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Problem Set 9
Due: November 13

Reading: Notes Ch. 14.5; Ch. 15.1-15.2

Problem 1.

Indicate which of the following holds for each pair of functions (f(n),g(n)) in the table below.
Assume k > 1, ¢ > 0, and ¢ > 1 are constants. Pick the four table entries you consider to be the
most challenging or interesting and justify your answers to these.
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Problem 2.
In a standard 52-card deck, each card has one of thirteen ranks in the set, R, and one of four suits
in the set, S, where

R:={A,2,...,10,J,Q,K},
S = (%,0,9, 4}

A 5-card hand is a set of five distinct cards from the deck.

For each part describe a bijection between a set that can easily be counted using the Product and
Sum Rules of Ch. 15.2, and the set of hands matching the specification. Give bijections, not numerical
answers.

For instance, consider the set of 5-card hands containing all 4 suits. Each such hand must have 2
cards of one suit. We can describe a bijection between such hands and the set S x R X R3 where
Ry is the set of two-element subsets of R. Namely, an element

(57 {7‘1,’/“2} ) (1"3,7‘4,7’5)) €5 x R2 X R3

indicates

1. the repeated suit, s € S,
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2. the set, {r1,r2} € Ry, of ranks of the cards of suit, s, and

3. the ranks (r3,74,75) of remaining three cards, listed in increasing suit order where & < { <
VEY )
For example,
(%, {10, A}, (J,1,2)) < {Ad,10%, IO, JO, 240} .

(a) A single pair of the same rank (no 3-of-a-kind, 4-of-a-kind, or second pair).

(b) Three or more aces.

Problem 3.

An n-vertex numbered tree is a tree whose vertex set is {1,2,...,n} for some n > 2. We define the
code of the numbered tree to be a sequence of n — 2 integers from 1 to n obtained by the following
recursive process:

If there are more than two vertices left, write down the father of the largest leaf!,
delete this leaf, and continue this process on the resulting smaller tree.
If there are only two vertices left, then stop —the code is complete.

For example, the codes of a couple of numbered trees are shown in the Figure 1.
(@) Describe a procedure for reconstructing a numbered tree from its code.

(b) Conclude there is a bijection between the n-vertex numbered trees and {1,...,n}" %, and
state how many n-vertex numbered trees there are.

!The necessarily unique node adjacent to a leaf is called its father.



Problem Set 9

Tree Code
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Figure: Coding numbered trees

Figure 1:
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