6.042/18.062J Mathematics for Computer Science October 14, 2008
Tom Leighton, Marten van Dijk, and Brooke Cowan

Problem Set 7 Solutions

Due: Monday, October 20

Problem 1. [10 points] Express

as a closed-form function of n.

Solution. We use the derivative method. Let us start with the following formula, derived
in lecture (for = # 1):
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Multiplying both sides by x, we get
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Problem 2. [10 points] Express

n n
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as a closed-form function of n.

Solution. We first substitute s =7 — j:
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Then we change the order in which we iterate over s and j. Since s ranges from 0 to n — 7,
and j ranges from 0 to n, we are summing over a triangle bounded by j = n, s = 0, and
s§=mn—7j:
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We can change the order of iteration by summing over values of 7 from 0 to n — s for all s
from 0 to n:
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Problem 3. [10 points] Find asymptotically tight bounds for

n

f(n) = Hel/i.

i=1

That is, find a lower bound I(n) < f(n) and an upper bound u(n) > f(n) such that
l(n) = O©(u(n)).

Solution.

1o (1))
— exp i(mé/@'))

— exp i(m))

= exp Zn:m)

=exp (H,).

Since In(n + 1) < H, <1+ 1Inn, and " is an increasing function, we have
n+1=exp(ln(n+1)) <exp(H,) <exp(l+Inn) = en,
so f(n) = ©O(n). The bounds n + 1 and en are asymptotically tight. |

Problem 4. [10 points] Use the integral method to find upper and lower bounds that
differ by at most 0.1 for the following sum. (Note that you may need to add the first few
terms explicitly and then use integrals to bound the sum of the remaining terms.)

=1
pF2

=1

~

Solution. We can bound the summation above as follows:
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We can bound the summation below similarly:

ii > 1+1+1+/°° L
—~ — 1 4 9 Jy (z+1)
111 1\~
- 1*1*5*(‘“1)3
1 1 1 1
- 1titota
= 1.611...

The actual value of the summation turns out to be 72/6 = 1.644 . ...

Problem 5. [10 points]

(a) [5pts] Prove that the statement

n 4+ n cos <%> = o(n)

is false.

Solution. Let the left-hand side be denoted f(n). Since f(n) = o(n) implies that for all
¢ > 0, there exists an ngy such that for all n > ny, |f(n)| < cn, we show there exists a ¢ > 0
for which for all ng, there exists an n > ng such that |f(n)| > cn.

Let ¢ = 1 and for any ng, let n be any multiple of 4 greater than ny. Then f(n) = 2n since
the cosine becomes 1. But then f(n) > ¢n = n, so it cannot be true that f(n) =o(n). W

(b) [5pts| Prove that the statement

n + ncos (%) =Q(1)

is also false.

Solution. Let the left-hand side be denoted f(n). Since f(n) = Q(1) implies that there
exists a ¢ > 0 and an ng such that for all n > ng, |f(n)| > ¢, we show that for all ¢ > 0
and any ng, there exists an n > ng such that | f(n)| < c.

Given any ¢ > 0 and any ng, let n be any integer greater than ng that is congruent to 2
mod 4. Then the cosine becomes —1, so f(n) = 0. But now f(n) < ¢, so it cannot be true
that f(n) = Q(1). |

Problem 6. [20 points| For each of the following six pairs of functions f and g (parts (a)
through (f)), state which of these order-of-growth relations hold (more than one may hold,
or none may hold):
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f=o(g) f=0(9) f=wg) f=9Q(g) f=06(9) f~yg

(a) f(n) =nl g9(n) = (n+1)!

(b) f(n) =logyn g(n) =logyn

(c) fln)=2" g(n) = 10"

(d) f(n) =0 g(n) =17

(e) f(n) =1+ cos (7;_71) g(n) =1+sin (%)
(f) f(n) = 1.0000000001™ g(n) = nt0000000000

Solution. e f(n) =n!and g(n) = (n+ 1)!:

lim ﬂ = lim 1
So f(n) =o(g(n)) and f(n) = O(g(n)).
e f(n) =logyn and g(n) = log,, n:
lim M — lim Inn/In2
n—oo | g(n)| n—oolnn/Inl0
B In 10
~ In2

So f(n) = Q(g(n)) and f(n) = O(g(n)) and f(n) = O(g(n)).
e f(n)=2"and g(n) =10

o |20 2
gty | T Ton
- Jim (/5
So f(n) = o(g(n)) and f(n) = O(g(n))
e f(n)=0and g(n) =17
, n)| 0
A gty | T 17
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o f(n)=1+cos (%) and g(n) =1+ sin (5):

For alln =1 (mod 4), f(n)/g(n) =0, so f(n) # Q(g(n)). Likewise, for all n = 0 (mod
4), g(n)/f(n) =0, s0 f(n) # O(g(n)). Therefore, none of the relations hold.

e f(n) = 1.0000000001" and g(n) = n!0000000000
fln

lim |——=~

(n) . 1.0000000001™
= lim

n—oo  13,10000000000
~ lim 1.0000000001™ In 1.0000000001

n—oo 100000000007,2999999999
I 1.0000000001™(In 1.0000000001 ) 10000000000
= lim

n—o0 10000000000!

So f(n) = w(g(n)) and f(n) = Qg(n)).
[ |

Problem 7. [30 points] An explorer is trying to reach the Holy Grail, which she believes
is located in a desert shrine d days walk from the nearest oasis.! In the desert heat, the
explorer must drink continuously. She can carry at most 1 gallon of water, which is enough
for 1 day. However, she is free to create water caches out in the desert.

For example, if the shrine were 2/3 of a day’s walk into the desert, then she could recover the
Holy Grail with the following strategy. She leaves the oasis with 1 gallon of water, travels
1/3 day into the desert, caches 1/3 gallon, and then walks back to the oasis— arriving just
as her water supply runs out. Then she picks up another gallon of water at the oasis, walks
1/3 day into the desert, tops off her water supply by taking the 1/3 gallon in her cache,
walks the remaining 1/3 day to the shine, grabs the Holy Grail, and then walks for 2/3 of a
day back to the oasis—again arriving with no water to spare.

But what if the shrine were located farther away?

(a) [5pts] What is the most distant point that the explorer can reach and return from if
she takes only 1 gallon from the oasis.?”

Solution. At best she can walk 1/2 day into the desert and then walk back. |

(b) [5pts] What is the most distant point the explorer can reach and return form if she
takes only 2 gallons from the oasis? No proof is required; just do the best you can.

Solution. The explorer walks 1/4 day into the desert, drops 1/2 gallon, then walks home.
Next, she walks 1/4 day into the desert, picks up 1/4 gallon from her cache, walks an
additional 1/2 day out and back, then picks up another 1/4 gallon from her cache and
walks home. Thus, her maximum distance from the oasis is 3/4 of a day’s walk. n

1She’s right about the location, but doesn’t realize that the Holy Grail is actually just the Benes network.
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(c) [5pts] What about 3 gallons? (Hint: First, try to establish a cache of 2 gallons plus
enough water for the walk home as far into the desert as possible. Then use this cache as a
springboard for your solution to the previous part.)

Solution. Suppose the explorer makes three trips 1/6 day into the desert, dropping 2/3
gallon off units each time. On the third trip, the cache has 2 gallons of water, and the
explorer still has 1/6 gllon for the trip back home. So, instead of returning immediately,
she uses the solution described above to advance another 3/4 day into the desert and then
returns home. Thus, she reaches

1 11

+1+1—
6 4 2 12

days’ walk into the desert. [

(d) [5pts] How can the explorer go as far as possible is she withdraws n gallons of water?
Express your answer in terms of the Harmonic number H,,, defined by:
1 1 1 1
H=-+-+-+...—
1 + 2 + 3 + n
Solution. With n gallons of water, the explorer can reach a point H,/2 days into the
desert.

Suppose she makes n trips 1/(2n) days into the desert, dropping of (n — 1)/n gallons each
time. Before she leaves the cache for the last time, she has n — 1 gallons plus enough for
the walk home. So she applies her (n — 1)-day strategy to go an additional H, /2 days
into the desert and then returns home. Her maximum distance from the oasis is then:

1 Hn—l o Hn

2n 2 2
[ |
(e) [5pts] Use the fact that
H, ~Inn
to approximate your previous answer in terms of logarithms.
Solution. An approximate answer is Inn/2. [ |

(f) [5pts] Suppose that the shrine is d = 10 days walk into the desert. Relying on your
approximate answer, how many days must the explorer travel to recover the Holy Grail?
Solution. She can obtains the Grail when:
H, 1
2 2

This requires about n > €2 = 4.8 - 10% days. [ |
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