6.045J/18.400J: Automata, Computability and Complexity Nancy Lynch

Homework 5: Solutions
Due: March 16, 2005 Vinod Vaikuntanathan

Problem 1: Prove that the following languages are undecidable. Use reductions from Arjs or
other problems already known to be undecidable. In all these problems, ¥ = {0,1}.

1. Ly = {< M >: M is a Turing machine and M accepts the string 001}.
2. Ly = {< M >: M is a Turing machine,M accepts 001 and M does not accept 110}.

3. Ly = {< M >: M is a Turing machine and M accepts exactly the strings that are palindromes}.

Solution 1:

1.1: We will reduce from Arys to prove that L is undecidable. Let D be a TM that decides Lj.
We could then construct a decider S for A7 as follows.

S=%“On input < M,w >, an encoding of a TM M and a string w,
1. Construct TM R from M and w as detailed below.
2. Run Don < R >.

3. If D accepts, accept; otherwise, reject.”

R=“On input =z,
1. If x # 001, reject.
2. Otherwise, run M on w.
3. If M accepts, accept; otherwise, reject.”

Thus, we contrive that R will only accept 001 if and only if M accepts w. Notice that R did not
need to reject all strings not equal to 001 (it could have accepted them).

1.2: (Note that this is the same construction from part 1)
We will reduce from Azjps to prove that L, is undecidable. Let D be a TM that decides Ly. We
could then construct a decider S for Arur as follows.

S=%“On input < M,w >, an encoding of a TM M and a string w,
1. Construct TM R from M as detailed below.
2. Run Don < R >.

3. If D accepts, accept; otherwise, reject.”

R=“On input =z,
1. If = # 001, reject.
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2. Else, Run M on w.
3. If M accepts, accept.
4. If M rejects, reject.

If M accepts w, then 110 ¢ L(R) and 001 € L(R). Therefore, R € Lo. If M does not accept w,
001 ¢ L(R). Therefore, R ¢ Ly. Thus, R € L if and only if < M,w >€ Aryy.

1.3: We will reduce from Ap,s to prove that L3 is undecidable. Let D be a TM that decides Ls.
We could then construct a decider S for Ay, as follows.

S=%“On input < M,w >, an encoding of a TM M and a string w,
1. Construct TM R from M and w as detailed below.
2. Run Don < R >.

3. If D accepts, accept; otherwise, reject.”

R=“On input z,
1. Check if z is a palindrome. If it is not, reject.
2. Otherwise, run M on w.
3. If M accepts, accept; otherwise, reject.”

Thus, when M accepts w, R accepts exactly the strings that are palindromes. Therefore, in this
case, R € Ls. When M does not accept w, R does not accept any string, and therefore R ¢ L.
< M,w >€ Aty if and only if R € Ls.

Note 1: Notice that these reductions are indeed mapping reductions. Also observe that, the
machine S is the same in all the cases and it is only the description of R that changes (if at all).

Problem 2: Let A ={< D; >,< Dy >,< D3 >,...} be a language consisting of string represen-
tations of Turing machines that are deciders, that is, each machine D; halts (accepts or rejects) on
every input. The goal of this problem is to prove that A is not Turing-recognizable.

Suppose, for contradiction, that A is Turing-recognizable, and therefore, enumerable by an enu-
merator machine E. Show that A cannot include deciders for all decidable languages—some decid-
able language must be left out. That is, there is some decidable language L that is not equal to
L(D;) for any i.

(Hint: Recall the diagonalization method; try constructing L using the enumerator E.)

Solution 2: Suppose that L = {< Dy >,< Dy >,< D3 >,...} is Turing-recognizable and let E be
the enumerator that enumerates it. We construct a decidable language D’ ¢ L as follows.

D'=“On input w,
1. Run F until < D,, >, the wth TM description, is printed.
2. Run D,, on w.

3. If D accepts, reject; otherwise, accept.”
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We need to show two things.

Claim 1: D’ is a decider.
Proof: Since w must be a finite string, we know that £ will print < D,, > in finite time. Since
D, is a decider, we know that it will halt when run on w. Thus, D’ will always be able to halt (i.e.,
accept or reject) on any input w as well. l

Claim 2: D’ is not in L.
Proof: We secured this property by using the diagonalization method in our construction of D’.
Suppose D' were in L, meaning D' = D; € L. Then on input i, D; would either accept or reject,
and D' would do the opposite of D;. Thus, L(D') # L(D;) for all D; € L. B

Problem 3: Find a match in the following instance of the PCP:
ab ] (8] [aba] [aa
abab|’ |a]’ | b || a
Solution 3: You must indicate which dominos are used, in which order to receive credit.
ab 1 [_ab | [aba) [b] [¢] [aa] [aa
abab| |abab| | b ||a]lal|a]]a
A better solution, that some of you found, is the following:
aal (aal b} | ab
a|la]lal|abab

Problem 4: Consider the machine M; on page 132 of (the old edition of) Sipser’s book, which
recognizes the language consisting of all strings of the form w#w, where w € {0,1}*.

1. Write out the accepting computation history for the machine M> on input 04#0.

2. What are the tiles for the instance of the Modified Post Correspondence Problem defined for
M; and input 0#0? What is the initial tile?

3. Write out your computation history from part (a) twice, one copy above the other. Draw lines
indicating how your tiles from part (b) can be used to match these two copies.

Solution 4:

4.1: The accepting computation history for M2 on 00 is:
1. ¢10#0
2. Uga#0

U#q40

U#0qs L

U#qs0U

Uge#0L!

I A
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7. qs U #0U

8. Ligg#0Ll

9. U#qo0U

10. Ugio#zUl

11. q12 U #2Ul
12. Ugis#al

13. U#qazUl

14. U#zqi4U

15. Ugtz U Gaccept

Note that we could have drawn any number of LI symbols to the far right of the tape, but starting in
configuration 4, we must draw at least one, since we must indicate to which symbol the tape head
points. (It is okay to leave this off for the last configuration, since the machine halts.)

4.2: See pages 184-189 of (the old edition of) the text. We will give the dominos for the MPCP.
Here, ' = {0,#,z,U} and Q = {q1, ¢, g4, 96, 48, 410, 912, 413, q14, Gaccept }- NOte that we have included
for the domino construction only those states that are ever visited in the computation, and those
transitions in the left branch of the TM computation tree (see the text). One could construct the
full set of dominoes, but they will never be used.

Part 1:
o)
g1 0408
Part 2:
Bl ) ) () [ ) ) o)
Uga]’ |0ga]’ [1g2]” [#44] [0ga)’ [1q4] [Ugs]’ |Ogs]’
{@] [QS#] [(Jlox] [(Jul—l] [q13:c] [413#_ [11130] [%4210] [ qu4Ul ]
1gs |’ |#q10] |zqi0]’ |Uqis) |zqis]’ |#q14]’ | zgs | |2q1a]’ |Uqaccept
Part 3:

0qsll] [zqalt] [#qau] [Ugsll
260z’ [gezx]’ |ge#x]’ g6 U]’

[0(160] [55%0_ [ Lige0 ] -#%0]
4600] " |gex0]” [g6 U O]’ [g6#0]’

[01}61] [33%1_ [Lige1 ] -#QG1:|
4601] " |gex1]’ [ge U 1] |ge#1]’

[OCIG#] [iﬂ%#- _U%#] [#QG#]
4607 lgex#]’ a6 U #] lae##]

[0%00] {xqu' 'I_|q100] [#(hoo]

1202 |qrozz]’ |2 Uz]’ [qra#a
[0%20] [3761120- [Uq120 ] [#‘1120]
1200 ’ qlng_ ’ 1q12 U 0]’ q12#0 ’
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[0111233] {ﬂhzm [l—khzl"] [#Chzm]

q120z Q12$USU] q2Uz] [qua#tT
|:0q12|—|:| [$412U] ['—'(hz'—'] [#%2'—']
q120U]” [quozU]” [qia U] |qra#U]’
[Othz#] [xqm#] ['—'1112#] [#%2#]
01204 ] [qr2a#]” |qr2 U#] qua#t#
Part 4:
o =] 2] |#
UNEIREIEE:
Part 5:
i
gl g
Part 6:
|:0qaccept:| |:-7"qaccept:| |:|—|(Iaccept:| |:#Q¢zccept:| |:Qaccept0:| |:Qaccept-'17:| [Qaccept#] |:Q(1ccept|—|:|
Gaccept ’ Gaccept ’ Gaccept ’ Gaccept ’ Gaccept ’ Gaccept ’ Gaccept ’ Gaccept
Part 7:
[Qacceptﬁﬁ]
i

4.3: Here is the match in the MPCP problem that shows M has an accepting computation history

e
Ier

]
]
L7 -ﬁ 0q4|_|
[ [#] LgsOU
]
]
(]

o el
8l
e (£ 1
o] o) bl o] 4

slt==lEl
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Cleaning up,
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Sigh !! That _was_ tedious.



