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Motivation
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Bayesian Inverse Problems
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𝑓 known 
→ 𝜃?
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Setup

Naïve Approach:
- Guess 𝜃
- Solve the forward model

𝐹 𝜃 = 𝑢
- Iterate until 𝐹 𝜃 matches 𝑢
measured

𝑢 partially known
𝑓 known 
→ 𝜃?

Bayesian 
Approach

Optimization
Approach

𝜃 ~ 𝑃𝑟𝑖𝑜𝑟

• Infinite-dimensional 
Gradient Descent

• Adjoint-State method

𝐷 = 𝐹 𝜃 + 𝜉 Gaussian Noise

𝜃|𝐷 ~ 𝑃𝑜𝑠𝑡𝑒𝑟𝑖𝑜𝑟

min
𝜃

𝐿(𝐹 𝜃 , 𝐷) + 𝑅(𝜃)

𝜋 𝜃 =
ℙ 𝐷 𝜃 ℙ(𝜃)

ℙ(𝐷)

Likelihood Prior



𝔼𝜃~𝜋[ℎ(𝜃)]

Goal

Low variance
Low sample complexity
Low cost per sample

Difficulties

• 𝜃 ∈ ℝ𝑛, 𝑛 ≫ 1
• 𝜋 𝜃 α ℙ 𝐷 𝜃 ℙ(𝜃)
• ℙ 𝐷 𝜃 often costly

Un-normalized

Purpose
Design a tool for sampling 𝜋:
• Particle transport from a
• Cheaper distribution q toward 𝜋,
• Using cross-entropy minimization by
• A small RKHS perturbations and
• Simpler than MCMC! (Or not?)



Stein Method

𝑔 =
𝑎𝑟𝑔𝑚𝑖𝑛
ℎ ∈ 〈𝑘〉

𝐷𝐾𝐿( 𝐼 + ℎ ∗𝑞|| 𝜋 )

𝑇1
𝑇2 𝑇𝑙

𝑍→
T

𝜋

…



Three Key Lemmas

Algorithm

𝛿

𝛿ℎ
𝐷𝐾𝐿 𝐼 + ℎ ∗𝑞 || 𝑝 ቚ

ℎ=0
= −𝑡𝑟𝔼𝑞𝔻𝑝ℎ

𝑎𝑟𝑔𝑚𝑎𝑥
ℎ ∈ 〈𝑘〉 𝑡𝑟𝔼𝑞𝔻𝑝ℎ = 𝔼𝑞𝔻𝑝𝑘(𝑥,⋅)

𝛿2

𝛿ℎ𝛿𝑤
𝐷𝐾𝐿 𝐼 + ℎ + 𝑤 ∗𝑞 || 𝑝 = −𝑡𝑟𝔼𝑞 𝛻2 log 𝑝 ℎ 𝑔𝑇 − 𝛻ℎ 𝛻𝑔

Steepest Descent

Newton Iteration

𝐻𝐽(ℎ, 𝑔) = 𝛻J(h) ℎ ∈ 𝑅𝐾𝐻𝑆

Input: Sample 𝑥𝑖 𝑖 ~ 𝑞, target 𝜋, kernel k
Output: Mapped Sample 𝑇𝑥𝑖 𝑖 ~ 𝜋

For 𝑖 = 1,… , 𝑛
1. Compute a Descent 

direction 𝐺 𝑥𝑖
2. Apply transport map

𝑇 = 𝐼 − 𝜂𝐺
endFor

First Order
Steepest Descent
GD with Momentum
AdaGrad
RMSprop

Second Order(ish)
Gauss Newton



Implementation in Julia

Type
Struct <: Type
Function(::Struct)

StochasticModel

𝒍𝒐𝒈𝒑(… )

𝒍𝒐𝒈𝒍(… )
log𝝅(… )
𝛁𝒍𝒐𝒈𝒑(… )

𝛁𝒍𝒐𝒈𝒍(… )
𝛁𝒍𝒐𝒈𝝅(… )
𝑯𝒍𝒐𝒈𝝅 …
𝒑𝒍𝒐𝒕(… )

𝑭𝒘(…)
𝑱𝑭(… )

newModel newModel2

Fw(… )
𝑱𝑭(… )

kernel

isoRBF genRBF

𝑲𝒙𝒚(… )
Kxy!(… )

𝑲𝒙𝒚(… )
Kxy!(… )

SteinVariate

SVGD SVN

Optimizer

FirstOrderOptimizer SecondOrderOptimizer

ConstantRate Momentum

AdaGrad RMSprop

Constant Stabilized

Optimize!(… )

Optimize!(… ) Optimize!(… )

Optimize!(… ) Optimize!(… )
Optimize!(… )



Some Results
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