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Problem Set 3

MIT students. This problemsetis duein lectureon Monday, October 1.

SMA students: This problemsetis dueafterthevideo-conferencingessioron Wednesday, Oc-
tober 3.

Reading: Chapters8 and9

Both exercisesand problemsshould be solved, but only the problems shouldbe turnedin.
Exercisesareintendedo helpyou masterthe coursematerial.Eventhoughyou shouldnotturnin
the exercisesolutions,you areresponsibldor materialcoveredby the exercises.

Mark the top of eachsheetwith your name,the coursenumber the problemnumber your
recitationinstructorandtime, thedate ,andthenamesf any studentsvith whomyoucollaborated.

MIT students. Eachproblemshouldbedoneonaseparatshee{or sheetspf three-holgpunched
paper

SMA students: Eachproblemshouldbedoneon aseparatsheeior sheetspf two-holepunched

paper

Youwill oftenbecalleduponto “give analgorithm”to solve a certainproblem.Your write-up
shouldtake the form of a shortessay A topic paragraprshouldsummarizethe problemyou are
solvingandwhatyour resultsare. The body of your essayshouldprovide thefollowing:

1. A descriptionof thealgorithmin Englishand,if helpful, pseudocode.

2. At leastoneworkedexampleor diagramto shav morepreciselyhow your algorithmworks.
3. A proof(orindication)of the correctnessf thealgorithm.

4. An analysisof therunningtime of thealgorithm.

Rememberyour goalis to communicate Graderswill be instructedto take off pointsfor corvo-
lutedandobtusedescriptions.

Exercise 3-1. Do exercise8.1-2onpagel67of CLRS.
Exercise 3-2. Do exercise8.1-3on pagel68of CLRS.
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Exercise 3-3. Do exercise8.2-3onpagel70of CLRS.
Exercise 3-4. Do exercise8.4-2onpagel77of CLRS.
Exercise 3-5. Do exercise9.3-1onpagel92of CLRS.

Exercise 3-6. Shaw thatthe secondsmallestof n elementscanbe foundwith n + ©(lgn) com-
parisongn theworstcase.(Hint: Also find thesmallesilement.)

Problem 3-1. Largest i numbersin sorted order

Givena setof n numberswe wish to find the i largestin sortedorderusinga comparison-based
algorithm.Find thealgorithmthatimplementsachof thefollowing methodswith thebestasymp-
totic worst-caseunningtime, andanalyzethe runningtimesof thealgorithmsin termsof n and:.

(a) Sortthenumbersandlist thei largest.
(b) Build a max-priorityqueuefrom thenumbersandcall EXTRACT-MAX i times.

(c) Usean orderstatisticalgorithmto find the sth largestnumber partition aroundthat
numberandsortthe: largestnumbers.

Problem 3-2. At the wading pool

Youwork at a summercampwhich holdsregular outingsfor the n childrenwhich attend.One of

theseoutingsis to anearbywadingpool which alwaysturnsout to be somethingof a nightmareat
the endbecauseherearen wet, cranky childrenanda pile of 2n shoeqn left shoesandr right
shoes)andit is not at all clearwhich kids go with which shoes.Not beingparticularly picky, all

you careaboutis gettingkids into shoeghatfit. Theonly wayto determinaf ashoeis a matchfor

achild is to try the shoeon the child’s foot. After trying on the shoe,youwill know thatit either
fits, is toobig, or istoo small. It is importantto notethatyou cannotaccuratelycomparechildren’s
feetdirectly with eachother nor canyou comparethe shoes.You know thatfor every kid, there
areatleasttwo shoeqoneleft shoeandoneright shoe)thatwill fit, andyourtaskis to shoeall of

the childrenefficiently sothatyou cango home. Thereareenoughshoeshateachchild will find

apairwhichfits her Assumethateachcomparisor(trying a shoeon afoot) takesonetime unit.

(@) Describeadeterministicalgorithmthatuses®(n?) comparisonso pair childrenwith
shoes.

(b) Prove alower boundof ©2(nlgn) for the numberof comparisonghat mustbe made
by analgorithmsolvingthis problem.(Hint: How mary leavesdoesthe decisiontree
have?)

(c) How mightyou partitionthechildreninto thosewith a smallershoesizethana“pivot”
child, andthosewith alargershoesizethanthe pivot child?

(d) Give arandomizedalgorithmwhoseexpectednumberof comparisonss O(nlgn),
andprove thatthis boundis correct. Whatis the worst-casenumberof comparisons
for your algorithm?



