6.01 Lecture notes - March 11, 2008

Linear time-invariant systems (LTI)

 As block diagrams: Build from adders, (constant) gains,
and delays — no other elements

+ As difference equations: Linear with constant coefficients
agyln]l+ayyln=1]+---a; yln—k]
= byx(nl+bxn—1]+--b;x[n— j]
 As operator equations: Built from addition, multiplication
by constants, and “multiplication” by R
ayy+aRy +~~akRky
= byx+bRx+b;Rx

Quiz (review)

+ What is the system function for

X+ ¥

The big fact

» The operator algebra mirrors the behavior of the
system, so we can reason about combining
systems by doing algebra.

» This is captured by the idea of a system
function

H_output_z_b0+b1R+"'bjRj
input  x a,+aR+--a;R"
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Theorem

« We can manipulate operator expressions
with the rules of ordinary algebra,
including multiplication by R.

« If two LTI systems have the same system
function, then they have the same
input/output behavior

* Provided: All input signals are zero before
some initial time

PCAP framework for signals and
systems

Primitives signal

Combination |adder, gain, delay

Abstraction | system function

Patterns
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Poles

+ The system function can be written in the form
polynomialin R
(I=pR)A=p,R)---(1= pyR)

» The p’s are the poles

Quiz
What are the poles for

1
" 1-5R+6R>

Partial fraction expansion

Any fraction 1
(1= pR)A=p,R)--- (1= p; R)

Can be written in the form
) I T
(d-pR) (1-p,R) (I-pR)

Provided the p’s are all distinct

Proof by algebra: Clear the fractions and solve
forthe c’s
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How to compute the poles

Problem: Find the p’s such that
ay+aR+a,R* +---+a, R* = A(l- p,R)(1- pyR)---(1- p,R)

Solution: Substitute R=1/z to get

aozk +alzk71 +azzk72 +ota, =A(z—p))(z—py)(2—py)
So the p’s are the roots of

apz* +a, 2 a2 4, =0

Fibonacci system

ylnl= yln =11+ y[n—2]+ x[n]

1

Hzlziz
x 1-R-R

Poles of Fibonacci system

H=z=44147
X 1-R—-R

The poles are the roots of
-z-1=0
1+4/5

2
p=1618  p,=-04471

(p1>P2) =
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Formula for the Fibonacci numbers

1+£J" (1—6]“
> +cy

ylnl= cl( 5

Take y[0]=0 and y[1]=1 and solve for c1
and c2:

m_l(Hﬁ]”_l(l—ﬁj"
WEBL2 ) Tl 2

This is an integer for all n!

Approximating fib[n]

fib[n]: 0,1,1,2,3,5, 8,13, 21, 34, 55,

>>> phi={(l+sqrt(5))/2
>>> def fibApprox(n):
return phi**n/sqrt(5)

>>> fibApprox(4)
3.0652475842498532
>>> fibApprox(8)
21.005%512434249016
>>> fibRpproxi(l0)
55.003636123247432
>>> fibRpproxi20)
6765.0000255639356
sl

Quiz
Find the poles:

ylnl= yln—=1]= yln—2]+x(n]

1
1-R+R?
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Complex numbers in polar form
z=x+ yj=Mej‘9

M =+x*+y* @=arctan(y/x)

Zn :Mnejnﬁ

(a+bj)M"e"% +(a—bj)M "¢
2M "(acosn@+bsinn6)

yln]

This is an exponential that gows or decays as

M ", times a sinusoid of frequency 8

See the course notes for the computation

%[0 L[5 1vi[-22000 , [220000 ] Resize

yln] = y[n—1]— y[n—2]+x[n]
NE)
=05+ ;=2
p=05%; )

M=1 =60
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%[0 L[5 1vi[-28188 , 335672 ] Resize

-2
T

yln]=1.1y[n-1]-1.2y[n—2]+x[n]
p=0.55+0.953;
M=11 6=60°

[0 J[30 1vi[-12959 , [218695 | Resize

y[n]=0.9y[n—-1]-0.7y[n—2]+x[n]
p=0.4510.705;
M =0.837 6=57°

Stability for “bank account” system

Outside interval [-1,1]:
unstable

F F +

-1 1

On positive real
axis: monotonic, i.e.,
On negative real

inside interval: decays axis, oscillates
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Stability in general, with complex
poles

Outside circle: unstable

.. Oscillates with

£ *, frequency theta
o

p +" On positive real

................... axis: monotonic, i.e.,

theta = 0. On

inside circle: decays negative real axis,
theta=180 degrees

Generalizing the story (I): To
arbitrary transient inputs

» The response to a sum of impulses is a
sum of the responses. So we just add
them up. The answer is still of the form a
sum of constants times powers of the
poles.

Generalizing the story (ll): To more
that two poles

* The partial fraction decomposition still
works (assuming the poles as all distinct).
So the result is still a sum of powers of the
poles.

« The complex poles come in conjugate
pairs, so they combine to form sinusoids.

» So everything is just like before, except
there are more terms added in.
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Generalizing the story (lll): To
arbitrary system functions

For

H= ! T
a() +a1R+“'akR

We know the form of the response to
transient signals. What can we say about

ao +alR+"‘akRk

Answer

» Having the numerator there doesn’t
change the general form of the response
(although the constants change).

The final result

+ For any LTI system, the response to any =~
transient signal is a sum of geometric series in
the poles*

c1pi +Capy +ee Py
* provided the poles are distinct
+ If any pole has magnitude > 1, the system is
unstable.
» For complex poles, the conjugate pairs combine
to give components that oscillate with frequency
determined by the angle of the pole
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Generalizing the story (more)

* When poles not distinct
* To arbitrary inputs

» To signals that originate in the indefinite
past (audio processing)

» To two dimensional signals (image
processing)

» To continuous as well as discrete systems

Means of combination for systems
Cascade
_X»} Hl A H2 Y )
Parallel
> Hl v
X

Feedback combination

X E Y
oo n
L<><H2(

Black’s formula H

Y

10
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Robot in corridor

dyy

dln]=d[n—1]+&Vé[n—1] LV;:
SR

|l I
_

6[n)=0[n—1]+ Q1] 1-Rr
d _(&)°VR’ _Q
Q (l—R)2 control E

x ©

H

robot

o \‘{{’l\i'l" E=D desired — d
e /

D desired
Hconlm » Hrobol

«——

d _H

comrolH robot

D desired 1+H comrolH

robot

Last week you used H

control = k

\ 4

11



