6.034 Artificial Intelligence. Copyright © 2004 by Massachusetts Institute of Technology. All rights reserved

6.034 Notes: Section 3.1

Slide3.1.1 F
eature Spaces
So far, we've only talked about binary features. But real problems are typically characterized by much p
more complex features. e Features can be much more complex

\@ 6.034 - Spring 03 + 1

Slide3.1.2
Feature Spaces Some features can take on valuesin a discrete set that has more than two elements. Examples might be

the make of acar, or the age of a person.
* Features can be much more complex & per

e Drawn from bigger discrete set

Slide3.1.3
When the set doesn't have a natural order (actualy, when it doesn't have a natural distance between the Feature Spaces

elements), then the easiest way to deal with it isto convert it into abunch of binary attributes.
¢ Features can be much more complex

Your first thought might be to convert it using binary numbers, so that if you have four elements, you

can encode them as 00, 01, 10, and 11. Although that could work, it makes hard work for the learning e Drawn from bigger discrete set
algorithm, which, in order to select out a particular value in the set will have to do some hard work to « If set is unordered (4 different makes of cars, for
decode the bits in these features. example), use binary attributes to encode the

) N ) ) ) i . values (1000, 0100, 0010, 0001)
Instead, we typically make it easier on our algorithms by encoding such setsin unary, with one bit per

element in the set. Then, for each value, we turn on one bit and set the rest to zero. So, we could encode
afour-item set as 1000, 0100, 0010, 0001.

@ 6.034 - Spring 03 + 3
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Slide3.1.4
Feature Spaces

e Features can be much more complex

e Drawn from bigger discrete set

o If set is unordered (4 different makes of cars, for
example), use binary attributes to encode the
values (1000, 0100, 0010, 0001)

o If set is ordered, treat as real-valued

On the other hand, when the set has a natural order, like someone's age, or the number of bedroomsin a
house, it can usually be treated asiif it were areal-vaued attribute using methods we're about to explore.

@ 6.034 - Spring 03 » 4

Slide3.1.5

WEe'll spend this segment and the next looking at methods for dealing with real-valued attributes. The
main goal will be to take advantage of the notion of distance between values that the reals affords usin
order to build in avery deep bias that inputs whose features have "nearby" values ought, in general, to

have "nearby" outputs.

Predicting Bankruptcy

®

L: #late payments / year
R: expenses / income

6.034 - Spring 03 + 6

Slide3.1.7

We took a brief look at the nearest neighbor algorithm in the first ssgment on learning. Theideais that
you remember all the data points you've ever seen and, when you're given a query point, you find the old
point that's nearest to the query point and predict itsy value as your output.

Feature Spaces

e Features can be much more complex

e Drawn from bigger discrete set

o If set is unordered (4 different makes of cars, for
example), use binary attributes to encode the
values (1000, 0100, 0010, 0001)

o If set is ordered, treat as real-valued

e Real-valued: bias that inputs whose features have
“nearby” values ought to have “nearby” outputs

@ 6.034 - Spring 03 + §

Slide3.1.6
WEe'll use the example of predicting whether someone is going to go bankrupt. It only has two features, to
make it easy to visuaize.

Onefeature, L, isthe number of late payments they have made on their credit card thisyear. Thisisa

The other feature, R, istheratio of their expenses to their income. The higher it is, the more likely you'd

We have a set of examples of people who did, in fact go bankrupt, and a set who did not. We can plot the
pointsin atwo-dimensional space, with adimension for each attribute. We've colored the

L R B 84

3 02 No 71 =

1 03 No 6l = = u Yes| discrete value that we're treating as areal.
4 05 No

2 0.7 No 5

0 1.0 No L4 . = :

1 1.2 No 3] . u think the person would be to go bankrupt.
1 1.7 No

6 0.2 Yes 2 - . u u

7 0.3 Yes 1 . . .

6 0.7 Yes 0 . - . X

3 ié 22 o 0.5 1 15 2 "positive" (bankrupt) points blue and the negative points red.
4 1.7 Yes R

2 1.9 Yes

Love thy Nearest Neighbor
e Remember all your data
* When someone asks a question,
—find the nearest old data point
—-return the answer associated with it

o © o °
° ° 4
s ., «%° o
o
o o4 . o ® °
. ° . 2 e og0
° ° ° e
°
L4 ° °® ° L4 °
@ 6.034 - Spring 03 « 7
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Slide3.1.8

What do we mean by “"Nearest”? In order to say what point is nearest, we have to define what we mean by "near". Typically, we use

Euclidean distance between two points, which isjust the square root of the sum of the squared

differences between corresponding feature values.

* Need a distance function on inputs

¢ Typically use Euclidean distance (length of a
straight line between the points)

D(x', x*) = fz (- xk)y?

@ 6.034 - Spring 03 + 8

Slide3.1.9

In other machine learning applications, the inputs can be something other than fixed-length vectors of What do we mean by “"Nearest”?

numbers. We can often still use nearest neighbor, with creative use of distance metrics. The distance

between two DNA strings, for example, might be the number of single-character edits required to turn

oneinto the other. * Need a distance function on inputs

¢ Typically use Euclidean distance (length of a
straight line between the points)

D(x', x*) = ’\{Z(X; - x5y

e Distance between character strings might be
number of edits required to turn one into the other

. Slide 3.1.10
Scaling The naive Euclidean distance isn't always appropriate, though.
* What if we're trying to predict a car’s gas mileage? Consider the case where we have two features describing acar. Oneisitsweight in pounds and the other
o f;, = weight in pounds is the number of cylinders. The first will tend to have values in the thousands, whereas the second will
¢ f, = number of cylinders have values between 4 and 8.
@ 6.034 - Spring 03 « 10

Slide3.1.11 ]
If wejust use Euclidean distance in this space, the number of cylinders will have essentially no influence Scaling
on nearness. A difference of 4 poundsin acar's weight will swamp a difference between 4 and 8 . , . . , .
cylinders. * What if we're trying to predict a car’s gas mileage?

o f, = weight in pounds
o f, = number of cylinders

¢ Any effect of f, will be completely lost because of
the relative scales

@ 6.034 - Spring 03 + 11
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Slide3.1.12
Scaling One standard method for addressing this problem is to re-scale the features.
* What if we're trying to predict a car’s gas mileage? In the simplest case, you might, for each feature, compute its range (the difference between its maximum
o f, = weight in pounds and minimum values). Then scale the feature by subtracting the minimum value and dividing by the
o f, = number of cylinders range. All features values would be between 0 and 1.

» Any effect of f, will be completely lost because of
the relative scales

® S0, re-scale the inputs

@ 6.034 - Spring 03 » 12

Slide3.1.13

A somewhat more robust method (in case you have a crazy measurement, perhaps due to anoisein a Scaling

sensor, that would make the range huge) is to scale the inputs to have 0 mean and standard deviation 1. If . , . . , .

you haven't seen this before, it means to compute the average value of the feature, x-bar, and subtract it * What if we're trying to predict a car’s gas mileage?
from each feature value, which will give you features all centered at 0. Then, to deal with the range, you o f, = weight in pounds

compute the standard deviation (which is the square root of the variance, which well talk about in detall o f, = number of cylinders

in the segment on regression) and divide each value by that. This transformation, called normalization, e Any effect of f, will be completely lost because of
puts all of the features on about equal footing. the relative scales

® S0, re-scale the inputs to have mean 0 and
variance 1: _

O, — | standard deviation

@ 6.034 - Spring 03 + 13

Slide3.1.14
Scaling Of course, you may not want to have all your features on equal footing. It may be that you happen to
know, based on the nature of the domain, that some features are more important than others. In such

* What if we're trying to predict a car’s gas mileage? cases, you might want to multiply them by aweight that will increase their influence in the distance
o f;, = weight in pounds calculation.

¢ f, = number of cylinders

* Any effect of f, will be completely lost because of
the relative scales

® S0, re-scale the inputs to have mean 0 and
variance 1: _
o x5 [overe]

O, — | standard deviation

* Or, build knowledge in by scaling features

differently
@ 6.034 - Spring 03 » 14
Slide3.1.15 .
Another popular, but somewhat advanced, technique is to use cross validation and gradient descent to Scaling

choose weightings of the features that generate the best performance on the particular data set. . , ) . , .
* What if we're trying to predict a car’s gas mileage?

o f, = weight in pounds
o f, = number of cylinders

¢ Any effect of f, will be completely lost because of
the relative scales

® S0, re-scale the inputs to have mean 0 and
variance 1: -
o x % [average]

O, — | standard deviation

* Or, build knowledge in by scaling features
differently

* Or use cross-validation to choose scales

@ 6.034 - Spring 03 « 15
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Predicting Bankruptcy

D(x', x*y = //Z (L' - [%)? + (5R' — 5R¥)?

J

®

s_

6 = - = Yes|
5_

L4 . ]

3 ° [ ]

2 . [] ]
14 o ] ]

0 T * T |
0 0.5 1 1.5 2

6.034 - Spring 03 » 16

Slide3.1.17

Now, let's say we have anew person with R equal 0.3 and L equal to 2. What y value should we predict?

Predicting Bankruptcy

D(x', x*) = /Z (L'~ 1% + (5R' — 5R¥)?

J

®

8_

6 = = mYes|
5_

L4 . ]

3 ° ]

24 @ 3 [ ] [ ]
1 ° *

0 T * T |
/] 0.5 1 1.5 2

R

6.034 - Spring 03 » 18

Slide 3.1.19
And so our answer would be "no".

Slide3.1.16

Okay. Let's see how nearest neighbor works on our bankruptcy example. Let's say we've thought about
the domain and decided that the R feature (ratio between expenses and income) needs to be scaled up by
5 in order to be appropriately balanced against the L feature (number of |ate payments).

So we'll use Euclidian distance, but with the R values multiplied by 5 first. We've scaled the axes on the
slide so that the two dimensions are graphically equal. This means that locus of points at a particular
distance d from a point on our graph will appear asacircle.

Predicting Bankruptcy
s =
7 = e No
5 4
L4+ ° L]
3 . [ ]
24 . ] n
1 ] . .
[+] T * T ,
[+] 0.5 1 1.5 2
R
D(x', x¥) = [¥(L' - L%)? + (5R' — 5R*)?
Vs
@ 6.034 - Spring 03 « 17

Slide 3.1.18
We look for the nearest point, which isthe red point at the edge of the yellow circle. The fact that there
are no old pointsin the circle means that this red point is indeed the nearest neighbor of our query point.

Predicting Bankruptcy
s =
71 - e No
6{ = " =Yes
5 4
L4 . [
3 . [ ]
2 . [ ] []
14 . . .
[+] T * T )
0 0.5 1 1.5 2
R
DX, x¥) = [S (L - L) + (5R' - 5R*Y
J
@ 6.034 - Spring 03 « 19
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Predicting Bankruptcy

D(x', x*y = /Z (L' - [%)? + (5R' — 5R¥)?

J

®

s_

6 = - u Yes|
57 ®

L4 . ]

3 ° [ ]

2 . [] ]
14 . . °

0 T * T .
0 0.5 1 1.5 2

6.034 - Spring 03 » 20

Slide3.1.21
we find the nearest neighbor, which has output "yes"

Predicting Bankruptcy

D(x', x*) = /Z (L'~ 1% + (5R' — 5R¥)?

J

®

8_

61 = - = Yes|
: ©

L4 °

3 ° ]

2 . [] ]
14 . . .

0 T * T !
/] 0.5 1 1.5 2

6.034 - Spring 03 + 22

Slide3.1.23

So, what is the hypothesis of the nearest neighbor algorithm? It's sort of different from our other
algorithms, in that it isn't explicitly constructing a description of a hypothesis based on the data it sees.

Given aset of points and a distance metric, you can divide the space up into regions, one for each point,
which represent the set of pointsin space that are nearer to this designated point than to any of the others.
In thisfigure, I've drawn a (somewhat inaccurate) picture of the decomposition of the space into such

regions. It's called a"Voronoi partition" of the space.
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Slide 3.1.20
Similarly, for another query point,

®

Predicting Bankruptcy

s_

6. = - uYes|
5_

L4+ °

3 . [ ]

2 . [} ]
14 . . .

/] T * T !
1] 0.5 1 1.5 2

D(x', x¥) = [¥(L' - L%)? + (5R' — 5R*)?

J

6.034 - Spring 03 + 21

Slide3.1.22
and generate "yes" as our prediction.

Hypothesis
s "
7 4
6 4
5 4
L4+
3 4
2 4
1 4
1]
0 0.5 1 1.5 2
R

D(x', x*) = V»'Z (L'~ 1% + (5R' - 5R¥)?

J

6.034 - Spring 03 + 23
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Slide3.1.24
Hypothesis Now, we can think of our hypothesis as being represented by the edges in the Voronoi partition that
separate a region associated with a positive point from aregion associated with a negative one. In our
8- example, that generates this bold boundary.
7 4
61 It'simportant to note that we never explicitly compute this boundary; it just arises out of the "nearest
5 neighbor" query process.
L4 |
3 4
2 4
1 4
0
0 0.5 1 1.5 2
R
D(x', x*y = //Z (L' - [%)? + (5R' — 5R¥)?
J
Slide 3.1.25 .
It's useful to spend alittle bit of time thinking about how complex this algorithm is. Learning is very fast. Time and Space

All you have to do is remember all the data you've seen!

e Learning is fast

@ 6.034 - Spring 03 + 25

Slide 3.1.26

Time and Space What takes longer is answering a query. Naively, you have to, for each point in your training set (and
there are m of them) compute the distance to the query point (which takes about n computations, since
there are n features to compare). So, overall, this takes about m* ntime.

e Learning is fast

¢ Lookup takes about m*n computations

@ 6.034 - Spring 03 « 26
Slide3.1.27 ]
It's possible to organize your datainto a clever data structure (one such structure is called aK-D tree). It Time and Space

will allow you to find the nearest neighbor to a query point in time that's, on average, proportional to the
log of m, which isahuge savings.
e Learning is fast
e Lookup takes about m*n computations
e storing data in a clever data structure (KD-tree)
reduces this, on average, to log(m)*n

@ 6.034 - Spring 03 27
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Slide3.1.28
Time and Space Another issue is memory. If you gather data over time, you might worry about your memory filling up,
since you have to remember it all.

e Learning is fast
e Lookup takes about m*n computations

e storing data in a clever data structure (KD-tree)
reduces this, on average, to log(m)*n

* Memory can fill up with all that data

@ 6.034 - Spring 03 « 28

Slide 3.1.29
There are anumber of variations on nearest neighbor that allow you to forget some of the data points; Time and Space
typically the ones that are most forgettable are those that are far from the current boundary between
positive and negative.
e Learning is fast
o Lookup takes about m*n computations

e storing data in a clever data structure (KD-tree)

reduces this, on average, to log(m)*n

* Memory can fill up with all that data

e delete points that are far away from the
boundary

@ 6.034 - Spring 03 + 29

Slide 3.1.30
Noise In our example so far, there has not been much (apparent) noise; the boundary between positives and
negativesis clean and simple. Let's now consider the case where there's a blue point down among the
8- reds. Someone with an apparently healthy financial record goes bankrupt.
] = e No
: | = - There are, of course, two waysto deal with this data point. Oneis to assume that it is not noise; that is,
5 that there is some regularity that makes people like this one go bankrupt in general. The other isto say
L4l . - that this exampleisan "outlier". It represents an unusual case that we would prefer largely to ignore, and
3] . - not to incorporate it into our hypothesis.
24 L . n u
14 ] . .
0 . * : :
0 0.5 1 1.5 2
R
@ 6.034 - Spring 03 « 30
Slide3.1.31
So, what happensin nearest neighbor if we get a query point next to this point? Noise
s "
6 . = mYes|
5 4
L4 ° [ ]
3 . [ ]
24 L . u u
14 . . .
0 . * . :
(4] 0.5 1 1.5 2
R
@ 6.034 - Spring 03 « 31
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Slide3.1.32
Noise We find the nearest neighbor, whichisa"yes" point, and predict the answer "yes". This outcomeis
consistent with thefirst view; that is, that this blue point represents some important property of the
8- problem.
6 = - = Yes|
5 4
L4 . []
3 ° [ ]
2 . [] =
14 C:j ] ]
0 : - . s
0 0.5 1 1.5 2
R
@ 6.034 - Spring 03 » 32
Slide3.1.33
But if we think there might be noise in the data, we can change the algorithm a bit to try to ignoreit. k-Nearest Neighbor
WEe'll move to the k-nearest neighbor algorithm. It'sjust like the old algorithm, except that when we get a
query, we'll search for the k closest points to the query points. And we'll generate, as output, the output 8-
associated with the majority of the k closest elements. 71 -
6 - | ] [ ]
5 4
L4 ° L]
34 =
2 . ] n
1 ° °
0 . o . s

® Find the k nearest points

@ 6.034 - Spring 03 + 33

Slide3.1.34
k-Nearest Neighbor In this case, we've chosen k to be 3. The three closest points consist of two "no"sand a"yes", so our
answer would be "no".

8 -
6 = = mYes|
5 -

L4 . ]

3 ]

@

1 ° *

0 T * T |

/] 0.5 1 1.5 2
R

* Find the k nearest points
¢ Predict output according to the majority

@ 6.034 - Spring 03 » 34
Slide 3.1.35 -
It's not entirely obvious how to choose k. The smaller the k, the more noise-sensitive your hypothesisis. k-Nearest Neighbor

The larger the k, the more "smeared out” it is. In the limit of large k, you would always just predict the
output value that's associated with the majority of your training points. So, k functions kind of like a

s "
complexity-control parameter, exactly analogous to epsilon in DNF and min-leaf-size in decision trees. 71 =
With smaller k, you have high variance and risk overfitting; with large k, you have high bias and risk not 6. = - =Yes
being able to express the hypotheses you need. 5
L4 . [
It's common to choose k using cross-validation. 3] -
24 0 L] [ ] [ ]
1 (] [
0 . o . :
(4] 0.5 1 1.5 2
R

¢ Find the k nearest points
¢ Predict output according to the majority
* Choose k using cross-validation

@ 6.034 - Spring 03 35
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Slide 3.1.36

Curse of Dimensionality Nearest neighbor works very well (and is often the method of choice) for problemsin relatively low-

. . . . . dimensional real-valued spaces.

e Nearest neighbor is great in low dimensions (up to
about 6) But as the dimensionality of a space increases, its geometry gets weird. Here are some suprising (to me,

® As n increases, things get weird: at least) facts about high-dimensional spaces.

@ 6.034 - Spring 03 « 36

Slide 3.1.37

In high dimensions, almost all points are far away from one ancther. Curse of Dimensionality

If you make a cube or spherein high dimensions, then almost all the points within that cube or sphere are * Nearest neighbor is great in low dimensions (up to
near the boundaries. about 6)

e As n increases, things get weird:

e In high dimensions, almost all points are far
away from one another

e They’re almost all near the boundaries

@ 6.034 - Spring 03 + 37

Slide 3.1.38
Curse of Dimensionality Imagine sprinkling data points uniformly within a 10-dimensional unit cube (cube whose sides are of

length 1).
e Nearest neighbor is great in low dimensions (up to gth 1)

about 6)
® As n increases, things get weird:

¢ In high dimensions, almost all points are far
away from one another

e They’re almost all near the boundaries
e Imagine sprinkling data points uniformly within a
10-dimensional unit cube
e To capture 10% of the points, you’d need a cube
with sides of length .63!

To capture 10% of the points, you'd need a cube with sides of length .63!

@ 6.034 - Spring 03 + 38

Slide 3.1.39
All this means that the notions of nearness providing a good generalization principle, which are very Curse of Dimensionality
effective in low-dimensional spaces, become fairly ineffective in high-dimensional spaces. There are two . . . . .
ways to handle this problem. One is to do "feature selection”, and try to reduce the problem back down * Nearest neighbor is great in low dimensions (up to
to alower-dimensional one. The other isto fit hypotheses from amuch smaller hypothesis class, such as about 6)
linear separators, which we will seein the next chapter. * As n increases, things get weird:
* In high dimensions, almost all points are far
away from one another
e They're almost all near the boundaries
e Imagine sprinkling data points uniformly within a
10-dimensional unit cube
* To capture 10% of the points, you’d need a cube
with sides of length .63!

e Cure: feature selection or more global models

6.034 - Spring 03 + 39 (E
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Slide 3.1.40

@ 6.034 - Spring 03 « 40

Test Domains Well look at how nearest neighbor performs on two different test domains.

Slide3.1.41

Thefirst domain is predicting whether a person has heart disease, represented by a significant narrowing
of the arteries, based on the results of avariety of tests. This domains has 297 different data points, each
of which is characterized by 26 features. A lot of these features are actually boolean, which means that
although the dimensionality is high, the curse of dimensionality, which really only bites us badly in the
case of real-valued features, doesn't cause too much problem.

®

Test Domains

e Heart Disease: predict whether a person has
significant narrowing of the arteries, based on tests

® 26 features
* 297 data points

6.034 - Spring 03 + 41

Slide3.1.42

e Heart Disease: predict whether a person has
significant narrowing of the arteries, based on tests

® 26 features
¢ 297 data points

binary.

* Auto MPG: predict whether a car gets more than 22
miles per gallon, based on attributes of car

¢ 12 features
¢ 385 data points

@ 6.034 - Spring 03 + 42

Test Domains In the second domain, we're trying to predict whether a car gets more than 22 miles-per-gallon fuel
efficiency. We have 385 data points, characterized by 12 features. Again, a number of the features are

Slide3.1.43

Here's agraph of the cross-validation accuracy of nearest neighbor on the heart disease data, shown asa
function of k. Looking at the data, we can see that the performance is relatively insensitive to the choice
of k, though it seems like maybe it's useful to have k be greater than about 5.

Heart Disease

* Relatively insensitive to k

0.8

0.6 [g ettty

0.4

0.2 ——Raw

6.034 - Spring 03 + 43

file:///CJ/Documents%20and%20Settings/Admini strator/My%...ing/6.034/04/lessons/Chapter3/ml contlinear-handout.html (11 of 34)2/7/2007 4:32:11 PM




6.034 Artificial Intelligence. Copyright © 2004 by Massachusetts Institute of Technology. All rights reserved

Slide3.1.44
Heart Disease The red curve is the performance of nearest neighbor using the features directly as they are measured,
without any scaling. We then normalized all of the features to have mean 0 and standard deviation 1, and

* Relatively insensitive to k re-ran the algorithm. Y ou can see here that it makes a noticable increase in performance.

o Normalization matters!

1

0.8 ,#N—'——l—-—"
0.6 L ote— ",

L
0.4
—o— Raw
0.2 —=— Normalized
(4] T 1
[+] 20 40

@ 6.034 - Spring 03 « 44

Slide 3.1.45
We ran nearest neighbor with both normalized and un-normalized inputs on the auto-M PG data. It seems Auto MPG
to perform pretty well in all cases. It is till relatively insensitive to k, and normalization only seems to

help atiny amount. » Relatively insensitive to k

e Normalization doesn’t matter much

1
Fraatte emg——————s
0.8
0.6
0.4
—— Raw
0.2 —=— Normalized
0 T 1
0 20 40

@ 6.034 - Spring 03 + 45

Slide 3.1.46
Auto MPG Watch out for tricky graphing! It's always possible to make your algorithm look much better than the
L | other leading brand (aslong asit's alittle bit better), by changing the scale on your graphs. The previous
* Now normalization matters a lot! graph had ascale of 0 to 1. This graph has ascale of 0.85 to 0.95. Now the normalized version looks
» Watch the scales on your graphs much better! Be careful of such tactics when you read other peoples’ papers; and certainly don't practice
them in yours.
0.95
0.93
0.91 -
0.89 -
—o- Raw
0.85 : :
0 20 40
k
@ 6.034 - Spring 03 « 46

6.034 Notes: Section 3.2
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Slide32.1 o
Now, let's go back to decision trees, and see if we can apply them to problems where the inputs are Remember Decision Trees
numeric. Use all the data to build a tree of questions with

answers at the leaves

@ SNow
rain
walk

yes

@ 6.034- Spring 03 + 1

Slide3.2.2
Numerical Attributes When we have features with numeric values, we have to expand our hypothesis space to include different
tests on the leaves. We will allow tests on the leaves of a decision tree to be comparisons of the form x; >

e Tests in nodes can be of the form x; > constant ;
J ¢, where c is a constant.

Slide3.2.3
This class of splits allows us to divide our feature-space into a set of exhaustive and mutually exclusive Numerical Attributes
hyper-rectangles (that is, rectangles of potentially high dimension), with one rectangle for each leaf of .

e Tests in nodes can be of the form x; > constant

the tree. So, each rectangle will have an output value (1 or 0) associated with it. The set of rectangles and

their output values constitutes our hypothesis. e Divides the space into axis-aligned rectangles

@ 6.034 - Spring 03 + 3

Slide3.24

Numerical Attributes So, in this example, at the top level, we split the space into two parts, according to whether feature 1 has
. avalue greater than 2. If not, then the output is 1.

e Tests in nodes can be of the form x; > constant

e Divides the space into axis-aligned rectangles

no yes
1

f,

@ 6.034 - Spring 03 + 4
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Slide3.25
I f1 is greater than 2, then we have another split, this time on whether 2 is greater than 4. If it is, the Numerical Attributes
answer is 0, otherwise, it is 1. You can see the corresponding rectangles in the two-dimensional feature .
space. e Tests in nodes can be of the form x; > constant
¢ Divides the space into axis-aligned rectangles
f,
0
4 -
1
1
2 fy
. . Slide3.2.6
Numerical Attributes This class of hypothesesis fairly rich, but it can be hard to express some concepts.
* Tests in nodes can be of the form x; > constant There are fancier versions of numeric decision trees that allow splits to be arbitrary hyperplanes
e Divides the space into axis-aligned rectangles (allowing us, for example, to make a split along a diagonal line in the 2D case), but we won't pursue
them in thisclass.
f;
0
4 -]
1
1
2 fy
* Non-axis aligned hypotheses can be smaller but
hard to find
Slide3.2.7 p e .
The only thing we really need to do differently in our algorithm isto consider splitting between each data Considering Splits
point in each dimension. . . Lo
e Consider a split between each point in each
dimension
8 “
7 - e No
6, = - mYes|
5 -
L4 ° L]
3 . []
2 . [] [
1 L] . .
0 : = : .
0 0.5 1 1.5 2
@ 6.034 - Spring 03 + 7
. . . Slide3.2.8
Considering Splits So, in our bankruptcy domain, we'd consider 9 different splitsin the R dimension (in general, you'd
. . o expect to consider m - 1 splits, if you have m data points; but in our data set we have some examples
» Consider a split between each point in each :
! - with equal R values).
dimension
8 -
71 - ENO
6 = " = lfes
5 P
L4 ° [
3 . u
2 . [ ] n
14 L] . .
0 : = . ‘
[} 0.5 1 1.5 2
R
@ 6.034 - Spring 03 + 8
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Slide3.2.9

And there are another 6 possible splitsin the L dimension (because L is an integer, redly, there are lots

of duplicate L values).

Considering Splits

e Choose split that minimizes average entropy of

child nodes
: ]
u n 1=

,_
ORNWAUMOGONO®
L]
| |

)
o
n

6.034 - Spring 03 + 10

®

Slide3.2.11

Let's see what actually happens with this algorithm in our bankruptcy domain.

We consider al the possible splits in each dimension, and compute their average entropies.

Bankruptcy Example
ey | N pL R PR ] a2 | 87
<y 21 |a FNo
657 |60 |1 00| o = Ll
so|7|4]0]|3|074| 5
356 | 3| 1| 4]|085(L4 ° []
25| 5 | 2|25 |oss| 31_° =]
21 . u u
154|037 |063
14 . . .
05| 1]o|6 |7 osf g : " : .
1] 0.5 1 1.5 2
R
AE | 1.00 | 1.00 |0.98 | 0.98 | 0.94 | 0.98 | 0.92 ] 0.98 | 0.92
R<x | 0.25 |0.40 | 0.60 | 0.85 |1.05 [ 1.15 | 1.35 | 1.60 | 1.80
@ 6.034 - Spring 03 » 12
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Considering Splits

e Consider a split between each point in each

®

dimension

s -
7 - * No
6 - [ ] [ ] L3 &
5

L4 . []
3 . [ ]
2 . [] =
14 ° . °
0 T . T .

0 0.5 1 1.5

6.034 - Spring 03 + 9

Slide3.2.10

All together, thisisalot of possible splits! As before, when building atree, we'll choose the split that
minimizes the average entropy of the resulting child nodes.

Bankruptcy Example

Q)

6.034 - Spring 03 + 11

8_
L<y | NL | PL|NR|PR| AE
7] . FNo
65| 7 |6 |0 |1 o9sf o] = Ll
507 |4|0|3074]| 5
35| 6 | 3| 1| 4]085(L4 . -
25| s |22 |5 |oss| 31_° ]
2 . L] []
1504037063
1 . . .
05| 1|0 |6 |7 03| g
T * T )
By oW 0 0.5 1 1.5 2
i %33
& & 2 & R
g 8 g S |AE [1.00 [1.00[0.98[0.98 [0.94[0.98|0.92 |0.98 |0.92
— = =
e, 2 & = R<x |0.25 {0.40 |0.60 [0.85 [1.05 [1.15 [1.35 [ 1.60 |1.80
= (ad
=

Slide3.2.12

Splitting in the L dimension at 1.5 will do the best job of reducing entropy, so we pick that split.
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Slide3.2.13

And we see that, conveniently, all the points with L not greater than 1.5 are of class 0, so we can make a

leaf there.

Bankruptcy Example
L<y [NL|PL| NR|PR| AE 8
7] . FNo
65 63|01 |o83f o] = Ll
50(4 (3]0 |3]069 5
35(3|2|4|1]085| L4 ° -
25 2 1|5 |2|oss| 31_° =
2 3 u ]
C>18) o -
no es 0 . ’ ' .
n 0 0.5 1.5 2
H AE [ 0.85]0.880.79]0.60]0.69]0.76 | 0.83
R<x | 0.25[0.40(0.60{0.90]1.30] 1.60] 1.80
@ 6.034 - Spring 03 » 14

Slide3.2.15

Now the best splitisat R > 0.9. And we see that all the points for which that's true are positive, so we

can make another leaf.

Bankruptcy Example
L<y [NL|PL|NR[PR| AE
8’
ss|3f2]o|tost] | . ° No
50(3 0|03 000 o o a = Yes|
35(2|0|1|3]|o054]| 5
25|10 |2 |3|081|L4] ° L}
3 ° [ ]
2 . u u
es 1 . . '3
o] ° ' 5 |
@ 0 0.5 1 1.5 2
no
es R
o AE | 1.00 [0.92 | 1.00
R<x |0.25 [0.40 |0.60
@ 6.034 - Spring 03 » 16

Slide3.2.14

Now, we consider all the splits of the remaining part of the space. Note that we have to recalculate al the

Bankruptcy Example

®

8_
L<y | NL | PL | NR | PR | AE 7] . FNO
65| 7 |6 |0 |1 o93f o] = \1;
507 |4|0]|3|074]| g
356 |3|1]|4|085|L4 . u
25| 5| 2|25 |oss| 31 ad
2 . [ n
150403 |7 063
1 . ) .
05|10 |6 |7]093] g : m : )
@ 0 0.5 1 1.5 2
no es R
AE ‘1.00 1.00 [ 0.98 | 0.98 [0.94 [0.98 | 0.92 [0.98 | 0.92
n ?? /‘?o.zs 0.40 | 0.60 [0.85 [1.05 [1.15 [1.35 [ 1.60 | 1.80

6.034 - Spring 03 « 13

average entropies again, because the points that fall into the leaf node are taken out of consideration.

Slide3.2.16

Bankruptcy Example

L<y [NL|PL[NR [PR| AE
65|6|3|0|1]0.83
504 |3|0|3]0.69
35|32 4 |1]085
252 |1|5|2]0.88

@
©
> (-]
o

ORr NWRUIONO®

0.85(0.88

0.79

0.69|0.76 | 0.83

0.25(0.40

0.60

1.30 | 1.60 | 1.80

6.034 - Spring 03 15

Again we consider all possible splits of the points that fall down the other branch of the tree.
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Slide3.2.17
And we find that splitting on L > 5.0 gives us two homogenous leaves. Bankruptcy Example

- * No
E = mYes
L] n

L] L]
* | | n
L] L] L]
0.5 1 1.5 2
R

AE 1.00 |0.92 | 1.00
R<x |0.25 |0.40 |0.60

6.034 - Spring 03 17

Slide3.2.18
Bankruptcy Example So, we finish with this tree, which happens to have zero error on our data set.
Of course, al of the issues that we talked about before with boolean attributes apply here: in general,
= you'll want to stop growing the tree (or post-pruneit) in order to avoid overfitting.
o - o nYes
L] n
L] n
Ld n n
L] L] L ]
0.5 1 1.5 2
Slide3.2.19 "
We ran this decision-tree algorithm on the heart-disease data set. This graph shows the cross-validation Heart Disease

accuracy of the hypotheses generated by the decision-tree algorithm as a function of the min-leaf-size

parameter, which stops splitting when the number of examplesin aleaf gets below the specified size. * Best performance (.77) slightly worse than nearest

neighbor (.81)
The best performance of this algorithm is about .77, which is slightly worse than the performance of 1

nearest neighbor.

> 0.8 >
E m
J 0.6
)
[v]
> 0.4
o

0.2

0 . ‘ .
0 10 20 30 40
min leaf size
@ 6.034 - Spring 03 « 19
. Slide 3.2.20
Heart Disease But performance isn't everything. One of the nice things about the decision tree algorithm is that we can

interpret the hypothesis we get out. Here is an example decision tree resulting from the learning
o @ o agorithm,

I'm not adoctor (and | don't even play one on TV), but the tree at least kind of makes sense. The top-
level split is on whether a certain kind of stresstest, called "thal" comes out normal.

thal = 1: normal exercise thallium scintigraphy test

@ 6.034 - Spring 03 + 20
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Slide3.2.21
If thal is not normal, then we look at the results of the "ca" test. This test has as results numbers 0 Heart Disease
through 3, indicating how many blood vessels were shown to be blocked in a different test. We chose to

code this feature with 4 binary attributes. o @ -

thal = 1: normal exercise thallium scintigraphy test
ca = 0: no vessels colored by fluoroscopy

@ 6.034 - Spring 03 « 21

Side3.2.22
Heart Disease So"ca=0"isfaseif 1 or more blood vessels appeared to be blocked. If that's the case, we assert that the
patient has heart disease.

thal = 1: normal exercise thallium scintigraphy test
ca = 0: no vessels colored by fluoroscopy

@ 6.034 - Spring 03 + 22

Slide3.2.23
Now, if no blood vessels appeared to be blocked, we ask whether the patient is having exercise-induced Heart Disease
angina (chest pain) or not. If not, we say they don't have heart disease; if so, we say they do.

thal = 1: normal exercise thallium scintigraphy test
ca = 0: no vessels colored by fluoroscopy
exang: exercise induced angina

@ 6.034 - Spring 03 « 23
. Slide 3.2.24
Heart Disease Now, over on the other side of the tree, where the first test was normal, we also ook at the results of the
catest.

thal = 1: normal exercise thallium scintigraphy test
ca = 0: no vessels colored by fluoroscopy
exang: exercise induced angina

@ 6.034 - Spring 03 + 24
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Slide3.2.25

If it doesn't have value O (that is one or more vessels appear blocked), then we ask whether they have Heart Disease
chest pain (presumably thisis resting, not exercise-induced chest pain), and that determines the output.

Heart Disease

thal = 1: normal exercise thallium scintigraphy test
ca = 0: no vessels colored by fluoroscopy
exang: exercise induced angina

@ 6.034 - Spring 03 + 26

Slide 3.2.27

If they're older than 57.5, then we examine some technical feature of the cardiogram, and let that Heart Disease

determine the output.

Hypotheses like this are very important in real domains. A hospital would be much more likely to base or
change their policy for admitting emergency-room patients who seem to be having heart problems based
on ahypothesis that they can see and interpret rather than based on the sort of numerical gobbledigook

that comes out of nearest neighbor or naive Bayes.

Auto MPG
e Performance (.91) essentially the same as nearest
neighbor
1
———————, o —+—9¢
> 0.8
Q
g
3 0.6
(v
> 0.4
(8]
0.2
0 - : ‘
0 10 20 30 40

min leaf size

@ 6.034 - Spring 03 + 28

thal = 1: normal exercise thallium scintigraphy test
ca = 0: no vessels colored by fluoroscopy
exang: exercise induced angina

@ 6.034 - Spring 03 « 25

Slide 3.2.26
If no blood vessels appear to be blocked, we consider the person's age. If they're less than 57.5, then we
declare them to be heart-disease free. Whew!

thal = 1: normal exercise thallium scintigraphy test
ca = 0: no vessels colored by fluoroscopy

exang: exercise induced angina

oldpk: feature of cardiogram

@ 6.034 - Spring 03 + 27

Slide3.2.28
We also ran the decision-tree algorithm on the Auto MPG data. We got essentially the same performance
as nearest neighbor, and a strong insensitivity to leaf size.
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Slide 3.2.29
Here's a sample resulting decision tree. It seems pretty reasonable. If the engine is big, then we're More than 22 MPG?

unlikely to have good gas mileage. Otherwise, if the weight is low, then we probably do have good gas

mileage. For alow-displacement, heavy car, we consider the model-year. If it's newer than 1978.5 (thisis

an old data set!) then we predict it will have good gas mileage. And if it's older, then we make afinal
split based on whether or not it'sreally heavy.

It's also possible to apply naive bayes to problems with numeric attributes, but it's hard to justify without
recourse to probability, so we'll skip it. %To do: %- add a slide showing how one non-isothetic split
would do the job, %but it requires alot of rectangles.

@ 6.034 - Spring 03 « 29

6.034 Notes: Section 3.3

Slide3.3.1

So far, we've spent all of our time looking at classification problems, in which they values are either 0
or 1. Now we'll briefly consider the case where the y's are numeric values. We'll see how to extend
nearest neighbor and decision trees to solve regression problems.

Regression

¢ Qutput is a continuous numeric value
e Locally-weighted averaging
® Regression trees

6.034 - Spring 03 + 1

Slide3.3.2

Local Averaging The simplest method for doing regression is based on nearest neighbor. Asin nearest neighbor, you

remember all your data.
e Remember all your data

6.034 - Spring 03 » 2
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Slide 3.3.3
When you get anew query point x, you find the k nearest points. Local Averaging
e Remember all your data
* When someone asks a question,
-find the K nearest old data points
L]
L] o Y
°
y ° L] . o ° L]
L]
I
X
Slide 3.3.4
Local Averaging Then average their y values and return that as your answer.
* Remember all your data Of course, I'm showing this picture with a one-dimensional x, but the idea applies for higher-dimensional
* When someone asks a question, X, with the caveat that as the dimensionality of x increases, the curse of dimensionality is likely to be
—find the K nearest old data points upon us.
—-return the average of the answers associated
with them 1
y=2-2y"
K k
L]
L] ° °
L] ° L o

6.034 - Spring 03 + 4

Slide3.35
When k = 1, thisislike fitting a piecewise constant function to your data. It will track your data very K=1

closely, but, asin nearest neighbor, have high variance and be prone to overfitting. Traislkes data very elossly
L]
* Prone to overfitting

6.034 - Spring 03 + §

Slide 3.3.6

Bigger K When k islarger, variationsin the data will be smoothed out, but then there may be too much bias,
. . making it hard to model the real variationsin the function.
e Smoothes out variations in data

e May introduce too much bias

6.034 - Spring 03 + 6
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Slide3.3.7
One problem with plain local averaging, especially ask gets large, is that we are letting all k neighbors Locally Weighted Averaging
have equal influence on the predicting the output of the query point. In locally weighted averaging, we
still average the y values of multiple neighbors, but we weight them according to how close they are to
the target point. That way, we let nearby points have alarger influence than farther ones.

6.034 - Spring 03 + 7

Slide3.3.8

Locally Weighted Averaging The simplest way to describe locally weighted averaging involves finding all points that are within a

. . L . . distance lambda from the target point, rather than finding the k nearest points. We'll describe it this way,
* Find all points within distance . from target point but it's not too hard to go back and reformulate it to depend on the k nearest.
* Average the outputs, weighted according to how far

away they are from the target point

6.034 - Spring 03 + 8

Slide3.3.9
Rather than committing to the details of the weighting function right now, let's just assume that we have Locally Weighted Averaging
a"kernel" function K, which takes the query point and atraining point, and returns aweight, which . . e .
indicates how much influence they value of the training point should have on the predicted y value of * Find all points within distance 7. from target point
the query point. » Average the outputs, weighted according to how far
away they are from the target point
Then, to compute the predicted y value, we just add up all of they values of the points used in the * Given a target x, with k ranging over neighbors,
prediction, multiplied by their weights, and divide by the sum of the weights.

> K(x, XYy~

y= W weighting “kernel”
X, X
«

6.034 - Spring 03 + 9

Slide 3.3.10

Epanechnikov Kernel Here is one popular kernel, which is called the Epanechnikov kernel (I like to say that word!). Y ou don't
have to care too much about it; but see that it gives high weight to points that are near the query point
(5,5 in this graph) and decreasing weights out to distance lambda.

o D is Euclidean distance

o3 7D(x,xk)“J
K(x,x)fmax[‘l[l % J,O

There arelots of other kernels which have various plusses and minuses, but the differences are too subtle
for us to bother with at the moment.

3 7 AN

: W TIGNONs o

\ RN

o .:z""l' '_/' AN XN

’ 17
7

e Many other possible choices of kernel K

6.034 - Spring 03 10
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Slide3.3.11

As usual, we have the same issue with lambda here as we have had with epsilon, min-leaf-size, and k. If
it'stoo small, we'll have high variance; if it'stoo big, we'll have high bias. We can use cross-validation to

choose.

In general, it's better to convert the algorithm to use k instead of lambda (it just requires making the
lambda parameter in the kernel be the distance to the farthest of the k nearest neighbors). This means that
we're ways averaging the same number of points; so in regions where we have alot of data, we'll look
more locally, but in regions where the training data is sparse, we'll cast awider net.

Regression Trees

e Like decision trees, but with real-valued constant
outputs at the leaves

6.034 - Spring 03 + 12

Slide3.3.13

Here's an example regression tree. It has the same kinds of splitsasaregular tree (in this case, with

numeric features), but what's different are the labels of the leaves.

Leaf Values

* Assign a leaf node the average of the y values of
the data points that fall there.

6.034 - Spring 03 14

Smoooth

e How should we choose A?
o If small, then we aren’t averaging many points
-Worse at averaging out noise
-Better at modeling discontinuities
o If big, we are averaging a lot of points
-Good at averaging out noise
—-Smears out discontinuities

e Can use cross-validation to choose i

* May be better to let it vary according to local
density of points

6.034 - Spring 03 11

Slide3.3.12
Now welll take aquick look at regression trees, which are like decision trees, but which have numeric
constants at the leaves rather than booleans.

Regression Trees

o Like decision trees, but with real-valued constant
outputs at the leaves

=i, S

3.2
2.4

6.034 - Spring 03 13

Slide3.3.14
Let's start by thinking about how to assign avalue to aleaf, assuming that multiple training points are in
the leaf and we have decided, for whatever reason, to stop spliting.

In the boolean case, we used the majority output value as the value for the leaf. In the numeric case, we'll
use the average output value. It makes sense, and besides there's a hairy statistical argument in favor of
it, aswell.
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Slide3.3.15
So, if we're going to use the average value at aleaf asits output, we'd like to split up the data so that the Leaf Values

leaf averages are not too far away from the actual itemsin the leaf.
a Y e Assign a leaf node the average of the y values of

the data points that fall there.

e We'd like to have groups of points in a leaf that
have similar y values (because then the average is
a good representative)

6.034 - Spring 03 15

Slide 3.3.16
Variance Lucky for us, the statistics folks have a good measure of how spread out a set of numbersis (and,
. therefore, how different the individuals are from the average); it's called the variance of a set.
® Measure of how much a set of numbers is spread
out

Slide 3.3.17 .

First we need to know the mean, which is traditionally called mu. It's just the average of the values. That Variance

is, the sum of the values divided by how many there are (which we call m, here). .

e Measure of how much a set of numbers is spread
out
e Mean of m values, z, through z, :
1 m
H=— Z Zi
my,
6.034 - Spring 03 « 17
. Slide 3.3.18
Variance Then the variance is essentially the average of the squared distance between the individua values and the
. mean. If it's the average, then you might wonder why we're dividing by m-1 instead of m. | could tell
* Measure of how much a set of numbers is spread you, but then I'd have to shoot you. Let's just say that dividing by m-1 makes it an unbiased estimator,
out which is agood thing.

e Mean of m values, z; through z, :
1 m
=22
m i

e Variance: average squared difference between z’s
and the mean:

1 m
ol =—D(z, -
EOACE

6.034 - Spring 03 » 18
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Slide3.3.19
We're going to use the average variance of the children to evaluate the quality of splitting on a particular Let’s Split
feature. Here we have a data set, for which I've just indicated the y values. It currently has a variance of
405. D:-2,9,1,12, -4,
0, 11,10, -1
62=40.5
6.034- Spring 03 + 19
. Slide 3.3.20
Let’s Split We're considering two splits. One gives us variances of 3.7 and 1.67; the other gives us variances of 48.7
and 40.67.
D:-2,9,1,12, -4,
0, 11,10, -1
¢2=40.5
0 0
-2, 1, 9,12, -2,9,1, 0,11,
-4,0,-1 11,10 12, -4 10, -1
2=3.7 6?2 =1.67 o2 =48.7 o2 =40.67
6.034 - Spring 03 « 20
Slide3.3.21 .
Just aswe did in the binary case, we can compute a weighted average variance, depending on the relative Let’s Split
sizes of the two sides of the split.
D:-2,9,1,12, -4,
0, 11,10, -1
¢2=40.5
P ORI O}
-2, 1, 9,12, 2,91, o, 11,
-4,0,-1 11,10 12, -4 10, -1
2=3.7 o2 =1.67 o2 =48.7 o2 =40.67
[ Av() - petB) + t-p ) D)) |
J \‘ subset of D with f,=1
6.034 - Spring 03 « 21
. Slide 3.3.22
Let’s Split Doing so, we can see that the average variance of splitting on feature 3 is much lower than of splitting

on f7, and so we'd choose to split on f3.
D:-2,9,1,12, -4,

0,11, 10, -1 Just looking at the datain the leaves, f3 seems to have done a much better job of dividing the valuesinto
52=40.5 similar groups.
0 0
-2, 1, 9,12, -2,9,1, 0,11,
-4,0,-1 11,10 12, -4 10, -1
2=3.7 o2 =1.67 o2 =48.7 o2 =40.67

AV = (5/9)*3.7+(4/9)*1.67 AV = (5/9)*48.7+(4/9)*40.67
=28 =45.13

6.034 - Spring 03 + 22
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Slide3.3.23
We can stop growing the tree based on criteria that are similar to those we used in the binary case. One Stopping

reasonable criterion isto stop when the variance at aleaf islower than some threshold. . .
® Stop when variance at a leaf is small enough

6.034 - Spring 03 + 23

) Slide3.3.24
Stopping Or we can use our old min-leaf-size criterion.
* Stop when variance at a leaf is small enough
* Or when you have fewer than min-leaf elements at
a leaf
Slide3.3.25 <
Once we do decide to stop, we assign each leaf the average of the values of the pointsin it. Stopping

* Stop when variance at a leaf is small enough
* Or when you have fewer than min-leaf elements at

a leaf
e Set y at a leaf to be the mean of the y values of the
elements
0
2,1, 9,12,
.4, 0, -1 '1.2 10.5 11’10

6.034 - Spring 03 25

6.034 Notes: Section 3.4
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Slide3.4.1

We have been using this simulated bankruptcy data set to illustrate the different learning algorithms
that operate on continuous data. Recall that R is supposed to be the ratio of earnings to expenses while

L is supposed to be the number of Iate payments on credit cards over the past year. We will continue 8 S No
using it in this section where we look at a new hypothesis class, linear separators. : . = . u Yes
One key observation is that each hypothesis class leads to a distinctive way of defining the decision 51
boundary between the two classes. The decision boundary is where the class prediction changes from L4 ® o
one class to another. Let'slook at thisin more detail. 31 ¢ "

2 . [} n

14 . [ .

0 S .

0 0.5 1 1.5 2

Bankruptcy Example

sos-spingo3 o1

Slide3.4.2
1-Nearest Neighbor Hypothesis We mentioned that a hypothesis for the 1-nearest neighbor algorithm can be understood in terms of a
Voronoi partition of the feature space. The cellsillustrated in this figure represent the feature space
8 points that are closest to one of the training points. Any query in that cell will have that training point as
7 . E its nearest neighbor and the prediction will be the class of that training point. The decision boundary will
6 O O = Yes be the boundary between cells defined by points of different classes, asillustrated by the bold line shown
5 1 here.
L4 . [
3 ] L ]
2 ° [ [ ]
1 . . .
0 r'y
0 0.5 1 1.5 2
R
6.034 - Spring 03 « 2 4
Slide3.4.3
Similarly, a decision tree also defines a decision boundary in the feature space. Note that although both 1- Decision Tree Hypothesis

NN and decision trees agree on all the training points, they disagree on the precise decision boundary
and so will classify some query points differently. Thisisthe essential difference between different

learning agorithms.

Linear Hypothesis

6.034 - Spring 03 + 4

¢

8

7 n * No

6 - . u Yes

5

L4 o L]

3 o (]

2 L] " -
< o : + ‘

6.034 - Spring 03 + 3 ,4

Slide3.4.4

In this section we will be exploring linear separators which are characterized by a single linear decision
boundary in the space. The bankruptcy data can be successfully separated in that manner. But, notice that
in contrast to 1-NN and decision trees, there is no guarantee that a single linear separator will
successfully classify any set of training data. The linear separator is a very simple hypothesis class, not
nearly as powerful as either 1-NN or decision trees. However, assimple as this class s, in general, there
will be many possible linear separators to choose from.

Also, note that, once again, this decision boundary disagrees with that drawn by the previous algorithms.
So, there will be some data sets where alinear separator isideally suited to the data. For example, it turns
out that if the data points are generated by two Gaussian distributions with different means but the same
standard deviation, then the linear separator is optimal.
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Slide3.4.5
A data set that can be successfully split by alinear separator is called, not surprisingly, linearly
separable.
Not Linearly Separable
. e o ° %
° ° °
¢ . . ° °
° ° o o
® . ® o
* ° L4 °
* s o o . °
. ° °
[ ]
° . R °®
° [ ]
6.034 - Spring 03 + 6 (E
Slide3.4.7

When faced with a non-linearly-separable data set, we have two options. One is to use a more complex

hypothesis class, such as shown here.

Not Linearly Separable

6.034 - Spring 03 + 8 (E

Slide 3.4.6

Linearly Separable

sos-spingos o5

Aswe've mentioned, not all data sets are linearly separable. Here's one for example. Another classic non-
linearly-separable data set is our old nemesis XOR.

It turns out, although it's not obvious, that the higher the dimensionality of the feature space, the more
likely that alinear separator exists. Thiswill turn out to be important later on, so let'sjust file that fact

away.

Slide3.4.8

Not Linearly Separable

6.034 - Spring 03 + 7 4

Or, keep the simple linear separator and accept some errors. This is the classic bias/variance tradeoff.
Use a more complex hypothesis with greater variance or asimpler hypothesis with greater bias. Which is
more appropriate depends on the underlying properties of the data, including the amount of noise. We
can use our old friend cross-validation to make the choice if we don't have much understanding of the

data.
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Slide 3.4.9
So, let'slook at the details of linear classifiers. First, we need to understand how to represent a particular Linear Hypothesis Class
hypothesis, that is, the equation of alinear separator. We will beillustrating everything in two . .
dimensions but all the equations hold for an arbitrary number of dimensions. * Equation of a hyperplane in the feature space

w-x+b=0

The equation of alinear separator in an n-dimensional feature space is (surprise!) alinear equation which n

is determined by n+1 values, the components of an n-dimensional coefficient vector w and a scalar value Z W;Xx; + b=0

b. These n+1 values are what will be learned from the data. The x will be some point in the feature space. J=

We will be using dot product notation for compactness and to highlight the geometric interpretation of *w, b are to be learned

this equation (more on thisin aminute). Recall that the dot product is simply the sum of the
componentwise products of the vector components, as shown here.

cos-sprng03 +9 g

Slide 3.4.10
Linear Hypothesis Class In two dimensions, we can see the geometric interpretation of w and b. The vector w is perpendicular to
. . the linear separator; such a vector is known as the normal vector. Often we say "the vector normal to the
* Equation of a hyperplane in the feature space surface". The scalar b, which we will call the offset, is proportional to the perpendicular distance from

X3

the origin to the linear separator. The constant of proportionality is the negative of the magnitude of the
normal vector. We'll examine thisin more detail soon.

w-x+b=0
n

> wx;+b=0
I By the way, the choice of the letter "w" is traditional and meant to suggest "weights", we'll see why
when we look at neural nets. The choice of "b" is meant to suggest "bias' - which is the third different
connotation of thisword in machine learning (the bias of a hypothesis class, bias vs variance, bias of a
separator). They are all fundamentally related; they all refer to a difference from aneutral value. To keep
the confusion down to adull roar, we won't call b abias term but are telling you about this so you won't
be surprised if you see it elsewhere.

ew, b are to be learned

Xy

6.034 - Spring 03 « 10 4

Slide3.4.11
Sometimes we will use the following trick to simplify the equations. We'll treat the offset as the Oth Linear Hypothesis Class
component of the weight vector w and we'll augment the data vector x with a 0th component that will
always be equal to 1. Then we can write alinear equation as a dot product. When we do this, we will
indicate it by using an overbar over the vectors. w-x+b=0 X2

Swx,+b=0
i1

e Equation of a hyperplane in the feature space

ew, b are to be learned

X
o A useful trick: let x,=1 and wy=b '
w-x=0
n
2 W;x; =0
j=0
6.034 - Spring 03 « 11 ,4
Slide3.4.12
Hyperplane: Geometry First aword on terminology: the equations we will be writing apply to linear separatorsin n dimensions.

In two dimensions, such alinear separator isrefered to asa"line". In three dimensions, it iscalled a
"plane". These are familiar words. What do we call it in higher dimensions? The usual terminology is

hyperplane. | know that sounds like some type of fast aircraft, but that's the accepted name.
/ normal
W

Let'slook at the geometry of a hyperplane abit more closely. We saw earlier that the offset b in the
linear separator equation is proportional to the perpendicular distance from the origin to the linear
separator and that the constant of proportionality is the magnitude of the w vector (negated). Basically,
we can multiply both sides of the equation by any number without affecting the equality. So, there are an
infinite set of equations all of which represent the same separator.

N, % If we divide the equation through by the magnitude of w we end up with the situation shown in the
figure. The normal vector is now unit length (denoted by the hat on the w) and the offset b is now equal
to the perpendicular distance from the origin (negated).

6.034 - Spring 03 « 12 (E
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Slide3.4.13

It's crucial to understand that the quantity w-hat dot x plus b is the perpendicular distance of point x to Hyperplane: Geometry
the linear separator.

If you recall, the geometric interpretation of adot product a . b isthat it isanumber which isthe wW-X+b
magnitude of a times the magnitude of b times the cosine of the angle between the vectors. If one of the signed perpendicular
vectors, say a, has unit magnitude then what we have is precisely the magnitude of the projection of the distance of point x to
b vector onto the direction defined by a. Thus w-hat dot x is the distance from x to the origin measured hyperplane.

perpendicular to the hyperplane.

Looking at the right triangle defined by the w-hat and the x vector, both emanating from the origin, we
see that the projection of x onto w-hat is the length of the base of the triangle, where x is the hypotenuse
and the base angle is theta.

Now, if we subtract out the perpendicular distance to the origin we get the distance of x from the
hyperplane (rather than from the origin). Note that when thetais 90 degrees (that is, w and x are

perpendicular), the cosine is equal to 0 and the distance is precisely b as we expect. recall: a-b =|a||b|cose
6.034 - Spring 03 13 ‘(f
Side3.4.14
Hyperplane: Geometry This distance measure from the hyperplaneis signed. It is zero for points on the hyperplane, it is positive

for pointsin the side of the space towards which the normal vector points, and negative for points on the
other side. Notice that if you multiply the normal vector w and the offset b by -1, you get an equation for

X distF)aer:Ee = the same hyperplane but you switch which side of the hyperplane has positive distances.

ositive

wW-Xx+b

signed perpendicular
distance of point x to

hyperplane.
perp
distance is x
L_negative |
o
perp
distance is
Zero
recall: a-b = |a||b|cosé
6.034 - Spring 03 + 14 4
Slide 3.4.15 . g
We can now exploit the sign of this distance to define alinear classifier, one whose decision boundary is Linear Classifier
ahyperplane. Instead of using 0 and 1 as the class labels (which was an arbitrary choice anyway) we use . . o
the sign of the distance, either +1 or -1 asthe labels (that is the values of they;). h(x) = sign(w - x + b) = sign(w - X)
X3
outputs +1 or -1
w
X
Xy
6.034 - Spring 03 « 15 4
] . Slide 3.4.16
Linear Classifier A variant of the signed distance of atraining point to a hyperplane is the margin of the point. The
— margin (gamma) is the product of the actual signed distance for th epoint and the desired sign of the
distance, y;. If they agree (the point is correctly classified), then the margin is positive; if they disagree
Margin: X (the classification isin error), then the margin is negative.
vi=y'(w-x'+b)=y'w.x' w

proportional to
perpendicular distance of
point x' to hyperplane.

e

v, > 0 : point is correctly \ N X1

classified (sign of distance = y/)
=

y; < 0 : point is incorrectly
classified (sign of distance = y')

N

6.034 - Spring 03 » 16 (E
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6.034 Notes: Section 3.5

Slide35.1

So far we've talked about how to represent alinear hypothesis but not how to find one. In thisdlideis
the perceptron algorithm, developed by Rosenblatt in the mid 50's. Thisis not exactly the original form
of the algorithm but it is equivalent and it will help us later to seeit in thisform.

Thisisagreedy, "mistake driven" algorithm not unlike the Boolean function learning agorithms we
saw earlier. We will be using the extended form of the weight and data-point vectorsin this algorithm.
The extended weight vector is what we are trying to learn.

Thefirst step isto start with an initial value of the weight vector, usualy all zeros. Then we repeat the
inner loop until all the points are correctly classified using the current weight vector. The inner loop is
to consider each point. If the point's margin is positive then it is correctly classified and we do nothing.
Otherwisg, if it is negative or zero, we have a mistake and we want to change the weights so asto
increase the margin (so that it ultimately becomes positive).

Thetrick is how to change the weights. It turns out that using a value proportional to yx is the right
thing. Well see why, formally, later. For now, let's convince ourselves that it makes sense.

Perceptron Algorithm Slide 3.5.2

Rosenblatt, 1956
* Pick initial weight vector (including b), e.g.
[0 .. 0]
* Repeat until all points correctly classified

* Repeat for each point

y'WX' ) for point i

- If margin > 0, point is correctly
classified

- Calculate margin (

—Else change weights to increase ma.rgin;
change in weight proportional to y’x’

o Note that, if yi =
if x;/ > O then w, increased (increases margin)
if x{ < O then w; decreased (increases margin)
e And, similarly fory' = -1

oo spnges o2

Slide35.3

So, each change of w increases the margin on a particular point. However, the changes for the different
points interfere with each other, that is, different points might change the weights in opposing directions.
So, it will not be the case that one pass through the points will produce a correct weight vector. In
general, we will have to go around multiple times.

The remarkable fact is that the algorithm is guaranteed to terminate with the weights for a separating
hyperplane as long as the datais linearly separable. The proof of thisfact is beyond our scope.

Notice that if the datais not separable, then this algorithm is an infinite loop. It turns out that it is a good
ideato keep track of the best separator you've seen so far (the one that makes the fewest mistakes) and
after you get tired of going around the loop, return that one. This algorithm even has a name (the pocket
algorithm: see, it keeps the best answer in its pocket...).

Perceptron Algorithm
Rosenblatt, 1956

« Pick initial weight vector (including b), e.g.
[0 .. O]
* Repeat until all points correctly classified
* Repeat for each point
-calculate margin ( y'WX' ) for point i
- If margin > 0, point is correctly
classified

—Else change weights to increase margin;
change in weight proportional to y’x’

sws-spngos o1

Consider the case in which y is positive; the negative case is analogous. If the jth component of x is
positive then we will increase the corresponding component of w. Note that the resulting effect on the
margin is positive. If the jth component of x is negative then we will decrease the corresponding
component of w, and the resulting effect on the margin is also positive.

Perceptron Algorithm
Rosenblatt, 1956

* Pick initial weight vector (including b), e.g.
[0 .. 0]
* Repeat until all points correctly classified

* Repeat for each point

ini' ) for point i

- If margin > 0, point is correctly
classified

- Calculate margin (

—Else change weights to increase margin;
change in weight proportional to y‘x’

e Note that, if yi =
if x;' > O then w, increased (increases margin)
if xj < O then w; decreased (increases margin)
e And, similarly fory' = -1
e Guaranteed to find separating hyperplane if one exists
* Otherwise, data are not linearly separable, loops forever

Rest Spngos o3
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Slide3.5.4
This shows atrace of the perceptron algorithm on the bankruptcy data. Here it took 49 iterations through
the data (the outer loop) for the algorithm to stop. The hypothesis at the end of each loop is shown here.

Perceptron Algorithm
Bankruptcy Data

i} raten = 0.1 Recall that the first element of the weight vector is actually the offset. So, the normal vector to the
BEE|  w——— separating hyperplane is [0.94 0.4] and the offset is-2.2 (recall that is proportional to the negative
w=[0.0 0.0 b.O] perpendicular distance from origin to the line).

Note that the unitsin the horizontal and vertical directionsin this graph are not equal (the tick marks
along the axes indicate unit distances). We did this since the range of the data on each axisis so
different.

One usually picks some small "rate" constant to scale the change to w. It turns out that for this algorithm
the value of the rate constant does not matter. We have used 0.1 in our examples, but 1 also works well.

Final Answer:
w=[-2.2 0.94 0.4]

sos-spgos o4

Sliide3.5.5
Let's revisit the issue of why we picked yx to increment w in the perceptron algorithm. It might have Gradient Ascent
seemed arbitrary but it's actually an instance of ageneral strategy called gradient ascent for finding the

input(s) that maximize a function's output (or gradient descent when we are minimizing). * Why pick y'X' as increment to weights?

* To maximize scalar function of one variable f(w)
The strategy in one input dimension is shown here. We guess an initial value of the input. We calculate e Pick initial w

the slope of the function at that input value and we take a step that is proportional to the slope. Note that eChange w to w + n df/dw (n > 0, small)

the sign of the slope will tell us whether an increase of the input variable will increase or decrease the

value of the output. The magnitude of the slope will tell us how fast the function is changing at that input * until f stops changing (df/dw = 0)

value. The slopeisbasically alinear approximation of the function which isvalid "near" the chosen input f
value. Since the approximation is only valid locally, we want to take a small step (determined by the rate df/dw > 0
constant eta) and repeat. slope

We want to stop when the output change is zero (or very small). This should correspond to a point where
the slope is zero, which should be alocal extremum of the function. This strategy will not guarantee

finding the global maximal value, only alocal one. = w
7 df/dw
6.034 - Spring 03 « 5 ,(E
Slide 3.5.6
Gradient Ascent/Descent The generalization of this strategy to multiple input variables is based on the generalization of the notion
L of of of slope, which isthe gradient of the function. The gradient is the vector of first (partial) derivatives of
* To maximize f(w) Vauf = {7, cer 7} the function with respect to each of the input variables. The gradient vector pointsin the direction of
e Pick initial w auy ow, steepest increase of the function output. So, we take asmall step in that direction, recompute the gradient
eChangewtow + nV,f (n>0,small) and repeat until the output stops changing. Once again, thiswill only find us alocal maximum of the
e until f stops changing (V,,f ~ 0) function, in general. However, if the function is globally convex, then it will find the global optimum.

e Finds local maximum; global maximum if function
is globally convex.

6.034 - Spring 03 + 6 4

Slide3.5.7

In general, the choice of the rate constant (eta), which determines the step size, isfairly critical. Gradient Ascent/Descent
Unfortunately, no single value is appropriate for all functions. If one chooses a very conservative small . of of
rate, it can take along time to find aminimum, if one takes too big steps there is no guarantee that the * To maximize f(w) Vaf = {—, et —}
algorithm will even converge to a minimum; it can oscillate as shown in the figure here where the sign of e Pick initial w aw, ow,
the slope changes and causes a back-and-forth search. eChangewtow + n V,f (n >0, small)

o until f stops changing (V,f ~ 0)
¢ Finds local maximum; global maximum if function
is globally convex
e Rate (n) has to be chosenfcarefully.
e Too small -
slow convergence
* Too big -
oscillation

In more sophisticated search algorithms one does a search along the specified direction looking for a
value of the step size that guarantees an increase in the function value.

w
—
=
6.034 - 5pring 03 + 7 (E
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Perceptron Training
via Gradient Descent

* Maximize sum of margins of misclassified points
flw)= Y y'wx

i misclassified

V.f =

Zytii

i misclassified

6.034 - Spring 03 + 8

¢

Slide3.5.9

If we actually want to maximize this sum via gradient descent we should sum all the corrections for
every misclassified point using asingle w vector and then apply that correction to get a new weight
vector. We can then repeat the process until convergence. Thisis normally called an off-line algorithm in

that it assumes access to all the input points.

What we actually did was a bit different, we modified w based on each point as we went through the
inner loop. Thisis called an on-line agorithm because, in principle, if the points were arriving over a Vuf =
communication link, we would make our update to the weights based on each arrival and we could

discard the points after using them, counting on more arriving later.

Another way of thinking about the relationship of these algorithms isthat the on-line version isusing a
(randomized) approximation to the gradient at each point. It is randomized in the sense that rather than
taking a step based on the true gradient, we take a step based on an estimate of the gradient based on a
randomly drawn example point. In fact, the on-line version is sometimes called "stochastic (randomized)
gradient ascent" for this reason. In some cases, this randomnessis good because it can get us out of

shallow loca minima.

Perceptron Algorithm
Bankruptcy Data

i3 raten = 0.1

" Scheme Graphics " Scheme Graphics

3

Voooousswof

w; |w,
1.00(1.0
0.71/0.6
0.66(0.5
0.66(0.8
0.61(0.7
0.56(0.6
0.65/0.6
0.74/0.6
0.83(0.6
0.81/0.3

e

Initial Guess: Final Answer:

w=[-1.0 1.0 1.0]

w=[-1.7 0.81 0.3]

6.034 - Spring 03 10
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Slide35.11

Recall that the perceptron algorithm starts with an initial guess for the weights and then adds in scaled
versions of the misclassified training points to get the final weights. In this particular set of 10 iterations,
the pointsindicated on the left are misclassified some number of times each. For example, the leftmost
negative point is misclassified in each iteration except the last one. If we sum up the coordinates of each
of these points, scaled by how many times each is misclassified and by the rate constant we get the total

change in the weight vector.

Slide3.5.8
Now we can see that our choice of increment in the perceptron algorithm isrelated to the gradient of the
sum of the margins for the misclassified points.

Perceptron Training
via Gradient Descent

® Maximize sum of margins of misclassified points
flw)= Y y'wx

i misclassified

Zy‘i’

i misclassified

e Off-line training: Compute gradient as sum over all
training points.

e On-line training: Approximate gradient by one of
the terms in the sum: y'X'

6.034 - Spring 03 + 9 (E

Slide 3.5.10

Here's another 1ook at the perceptron algorithm on the bankruptcy datawith a different initia starting
guess of the weights. Y ou can see the different separator hypotheses that it goes through. Note that it
converges to a different set of weights from our previous example. However, recal that one can scale
these weights and get the same separator. In fact these numbers are approximately 0.8 of the ones we got
before, but only approximately; thisis adightly different separator.

The perceptron algorithm can be described as a gradient ascent algorithm, but its error criterion is
slightly unusual in that there are many separators that all have zero error.

Perceptron Algorithm
Bankruptcy Data
i raten = 0.1
5x (1.0 0.2 6.0)
3x (1.0 1.1 3.0)
-9x(1.00.2 3.0)
-1x(1.00.7 2.0)
-4x (1.0 0.5 4.0)
-1x(1.01.7 1.0)
(-7.0 -1.9 -7.0)
x 0.1=
(-0.7 -0.19 -0.7)
! -9x(.2 3) “ax(8.5 4) Initial Guess:
: w=[-1.0 1.0 1.0]
[uora] ‘[ta7v] Final Answer:
w=[-1.7 0.81 0.3]
6.034 - Spring 03 « 11 (E
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Dual Form

Slide 3.5.12
This analysis leads us to a somewhat different view of the perceptron algorithm, usually called the dual
form of the algorithm. Call the count of how many times point i is misclassified, alpha;. Then, assuming

the weight vector isinitalized to Os, we can write the final weight vector in terms of these counts and the

sos-spngos o2

Slide3.5.13
Since the rate constant does not change the separator we can simply assume that it is 1 and ignore it.
Now, we can substitute this form of the weights in the classifier and we get the classifier at the bottom of

Assume initial weights are 0; rate=n>0 .
input data (as well as the rate constant).
5x (1.0 0.2 6.0) ay.X, -
3x(1.01.1 3.0) @YX, o; is count of
-9 x (1.0 0.2 3.0) @YX, mistakes on point
-1x (1.0 0.7 2.0) @y, %, i during training
-4x (1.0 0.5 4.0) @YeXs
-1x (1.0 1.7 1.0) @Y%
(-7.0-1.9-7.0)x 0.1 m
= W= a;y. X
(-0.7 -0.19 -0.7) ”,; X,

Dual Form

the slide, which has the interesting property that the data points only appear in dot-products with other
data points. Thiswill turn out to be extremely important later; file this one away.

Perceptron Training
Dual Form

e =10
e Repeat until all points correctly classified
* Repeat for each point i
- Calculate margin i%)"i’ %
j=1
-If margin > 0, point is correctly classified
-Else increment o,

6.034 - Spring 03 + 14
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Assume initial weights are 0; rate=n>0
5x (1.0 0.2 6.0) ay'x -
3x (1.0 1.1 3.0) Y% o is count of
-9x (1.0 0.2 3.0) Ly % _mist_akes on point
-1x(1.0 0.7 2.0) ay'%’ i during training
-4 x (1.0 0.5 4.0) a4y
-1x(1.0 1.7 1.0) @y R
m
(7O TOX 0L F o gy ay X, 7 just scales
(-0.7 -0.19 -0.7) =1 answer, set to 1

h(x) = sign(w - X) = sign(i g{’.yiii - X)

=1

6.034 - Spring 03 « 13 ,(E

Slide3.5.14

We can now restate the perceptron algorithm in thisinteresting way. The separator is described asa
weighted sum of the input points, with alphg; the weight for point i. Initially, set all of the alphasto zero,
S0 the separator has all zero's as coefficients.

Then, for each point, compute its margin with respect to the current separator. If the margin is positive,
the paint is classified correctly, so do nothing. If the margin is negative, add that point into the weights
of the separator. We can do that simply by incrementing the associated alpha.

Finally, when al of the points are classified correctly, we return the weighted sum of the inputs as the

coefficients fo the separator. Note that if the datais not linearly separable, then the algorithm will loop

Y ou should convince yourself that this dual form is equivalent to the original. Once again, you may be
wondering...so what? I'll say again; file this away. It has surprising consequences.

eReturn & _ Y % forever, the alphas growing without bound.
j=1
o If data is not linearly separable, the o; grow without
bound
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