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Practice Quiz 1

e Do notopenthis quiz bookletuntil you aredirectedto do so.

e This quiz startsat 2:35 P.M. andendsat 3:55 P.M. It contains4 problems,somewith
multiple parts. The quiz containsl2 pagesjncludingthis one. You have 80 minutesto earn
100points.

e Thisquizis closedbook. You mayuseonehandwritterB%" x 11" crib sheet.No calculators
arepermitted.

e Whenthe quiz begins, write your nameon every pageof this quiz bookletin the space
provided.

e Write your solutionsin the spaceprovided. If you needmorespacewrite onthebackof the
sheetcontainingthe problem. Do not put partof the answerto oneproblemon the backof
thesheeffor anothemproblem,sincethe pageswill beseparatedor grading.

e Do notspendoo muchtime onary problem.Readthemall throughfirst andattackthemin
the orderthatallows you to make the mostprogress.

e Shaw yourwork, aspartial creditwill begiven. Youwill begradednotonly onthecorrect-
nessof your answeybut alsoon the clarity with which you expresst. Be neat.

e Goodluck!
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Problem 1. Integer Multiplication [15 points]
Thefollowing algorithmmultipliestwo nonneative integersA and B:

MULT(A4, B)

1 P«~O0O

2 whileA#0

3 doifAmod2=1
4 thenP«+~ P+ B
5 A+ |A/2]

6 B+ 2B

7 return P

Let A®, BO andP©® bethevaluesof A, B, and P, respectiely, inmediatelybeforethe loop
executesandfor k£ > 1, let A%, B%) andP%*) bethevaluesof thesevariablesmmediatelyafter
the kth iterationof theloop. Give aloop invariantthatcanbe usedto prove the correctnessf the
algorithm. You need not actually prove correctness.
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Problem 2. Trueor False, and Justify [50 points] (10 parts)

Circle T or F for eachof the following statementdo indicatewhetherthe statemenis true or
false,respectiely. If the statements correct,briefly statewhy. If the statements wrong, explain
why. Themorecontentyou provide in your justification,the higheryour grade but be brief. Your
justificationis worth morepointsthanyour true-orfalsedesignation.

T F Thesolutionto therecurrence
T(n) =100T(n/99) + 1g(n!)

isT(n) =O(nlgn).

T F Radix sort works correctly even if insertionsortis usedasits auxiliary sort insteadof
countingsort.
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T F If bucketsortis implementedby usingheapsorto sortthe individual buckets,insteadof
by usinginsertionsort asin the normalalgorithm, thenthe worst-casaunningtime of
bucket sortis reducedo O(nlgn).

T F An adwersarycanpresentaninput of n distinctnumbersto RANDOMIZED-SELECT that
will forceit torunin (n?) time.
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T F Theinformation-theoreti¢decision-treejower boundon comparisorsortingcanbeused
to prove thatthe numberof comparisonsieededo build aheapof n elementss Q(nlgn)
in theworstcase.

T F Sorting6 elementswith a comparisorsortrequiresat least10 comparisonsn the worst
case.
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T F Thesumof the smallest,/n elementsn anunsortedarrayof n distinctnumberscanbe
foundin O(n) time.

T F The collectionH = {h4, ho, h3} of hashfunctionsis universal,wherethe three hash
functionsmaptheuniverse{ A, B, C, D} of keysinto therange{0, 1, 2} accordingto the
following table:
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T F Let X be anindicatorrandomvariablesuchthatPr{X =1} = 1/2. Then,we have
E[X(1-X)]=1/4.

T F Supposéhata3-inputsortingnetwork correctlysortsthesequence&, 3, 8), (3, 8, 2), and
(8,2, 3). Then,it alsocorrectlysortsall sequencesf 3 numbers.(Hint: Apply threshold
functions to the sequence elements.)
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Problem 3. Pop Count [35 points] (5 parts)

Somecomputergprovide a population-count, or pop-count, instructionPorPC thatdetermineghe
total numberof bits in a word thatare“1.” Specifically if ann-bit wordis a = {aga; - - - an_1),
then

n—1
POPC(CI,) = Z a; .
=0

For example,PoPC((01000101)) = 3.

This problemexploreshow to implementthe POPC instructionasa circuit. The basicbuilding
blockwe shalluseis an ADDER componenthattakesin two binaryvaluesX andY andproduces
theirsumZ = X + Y-

X— + —Zz

Y

Sincewiring is an importantcontributor to the expenseof an implementationwe shall attempt
to minimize the numberof wires requiredto connectthe inputs, componentsand output of a
pop-countcircuit. A cableof w wirescanconvey valuesin therangefrom 0 to 2% — 1, inclusive.

ProfessoiBlaise hasinventeda pop-countcircuit, composedf n — 1 ADDER’S, to implement
PopC onann-bit word (aga; - - - a,,—1). Hereis the professors circuit for n = 4:

Stagel Stage? Stage3
2 2 3
+ + + -

i il i

Qo a1 a2 as

Eachstage of this circuit addsthebit a; into arunningsum,whichit forwardsto stagei + 1. Each
cableof wiresin thefigureis labeledwith the numberof its constituentvires.
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(a) Arguethatthestage: ADDER requiresO(lgi) outputwires.
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(b) For aninputword with n = 4 bits, the total numberof wiresin the professors pop-
countcircuitis W (n) = 11 wires. Explainbriefly why therecurrence
W(n) =W(n—1)+ O(lgn)

accuratelydescribeghe total numberof wires in an n-input circuit. Give a good
asymptotidower (big-€2) boundfor W (n), andbriefly justify youranswer



Handoutl5: PracticeQuiz 1 11

A divide-and-conquepop-countcircuit operatingon an n-bit word {(aqa, - - - a,,_1) canbe con-
structedby usingan ADDER componento combinethe recursvely computedpop-countof the
first n/2 bitswith therecursvely computedpop-counf thelastn /2 bits.

(c) Draw apictureof suchadivide-and-conquepop-countcircuit on 4 inputs. Labelthe
numberof wires comprisingeachcable,aswas donefor ProfessomBlaise’s circuit.
How mary wiresdoesthe divide-and-conquetircuit requirefor n = 4?
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(d) Give a recurrencethat describeshe total numberW (n) of wires requiredby the
divide-and-conqugpop-countircuit for ann-bit word. Giveagoodasymptotiaupper
(big-O) boundon W (n), andbriefly justify your answer

(e) DoesProfessoBlaisework atMIT or Harvard?Why?

12



