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ProblemSet5

MIT students: Thisproblemsetis duein lectureon Monday, October 22.

SMA students: This problemsetis dueafter thevideo-conferencingsessionon Wednesday, Oc-
tober 24.

Reading: Chapters12 and13

Both exercisesand problemsshouldbe solved, but only the problems shouldbe turnedin.
Exercisesareintendedto helpyoumasterthecoursematerial.Eventhoughyoushouldnot turn in
theexercisesolutions,youareresponsiblefor materialcoveredby theexercises.

Mark the top of eachsheetwith your name,the coursenumber, the problemnumber, your
recitationinstructorandtime,thedate,andthenamesof any studentswith whomyoucollaborated.

MIT students: Eachproblemshouldbedoneonaseparatesheet(or sheets)of three-holepunched
paper.

SMA students: Eachproblemshouldbedoneonaseparatesheet(or sheets)of two-holepunched
paper.

Youwill oftenbecalleduponto “giveanalgorithm” to solveacertainproblem.Yourwrite-up
shouldtake the form of a shortessay. A topic paragraphshouldsummarizetheproblemyou are
solvingandwhatyour resultsare.Thebodyof youressayshouldprovide thefollowing:

1. A descriptionof thealgorithmin Englishand,if helpful,pseudocode.

2. At leastoneworkedexampleor diagramto show morepreciselyhow youralgorithmworks.

3. A proof (or indication)of thecorrectnessof thealgorithm.

4. An analysisof therunningtimeof thealgorithm.

Remember, your goal is to communicate.Graderswill be instructedto take off pointsfor convo-
lutedandobtusedescriptions.

Exercise5-1. Do exercise12.2-9on page260of CLRS.

Exercise5-2. Do exercise12.4-3on page268of CLRS.
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Figure 1: A treap. Eachnode � is labeledwith key
� ����� priority

� ��� . For example,the root has
key � andpriority 4.

Exercise5-3. Do exercise13.2-4on page279of CLRS.

Exercise5-4. Do exercise13.4-7on page295of CLRS.

Problem5-1. Treaps

If weinsertasetof � itemsinto abinarysearchtree,theresultingtreemaybehorribly unbalanced,
leadingto long searchtimes.On theotherhand,we know thatrandomlybuilt binarysearchtrees
tendto bebalanced.Therefore,astrategy that,on average,builds abalancedtreefor a fixedsetof
itemsis to randomlypermutetheitemsandtheninsertthemin thatorderinto thetree.

But, whatif wedonothaveall theitemsatonce?If wereceive theitemsoneata time,canwestill
randomlybuild abinarysearchtreeoutof them?

We will examinea datastructurethatanswersthis questionin theaffirmative. A treap is a binary
searchtreewith a modifiedway of orderingthe nodes. Figure1 shows an example. As usual,
eachnode� in thetreehasakey valuekey

� ��� . In addition,weassignpriority
� ��� , which is arandom

numberchosenindependentlyfor eachnode.Weassumethatall prioritiesaredistinctandalsothat
all keysaredistinct.Thenodesof thetreapareorderedsothatthekeysobey thebinary-search-tree
propertyandtheprioritiesobey themin-heaporderproperty:

� If 	 is a left child of 
 , thenkey
� 	 ��� key

� 
 � .
� If 	 is a right child of 
 , thenkey

� 	 ��
 key
� 
 � .

� If 	 is achild of 
 , thenpriority
� 	 ��
 priority

� 
 � .
(This combinationof propertiesis why thetreeis calleda “treap;” it hasfeaturesof botha binary
searchtreeandaheap.)

It helpsto think of treapsin thefollowing way. Supposethatwe insertnodes����������������������� , with
associatedkeys, into a treap. Thenthe resultingtreapis the treethatwould have beenformedif
thenodeshadbeeninsertedinto a normalbinarysearchtreein theordergivenby their (randomly
chosen)priorities,i.e.,priority

� ������� priority
� ����� meansthat ��� wasinsertedbefore��� .
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(a) Explainwhy atreapon � nodesis equivalentto arandomlybuilt binarysearchtreeon
� nodes.

Solution:

Assigningprioritiesto nodesasthey areinsertedinto a treapis thesameasinserting
the � nodesinto a normalbinarysearchtreein the(increasing)orderdefinedby their
priorities.
So if we assignthe priorities randomly, we will get a randomorderof � priorities,
which is the sameasa randompermutationof the � inputs,so we canview this as
insertingthe � itemsin randomorderi.e. a randomlybuilt binarysearchtree.

(b) Concludethattheexpectedtime to searchfor avaluein thetreapis �! #"%$&��' .
Solution:

The time to searchfor an item that is in the treapis equalto the depth of that item.
Now, we know thatfor anitem � in a randomlybuilt binarysearchtree,theexpected
depthof � is �! #"%$&��' (theexpectationis takenover permutationsof the � nodes,not
thechoiceof � ). Thus,theexpectedtime to searchfor avaluein thetreapis �! ("%$)��' .

Let usseehow to inserta new nodeinto an existing treap. The first thing we do is assignto the
new nodea randompriority. Thenwe call theinsertionalgorithm,whichwe call TREAP-INSERT,
whoseoperationis illustratedin Figure2.

(c) Explainhow TREAP-INSERT works.Explaintheideain Englishandgivepseudocode.
(Hint: Executetheusualbinary-search-treeinsertionprocedureandthenperformro-
tationsto restorethemin-heaporderproperty.)

Solution:

Thehint givesthe idea: do theusualbinarysearchtreeinsertandthenperformrota-
tionsto restorethemin-heaporderproperty.

TREAP-INSERT  (* ��� ' inserts� into the treap * (by modifying * ). It requiresthat �
hasdefined +-,�. and /�021435061#78. values. We have usedthe subroutinesTREE-INSERT,
RIGHT-ROTATE, andRIGHT-ROTATE asdefinedin CLRS.

TREAP-INSERT  (* �9� '
1 TREE-INSERT  (* ��� '
2 while �;:< root

� * � andpriority
� ����� priority

� / � ���=�
3 do if � < left

� / � ���=�
4 then RIGHT-ROTATE  (* � / � ��� '
5 else LEFT-ROTATE  (* � / � ��� '
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Figure 2: The operationof TREAP-INSERT. (a) The original treap,prior to insertion. (b) The
treapafterinsertinganodewith key > andpriority 25. (c)–(d) Intermediatestageswheninserting
a nodewith key ? andpriority 9. (e) The treapafter the insertionof parts(c) and(d) is done.
(f) Thetreapafterinsertinganodewith key @ andpriority 2.
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Notethatparentpointerssimplify thecodebut arenotnecessary. Sinceweonly need
to know the parentof eachnodeon the path from the root to � (after the call to
TREE-INSERT), wecankeeptrackof theseourselves.

(d) Show thattheexpectedrunningtimeof TREAP-INSERT is �! #"%$)��' .
Solution:

TREAP-INSERT first insertsan item in the treeusing the normalbinary searchtree
insertandthenperformsanumberof rotationsto restorethemin-heapproperty.

Thenormalbinarysearchtreeinsertalwaysplacesthenew item at a new leaf of tree.
Thereforetheexpectedtime to insertan item into a treapis theexpectedheightof a
randomlybuilt binarysearchtree,which is AB #"C$)��' . Sincetheheightof every binary
treeis DE ("%$&��' (a completetreehasthesmallestheightandits heightis DE ("%$&��' ), the
expectedheightis �F ("%$&��' .
Themaximumnumberof rotationsoccurswhenthenew item receivesa priority less
than all priorities in the tree. In this caseit needsto be rotatedfrom a leaf to the
root. An upperboundon theexpectednumberof rotationsis thereforetheexpected
heightof a randomlybuilt binary searchtree,which is �! #"%$)��' . Sinceeachrotation
takeconstanttime, theexpectedtime to rotateis �! #"C$)��' .
Thustheexpectedrunningtimeof TREAP-INSERT is �! #"%$&�FGH"%$&��' < �! ("%$&��' .
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Problem5-2. Join operation on red-black tr ees

The join operationtakestwo dynamicsetsI � and I � andanelement� suchthat for any ���KJ I �
and ���LJ I � , we have key

� ���8�NM key
� ���KM key

� ���O� . It returnsa set I < I �)PHQR��STP I � . In this
problem,we investigatehow to implementthejoin operationon red-blacktrees.

(a) Givena red-blacktree * , we storeits black-heightasthefield bh
� * � . Arguethat this

field canbe maintainedby RB-INSERT andRB-DELETE (asgiven in the textbook,
onpages280and288respectively) without requiringextrastoragein thenodesof the
treeandwithoutincreasingtheasymptoticrunningtimes.Show thatwhile descending
through* , we candeterminetheblack-heightof eachnodewe visit in AU WVR' time per
nodevisited.

Solution:

Startingat the root, we canproceedto a leaf, coutingthenumberof blacknodeson
the path. This doesnot requireany extra storagein the nodesof the treeandwill
take �F ("%$&��' time. SinceRB-INSERT andRB-DELETE alsorun in �! #"%$&��' time, the
asymptoticrunningtime is not increased.

While descendingthrough * , we decrementbh
� * � by 1 everytime we encountera

blacknode.Theblack-heightof a node, X , is thenbh
� * � minusthenumberof black

nodesencountered(excluding node X itself). This decrementcanbe donein AB WV5'
timepernodevisited.

Wewishto implementtheoperationRB-JOIN  Y* ���9��� * � ' , whichmaydestroy * � and * � andreturns
a red-blacktree * < * ��PZQR��S[P * � . Let � bethetotal numberof nodesin * � and * � .

(b) Assumethatbh
� * �8�]\ bh

� * �O� . Describean AU ("%$)��' -time algorithmthatfindsa black
node . in * � with the largestkey from amongthosenodeswhoseblack-heightis
bh
� * �9� .

Solution:

Since * � is a binary searchtree,the largestelementat any level is on the rightmost
path. So, we decenddown the rightmostpath, calculatingbh at eachnode(asde-
scribedin the previous part), until we reachthe black nodewhoseblack-heightis
bh
� * �9� , which is what we want. Thusthe runningtime is at most the heightof the

tree,i.e. AU ("%$)��' . (Calculatingtheblack-heighttakes AU 8V5' pernode,asshown in the
previouspart).

(c) Let *_^ bethesubtreerootedat . . Describehow *`^ PaQR��SbP * � canreplace*`^ in AB WV5'
timewithoutdestroying thebinary-search-treeproperty.

Solution:
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Insert � into where . wasin * � . Form *`^ PcQR��STP * � by letting *`^ be the left sub-
treeof � , and * � betheright subtreeof � . Giventhat this join operationis suchthat
key

� ���8��M key
� ���dM key

� ���O� where���[J * � and���NJ * � , thebinarysearchtreeproperty
is maintainedandthis operationtakes AU 8V5' time.

Considerthefollowing red-blackproperties:

� everynodeis eitherredor black
� every leaf is black
� for eachnode,all pathsfrom thenodeto descendantleavescontainthesamenumberof black
nodes

(d) Whatcolorshouldwemake � sothattheabovered-blackpropertiesaremaintained?

Solution:

We shouldmake � red. Since *`^ alreadyhasblack-height= bh  (*`^�' , � mustberedto
maintainthesameblack-height,bh

� *`^ PZQR��S[P * ��� = bh  Y*_^�'

Considerthefollowing red-blackproperties:

� theroot is black
� if a nodeis red,thenbothits childrenareblack

(e) Describehow theabovetwo propertiescanbeenforcedin AB #"C$)��' time.

Solution:

UseRB-INSERT-FIXUP on thenew tree,to performtherecoloringandrotationsnec-
essaryto enforcethesetwo properties. We know that RB-INSERT-FIXUP runs in
AB #"%$)��' time, thusweconcludethattheenforcementcanbedonein AU ("%$)��' time.

(f) Arguethattherunningtimeof RB-JOIN is AB #"%$)��' .
Solution:

RB-JOIN is implementedby usingall the previous parts: The black-heightcanbe
calculatedandmaintainedin AU 8V5' time. Therequiredblacknode,. , canbefoundin
AB #"%$)��' time. Then,thejoin is donein AU #"C$)��' time,andfinally, afterassigning� the
right color, thered-blacktreepropertiescanbeenforcedin AU #"C$)��' time. Sothetotal
runingtime is AU #"C$&��'


