovide thefollowing:

1. A descriptionof thealgorithmin Englishand,if helpful,pseudocode.

2. At leastoneworkedexampleor diagramto show morepreciselyhow youralgorithmworks.

3. A proof (or indication)of thecorrectnessof thealgorithm.

4. An analysisof therunningtimeof thealgorithm.

Remember, your goal is to communicate.Graderswill be instructedto take off pointsfor convo-
lutedandobtusedescriptions.

Exercise 7-1. Do exercise17.1-1on page409of CLRS.

Exercise 7-2. Do exercise17.3-4on page416of CLRS.



2 Handout23: ProblemSet7

Exercise 7-3. Do exercise17.3-7on page416of CLRS.

Exercise 7-4. Do exercise17.4-1on page424of CLRS.

Problem 7-1. Reducing the space in the van Emde Boas structure

In this problem,we will usehashingto modify the van EmdeBoasdatastructurepresentedin
lecturein orderto reduceits spaceusage.

Recall the problemstatement:In the fixed-universesuccessorproblem,a datastructuremust
maintainadynamicsubset

�
of theuniverse�������	��
�
�
��������� . Thedatastructuremustsupport

theoperationsof insertingelementsinto
�

, deletingelementsfrom
�

, finding thesuccessor(next
elementin

�
) from any elementin � , andfinding the predecessor(previous elementin

�
) from

any elementin � .

Recall the outline of the van EmdeBoasdatastructure: The universe � � ���	��
�
�
���������� is

representedby awidgetof size � . Eachwidget � of size ����� storesanarraysub ��� � of ! �"�#� re-

cursivesubwidgetssub ���$�%���&�'� sub ���$�%�(���'��
�
�
)� sub ���$�%�(! �"���*�+��� eachof size ! �"�#� . In addition,

eachwidget � storesa summarywidgetsummary ��� � of size ! ����� , representingwhich subwid-
getsarenonempty. Eachwidget � alsostoresits minimumelementmin ���$� separatelyfrom all
thesubwidgets.Finally, eachwidget � maintainsthevaluemax ���$� of its maximumelement.

For reference,the van EmdeBoasalgorithmsfor insertionandfinding successorsin ,.-0/213/415�76
time aregivenasfollows. For any widget � , andfor any 8 in theuniverseof possibleelements
in � , definehigh -98:6 andlow -;8:6 to benonnegative integerssothat 8�� high -98:6! �"�#��< low -98:6 .
Thus,high -;8:6 and low -98:6 areboth lessthan ! ����� , andrepresentthe high-orderand low-order
halvesof thebits in thebinaryrepresentationof 8 .
VEB-INSERT -;8=�>�?6
1 if 8A@ min ��� �
2 then exchange8CB min �D�$�
3 if subwidgetsub �D�$�E� high -;8:6%� is nonempty, thatis, min � sub �D�$�E� high -;8:6F�G�IH� NIL

4 then VEB-INSERT - low -;8:6� sub �"JK�E� high -;8:6%�96
5 else min � sub �D�$�E� high -;8:6%�4�:L low -;8:6
6 VEB-INSERT - high -;8:6>� summary ��� �M6
7 if 8AN max �D�$�
8 then max ���$�OLP8
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VEB-SUCCESSOR -98=�>�?6
1 if 8A@ min ��� �
2 then return min ���$�
3 if low -;8:6Q@ max � sub �D�$�E� high -;8:6%�4�
4 then RSL VEB-SUCCESSOR - low -98:6� sub �D�$�E� high -;8:6%�96
5 return high -;8:6! �����<TR
6 else UVL VEB-SUCCESSOR - high -98:6� summary ��� �M6
7 return U�! �����< min � sub �D�$�E��U0�4�
(a) ArguethatthevanEmdeBoasdatastructureusesW�-0�:6 space.(Hint: Derivea recur-

rencefor thespace
� -0�:6 occupiedby awidgetof size � .)

Considerthefollowing modificationsto thevanEmdeBoasdatastructure.

1. Emptywidgetsarerepresentedby thevalueNIL insteadof beingexplicitly representedby a
recursiveconstruction.

2. Thestructuresub �D�$� containingthesubwidgets

sub ��� �E���&�X� sub ��� �E�(���X��
�
�
� sub ���$�%� ! �"�#�Y�����
is storedasa dynamichashtable(asin Section17.4of CLRS) insteadof anarray. Thekey
of a subwidgetsub �D�$�E��U0� is U , sowe canquickly find the U th subwidgetsub ��� �E�"U'� by a single
searchin thehashtablesub �D�$� .

3. Asaconsequenceof thefirst twomodifications,thehashtablesub ��� � onlystoresthenonempty
subwidgets.The NIL valuesof theemptysubwidgetsarenot evenstoredin thehashtable.
Thus,thespaceoccupiedby thehashtablesub ���$� is proportionalto thenumberof nonempty
subwidgetsof � .

Wheneverweinsertanelementinto anempty(NIL) widget,wecreateawidgetusingthefollowing
procedure,which runsin ,Z-F�Y6 time:

CREATE-WIDGET -98:6 [ Returnsanew widgetcontainingjust theelement8 .
1 allocatea widgetstructure�
2 min �D�$�:LP8
3 max ���$�OL 8
4 summary ���$�OL NIL

5 sub �D�$�:L anew emptydynamichashtable
6 return �

In the next two problemparts,you will develop the insertionandsuccessoroperationsfor this
modified van EmdeBoasstructure. It suffices to simply describethe necessarychangesfrom
the VEB-INSERT andVEB-SUCCESSOR operationsdetailedabove. In any case,you shouldgive
specialattentionto theinteractionwith thehashtablesub ���$� .
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(b) Giveanefficient algorithmfor insertinganelementinto themodifiedvanEmdeBoas
structure,usingCREATE-WIDGET asasubroutine.

(c) Giveanefficientalgorithmfor findingthesuccessorof anelementin themodifiedvan
EmdeBoasstructure.

(d) Usingknown results,arguethattherunningtime of your modifiedinsertionandsuc-
cessoralgorithmsrun in ,.-0/213/415�76 expectedtime, underthe assumptionof simple
uniformhashing.

(e) Provethatthespaceoccupiedby themodifieddatastructureis ,Z-;\]6 . Youmayignore
thepossibilityof deletions,andassumethatonly insertionsandsuccessoroperations
areperformed.
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Problem 7-2. The cost of restructuring red-black trees

Thereare four basicoperationson red-blacktreesthat performstructural modifications: node
insertions,nodedeletions,rotations,andcolor modifications.We have seenthatRB-INSERT and
RB-DELETE useonly ,Z-F�Y6 rotations,nodeinsertions,andnodedeletionsto maintainthered-black
properties,but they maymakemany morecolor modifications.

(a) Describea legal red-blacktreewith \ nodessuchthatcalling RB-INSERT to addthe-;\A<��Y6 st nodecauseŝ_-0/215\`6 color modifications.Thendescribea legal red-black
treewith \ nodesfor which calling RB-DELETE on a particularnodecauseŝ_-;/215\]6
color modifications.

Althoughtheworst-casenumberof colormodificationsperoperationcanbelogarithmic,weshall
prove thatany sequenceof a RB-INSERT andRB-DELETE operationson aninitially emptyred-
blacktreecauses,Z-;ab6 structuralmodificationsin theworstcase.

(b) Someof thecaseshandledby themain loop of thecodeof both RB-INSERT-FIXUP

andRB-DELETE-FIXUP are terminating: onceencountered,they causethe loop to
terminateafter a constantnumberof additionaloperations. For eachof the cases
of RB-INSERT-FIXUP andRB-DELETE-FIXUP, specifywhich are terminatingand
whicharenot. (hint: look at Figures13.5,13.6,and13.7)

We shallfirst analyzethestructuralmodificationswhenonly insertionsareperformed.Let c bea
red-blacktree,anddefinede-;cf6 to bethenumberof rednodesin c . Assumethat � unit of potential
canpayfor thestructuralmodificationsperformedby any of thethreecasesof RB-INSERT-FIXUP.

(c) Let chg be the result of applying Case1 of RB-INSERT-FIXUP to c . Argue thatde-9c g 65� de-;cf6i�+� .
(d) Nodeinsertioninto a red-blacktreeusingRB-INSERT canbebrokendown into three

parts.List thestructuralmodificationsandpotentialchangesresultingfrom lines1-16
of RB-INSERT, from nonterminatingcasesof RB-INSERT-FIXUP, andfrom terminat-
ing casesof RB-INSERT-FIXUP.

(e) Usingpart(d), arguethattheamortizednumberof structuralmodificationsperformed
by any call of RB-INSERT is ,Z-F�Y6 .

We now wish to prove thatthereare ,.-0ab6 structuralmodificationswhentherearebothinsertions
anddeletions.Let usdefine,for eachnode8 ,

JS-;8:63�
jkkkl kkkm
� if 8 is red �� if 8 is blackandhasno redchildren �� if 8 is blackandhasoneredchild �n

if 8 is blackandhastwo redchildren 
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Now weredefinethepotentialof a red-blacktree c as

de-;cf65�poq�rs JS-;8:65�
andlet c g bethetreethatresultsfrom applyingany nonterminatingcaseof RB-INSERT-FIXUP or
RB-DELETE-FIXUP to c .

(f) Show that de-9c g 6Atude-;cf6v��� for all nonterminatingcasesof RB-INSERT-FIXUP.
Arguethattheamortizednumberof structuralmodificationsperformedby any call of
RB-INSERT-FIXUP is ,.-w�Y6 .

(g) Show that de-;c g 6xt#de-;cf6Q�y� for all nonterminatingcasesof RB-DELETE-FIXUP.
Arguethattheamortizednumberof structuralmodificationsperformedby any call of
RB-DELETE-FIXUP is ,Z-F�Y6 .

(h) Completetheproofthatin theworstcase,any sequenceof a RB-INSERT andRB-DELETE

operationsperforms,.-0ab6 structuralmodifications.


