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Sums, Approximations, and Asymptotics 11

1 Block Stacking

Today we will start by using the methods we covered last time to solve a physics problem.
The problem is to see if we can make a stack of n blocks that won’t fall over and for which
some block hangs out completely off the table.

=

Table

Is there some n for which the nth block hangs out completely off the table? It turns out
that the answer is yes! In fact, surprisingly, you can get a block to hang out as far as you
like! However, to do that, you might need to go arbitrarily high. In order to see why this is
the case, we're going to have to do some analysis, which is of course why we’re looking at
this problem in the first place.

Table

We're going to assume each block has length 1. For 1 < ¢ < n, we define z; to be the
amount that block ¢ extends beyond block ¢ + 1. Note that the (n 4 1)st block is the table.
Generally x; is positive, but it could be negative, as with x5 above. In order to avoid blocks
falling over, we need the following stability constraint. A stack of blocks is stable iff for
1 <1 < n, the center of mass of the top i blocks lies above the (i 4+ 1)st block, i.e., it cannot
exceed the left or right end. We’re not going to prove that a stack won’t fall over iff the
stack is stable, but rather, we’ll take it as an axiom of physics.
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NOT OK

Table

Table

Let’s express the stability constraint mathematically. Define m; to be the amount by
which the center of mass of the top k blocks is to the left of the right end of block k + 1.

ml=.5

Table

ml =.5-x1

x1

Table

What condition do we need on m; to be stable? Well we need 0 < m; < 1. Indeed, if
my < 0, then the top block will fall off the right hand side. Also, if m; > 1, the top block
will fall off the left hand side. Note that the value of m; which gives the maximum extension
is m; = 0. In this case 1 = 1/2, and this is as large as x; can be.

k-1 blocks

. block k

Table

block k+1

Now consider k£ > 1. Let’s compute the center of mass of the top £ blocks with respect
to the right end of the kth block. To do this, we’ll use another fact from physics that we’ll

treat as an axiom.

Fact 1. If two objects have mass My and My and centers of mass Cy and Cy, the center of
C1 M1 +Cy Mo
My+Ms

mass of the combined object is at

So let’s treat the first object as the top £ — 1 blocks and the second object as the kth

block, and apply this fact.

Corollary 1. The center of mass of the top k blocks is

(k—=Dmer+ (1) k-1 1

Mp—1 + —

k-1 + (1) & 2k
to the left of the right edge of the kth block.
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To compute my, we need to compute the distance from the right edge of the (k + 1)st
block to the center of mass of the top k blocks. By definition of x;, it follows that

k—1 1
mk:ka_l—i—%—xk.
Rewriting,
1 +k—1
T =— — — Mi—1 — M.
k 2%k L k—1 k

Now we define the total extension for block k, denoted Ej, to be the amount that block
k hangs out. Then Ej is just @y + @11 + -+ + x,, = >, x;. Given n blocks, the total
extension, which is the quantity we wish to maximize, is

n
max Fy,
k=1

which is the farthest position to the right that any of the n blocks is from the table.

We first maximize Ej.

1 k—1 1 n—1
Ey=ap+op+ - +a, = +——mg—mg |+ + o —

2% 'k 2n
1 1 1 k-1
T % okt o TR

1 1 1
TR T g T T e T e

Since 0 < m; < 1 for all 7, F)y has maximum value

S T +1+k:—1
FT ok T 2k 42 om ko

We claim the total extension is maximized for £ = 1 or k£ = 2, which corresponds to either
the first or second block being the farthest out from the table. Indeed,

1 k-1 k 1 1 1 1 1
Ep—Fppy = — 4+~ Y 14— =
B Brn = o0 rrl ok TR Y ThRr L Esl 2%

Thus, Ey — Ej11 is positive iff £+ 1 < 2k, or if £ > 1. Thus, the maximum total extension is
realized either for k = 1 or kK = 2. Note that F; — E5 = 0, so in fact, there are two optimal
solutions, one for which the rightmost block is the first block, and one for which it is the
second.

It follows that the maximum total extension is the maximum value of FE;, which is
% > ory % For example, an optimal stacking for 5 blocks is the following.
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It remains to evaluate the sum 5%, | .

1.1 Harmonic Numbers

Sums like this come up all the time in computer science. In particular,

TR
1723 77 Tn

is called a harmonic sum. Its value is called the n-th harmonic number and is denoted
H,,. In these terms, the greatest possible offset of a stack of n blocks is %Hn. We can tabulate
the greatest overhang achievable with n = 1, 2, 3 and 4 blocks by computing harmonic
numbers:

# of blocks maximum overhang

boosthi=56) =3
2 aHh=3Gty) =]

3 3 =3G+3+9) =5

4 GHi=j(+iritp=5>1

We’ll have to study harmonic sums more closely to determine what can be done with large
numbers of blocks. Let’s use integration to bound the n-th harmonic number. A picture is
extremely helpful for getting the right functions and limits of integration.
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We can not integrate the function 1/x starting from zero. So, for the upper bound on H,,
we'll take the first term explicitly (1/1) and then upper bound the remaining terms normally.

This gives:
| "1
/ dr < H, < 1+/ —dz
0o T + 1 1 X

n n)
1

In(z + 1)

< H, < 1+(ln;1:

0

Inn+1) < H, < 1l+1Inn

These are good bounds; the difference between the upper and lower values is never more
than 1.

Suppose we had a million blocks. Then the overhang we could achieve— assuming no
breeze or deformation of the blocks— would be %H 1000000- According to our bounds, this is:

1
at least 3 In(1000001) = 6.907 . ..

1
at most 5(1 +1n(1000000)) = 7.407 ...

So the top block would extend about 7 lengths past the end of the table! In fact, since the
lower bound or 1 1In(n + 1) grows arbitrarily large, there is no limit on how far the stack can
overhang!

Mathematicians have worked out some extremely precise approximations for the n-th
harmonic number. For example:

1 1 e(n)
H, =1 I
nm) v+ 50— e T Ta0n

where v = 0.577215664 . . . is Fuler’s constant and €(n) is between 0 and 1. Interestingly,
no one knows whether Euler’s constant is rational or irrational.
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For example, suppose we wanted to know how many blocks are needed to get the top
block out a distance of 100 from the table. Solving, H,, > 200 implies Inn + 1 > 200, which
implies that n > e'?. This number happens to be more than the number of particles in the
universe.

2 Products

We’ve now looked at many techniques for coping with sums, but no methods for dealing
with products. Fortunately, we don’t need to develop an entirely new set of tools. Instead,
we can first convert any product into a sum by taking a logarithm:

i (TTrm) =Y f(w)

Then we can apply our summing tools and exponentiate at the end to undo the logarithm.

Let’s apply this strategy to a product that you’ll encounter almost daily hereafter:
nl=1.2-3---(n—1)-n
First, we take a logarithm:
Inn!l=Inl1+In2+In3+...+1lnn

This sum is rather nasty, but we can still get bounds by integrating. First, we work out
appropriate functions and limits of integration with a picture.

y

y=In(z+1)

y=1Inzx

In3|In4 Inn

Now we integrate to get bounds on Inn!.

/ Inz dx
1

n n

Inn! r+1)In(z+1)—(x+1) X
(m+1)Inn+1)—n

Inn!

IN
IN

/ In(z +1) dz
0

zlnxr —x

<
1
nlnn—n < Inn!

IAINA
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Finally, we exponentiate to get bounds on n!.

n (n+1)
L L ki

e er

This gives some indication how big n! is: about (n/e)”. This estimate is often good
enough. However, as with the harmonic numbers, more precise bounds are known.

Fact 2.

Gy (ﬁ)"el/(lznﬂ) < nl < o <ﬁ>”e1/(12n)
e - - e

These bounds are ridiculously close. For example, if n = 100, then we get:

100\ 100
| 1/1201
100! > (_e ) 200w e

=1.000832...

100 100
100! < (—) V200 /1200

e
=1.000833...

The upper bound is less than 7 hundred-thousandths of 1% greater than the lower bound!
Taken together, these bounds imply Stirling’s Formula:

n! ~V2mn <2>
e

Stirling’s formula is worth committing to memory; we’ll often use it to rewrite expressions
involving n!. Now, one might object that the expression on the left actually looks a lot better
than the expression on the right. But that’s just an artifact of notation. If you actually
wanted to compute n!, you’d need n — 1 multiplications. However, the expression on the
right is a closed form; evaluating it requires only a handful of basic operations, regardless of
the value of n. Furthermore, when n! appears inside a larger expression, you usually can’t
do much with it. It doesn’t readily cancel or combine with other terms. In contrast, the
expression on the right looks scary, but melds nicely into larger formulas. So don’t be put
off; the expression on the right is your true friend.

Stepping back a bit, Stirling’s formula is fairly amazing. Who would guess that the
product of the first n positive integers could be so precisely described by a formula involving
both e and 77

3 Asymptotic Notation

Approximation is a powerful tool. It lets you sweep aside irrelevant detail without losing
track of the big picture.

Approximations are particularly useful in the analysis of computer systems and algo-
rithms. For example, suppose you wanted to know how long multiplying two n X n matrices
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takes. You could tally up all the multiplications and additions and loop variable increments
and comparisons and perhaps factor in hardware-specific considerations such as page faults
and cache misses and branch mispredicts and floating-point unit availability and all this
would give you one sort of answer.

On the other hand, each of the n? entries in the product matrix takes about n steps to
compute. So the running time is proportional to n®. This answer is certainly less precise.
However, high-precision answers are rarely needed in practice. And this approximate answer
is independent of tiny implementation and hardware details; it remains valid even after you

upgrade your computer.

Computer scientists make heavy use of a specialized asymptotic notation to describe
the growth of functions approximately. The notation involves six weird little symbols. We’ve
already encountered one:

~ g(n means im f(n)
f(n) ~g(n) o

Less formally, f ~ g means that the functions f and g grow at essentially the same rate.
We've already derived two important examples:

H, ~Inn n! ~ v2mn <2)
e

Here are the other five symbols in the asymptotic notation system:

OQ@ow

omega theta little-oh little-omega

3.1 Big-Oh notation

We’ll start with the most important one, O. Here’s the definition: given functions f,g: R —
R, we say that

f(z) = O(g(x))
if there exist constants xy and ¢ > 0 such that |f(x)| < ¢- g(z) for all x > z. Now this
definition is pretty hairy. But what it’s trying to say, with all its cryptic little constants, is

that f grows no faster than ¢g. A bit more precisely, it says that f is at most a constant
times greater than g, except maybe for small values of z. For example:

5z 4+ 100 = O(x)

This holds because the left side is only about 5 times larger than the right. Of course, for
small values of x (like x = 1) the left side is many times larger than the right, but the
definition of O is cleverly designed to sweep such inconvenient details under the rug.

Let’s work through a sequence of examples carefully to better understand the definition.
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Claim 2. 5z + 100 = O(z)
Proof. We must show that there exist constants o and ¢ > 0 such that |5z + 100| < ¢-z for

all > zy. Let ¢ = 10 and zg = 20 and note that:
|5 + 100] < bx + 5z = 10z for all x > 20

Claim 3. z = O(x?)
Proof. We must show that there exist constants zo and ¢ > 0 such that |z| < ¢ - 2? for all
z > xg. Let ¢ =1 and zg = 1 and note that
2| <127 for all 2 > 1
[

What about the reverse? Is z? = O(x)? On an informal basis, this means z? grows no
faster than x, which is false. Let’s prove this formally.

Claim 4. 2% # O(x)
Proof. We argue by contradiction; suppose that there exist constants zy and ¢ such that:
2 <c-x for all z > z
Dividing both sides of the inequality by x gives:
z<c¢ for all x > xg
But this is false when x = max(z, ¢+ 1). O
We can show that 2% # O(100z) by essentially the same argument; intuitively, 2% grows
quadratically, while 100z grows only linearly. Generally, changes in multiplicative constants

do not affect the validity of an assertion involving O. However, constants in exponentials
are critical, and one should be very careful in this case.

Claim 5.
4% £ 0(2%)
Proof. We argue by contradiction; suppose that there exist constants xy and ¢ > 0 such that:
|47 < ¢-2° for all x >
Dividing both sides by 2% gives:
2" < ¢ for all x > xg

But this is false when = = max(zg, 1 + logc). O

Here’s another pitfall: is 10 = O(1)? This means that for all z, if f(z) = 10 and g(z) = 1,

then f(x) = O(g(x)). The answer is yes. For the proof, just set the constant ¢ = 10 in the
big-Oh. What about 100 = O(1)? This is also true, for the same reason.
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3.2 Big-Omega notation

Now suppose you wanted to say statements of the form “the running time of the algorithm
is at least O(n?)”. Can we say f(n) > O(g(n))? No! This statement is meaningless. To do
this, we use a different symbol called “big-Omega”.

Definition 1. We say g(x) = Q(f(z)) if Jzo,c > 0 such that for all x > xy, we have
g9(@) = c|f(z)|.

Big Omega is the opposite of big-Oh. More precisely,

Theorem 6. f(x) = O(g(z)) if and only if g(x) = Q(f(x)).

Proof. We have f(x) = O(g(z)) iff Jzo,¢ > 0 such that Vo > z, |f(z)] < cg(x). This
holds iff Jzg, ¢ > 0 such that Yo > zg, g(z) > | f(z)|, where ¢ = % Finally, this holds iff

g(x) = Q(f(x))- O

For example, 2% = Q(x), 2* = Q(2?), and &5 = Q(1002 + \/z). So if the running time of
your algorithm on inputs of size n is T'(n), and you want to say it is at least quadratic, say
T(n) = Q(n?).

3.3 Theta notation

Sometimes, we want to specify a running time precisely up to constant factors. For example,
the running time might be at least quadratic and at most quadratic. For this, we use
big-Theta notation.

Definition 2. f(z) = ©(g(x)) iff f(x) = O(g(x)) and f(z) = Qg(x)). That is to say, iff
there exist xq, co,c1 > 0 such that Vax > x,

colg(wo)| < |f(2)| < e1g(xo).

For example, 102 — 2022 + 1 = ©(2?). Also, % # O(z). So keep in mind that if your

log x
running time T'(n) = ©(n?), then it grows quadratically in n, that is, it is both upper and
lower bounded by a quadratic function.

3.4 All the others...

Besides O, 2, and O, there are two other Greek symbols we use: o and w. Intuitively, O
corresponds to <, €2 to >, and © to =. Here, o intuitively corresponds to <, and w to >.

Definition 3. f(z) = o(g(z)) if Ve > 0, Jx¢ such that Yz > xq, |f(x)| < cg(z).
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The difference here with big-Oh is that here g grows strictly faster than f since we quantify
over all constants ¢ > 0, whereas for big-Oh, we just require this to hold for some constant
¢, and so in big-Oh ¢ only grows at least as fast as f.

For example, & = o(x). Indeed, for all ¢ > 0, there is an xy such that for all x > x,

< cx. Define zo = 2'/¢. Then 2 < = cx.
log:I: 10g21/C

10g T

On the other hand, 755 # o(z). We prove this by contradiction. If 155 = o(x), then Ve 3z

» 700
such that Vx > x,
x
— < cx.
100

But if ¢ = this means Vz > o, 155 < which is impossible.

200 ’ 200 )

Finally, we define w as follows.
Definition 4. g(x) = w(f(x)) if and only if f(x) = o(g(z)).

The w symbol is not used as commonly as the other 4 symbols.

For more information about asymptotic notation see the recitation notes, and the following
“Asymptotic Cheat Sheet”.
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The Asymptotic Cheat Sheet

Asymptotic notation consists of six funny symbols used to describe the relative growth
rates of functions. These six symbols are defined in the table below.

f=0©(g) f grows at the same rate as There exists an ng and constants ¢, cy > 0 such
g that for all n > ng, c1g(n) < |f(n)| < cag(n).

f=0(g) f grows no faster than g There exists an ng and a constant ¢ > 0 such that
for all n > ng, [f(n)| < cg(n).

f=Q(g9) f grows at least as fast as g  There exists an ng and a constant ¢ > 0 such that
for all n > ng, cg(n) < |f(n)|.

f=o(g) f grows slower than g For all ¢ > 0, there exists an ng such that for all
n > mno, |f(n)| < cg(n).

f=w(g) f grows faster than g For all ¢ > 0, there exists an ng such that for all
n > mng, cg(n) < |f(n).

f~g  f/gapproaches 1 lim, o f(n)/g(n) =1

The ~ and © notations are confusingly similar; qualitatively, functions related by ~ must
be even more nearly alike then functions related by ©. The w notation makes the table nice
and symmetric, but is almost never used in practice. Some asymptotic relationships between
functions imply other relationships. Some examples are listed below.

f=0(g) and f=Q(g9) & [f=06(g) f=o(g) = f=0(g)
f=0() & g=Q(f) f=wlg) = f=y9)
f=olg) & g=w(f) f~g = [f=06()
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Limits

The definitions of the various asymptotic notations are closely related to the definition of a
limit. As a result, lim,, ., f(n)/g(n) reveals a lot about the asymptotic relationship between
f and g, provided the limit exists. The table below translates facts about the limit of f/g
into facts about the asymptotic relationship between f and g.

lim, .o f(n)/g(n) # 0,00 = f=06(g) limn oo f(n)/g(n) =1 = f~yg
lim, . f(n)/g(n) #00 = f=0(g) limy, .o f(n)/g(n) =0 = f=o(g)
lim, oo f(n)/g(n) #0 = [ =Q(g) lim;, .o f(n)/g(n) =00 = f=w(g)

Therefore, skill with limits can be helpful in working out asymptotic relationships. In
particular, recall L’Hospital’s Rule:
/
fn) S

If lim f(n) =00 and lim g(n) = oo, then lim —/= :

Every computer scientist knows two rules of thumb about asymptotics: logarithms grow
more slowly than polynomials and polynomials grow more slowly than exponentials. We’ll
prove these facts using limits.

Theorem. For all o,k > 0:

n* n k 1 k
lim —— = lim — | =( 1 —0
The starred equalities follow from L’Hospital’s Rule. 0
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